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ITceBnomud hepennmuaibabie ypaBHEHHS,
CUHTYJIIPHbIE HATEIPAJIbI W paclpee/IeHs

B.B. BACUJIBEB

Awnnoranusi. PaccmarpuBaiorcst HeKOTOpbIe 00001TeHHBIE (DYHKITNH, CBA3aHHBIE C KAHO-
HUYECKUMU OCOOEHHOCTSIMU, UTPAOIINMEI BaXKHYIO POJIb B TEOPUH TICEBIOMUMDDEPEHITNATB-
HBIX ypPaBHEHUII Ha MHOroo0pasusix ¢ HerjnaJ kuM Kpaem. OHU IpeCTaBIsIIoT coboil sipa
CHUHIYJISPHBIX UHTEIPAJIBLHBIX OIEPATOPOB, O6PATUMOCTD KOTOPBIX TapaHTUPYeT (DPEearob-
MOBOCTb pacCMaTpUBaeMoOil KpaeBoit 3a1a4u. Vceemyercst cydaii, Korjia 0COGEHHOCTD BbI-
POXKIaeTcsi, IpeBpalasiCb B MHOrooOpasue MeHbIIlell pasMepHOCTH, U JIeJIaeTCsl MOIbITKa
ONHUCATH COOTBETCBYIONINE 0000IIEeHHbIE (DYHKITAMN.

KuaroueBsbie cioBa: ncesoauddepeHImaibHoe ypaBaenne, obo0IeHHasi OyHKIUsI, CUH-
TYJISTPHBIA MHTErPaJI.

1. BBenenune

Teopust niceBond hepeHImabHBIX OIIEPATOPOB BO3HUKJ/IA OTHOCUTE/IBHO HeJaB-
HO [1]-[9], n ee ocHOBHBIE JoCTIZKEHnS TPUXOAATCsE Ha 60—70-¢ rOJ(bI IPOIIIOTO CTO-
sgerus. [ 1aBable TOCTHXKEHNA B “TiceBA0nMdEPEHITNATIBHON TeOpUN’ 3aKTI0IAIOTCS
B IIOCTPOEHUH CUMBOJINYECKOI'O UCUHUCJIEHUs TICeB 10 n(MepeHInaj bHbIX OIepaTo-
POB ¥ KpaeBbIX 3aJ@ad4 JJIsi [1CeBIo M depeHinabHbIX YpaBHEHNT Ha MHOrooOpa-
3usix ¢ rajgkuM Kpaem. CylecTByeT MHOIO Pa3/IMYHBIX TOYEK 3DEHUsi Ha IIPo0-
JIeMy TIOCTPOEHHUsST aHAJOTHYIHON TEOpUHU I MHOTOOOpa3wii ¢ HErJIaJIKUM KpaeM,
OJIHAKO aBTOP HPEJIOKMUI U BHOBb IIPEJJIATAeT CBOIO TOUKY 3peHus (LOKa Jist -
JIMIITUIECKUX YPABHEHUIT), CBA3BAHHYIO C IIOHATUEM BOJIHOBOI (DAKTOPHU3AIMU CUM-
souta [10], [11]. Hagamo 1oqo6HbIM uccaesoBanusM mnosoxuaa pabora B. A. Kong-
partheBa [12], B KoTOpOIl JeTasbHO u3ydeHa ofmiasi KpaeBas 3ajada st qudde-
peHmmaabHOrO oneparopa B Kouyce. Keraru, B. A. Konaparses na Bompoc aBropa,
9TO Ccefuac MPOUCXOJUT B TEOPHUM KPAEBBIX 3aJad B 00JIACTAX C HEMJIAJKOW rpa-
mumieit (nexa6bps 2004 T.), OTBETHI OJJHAM OYeHb eMKUM CJIOBOM 1, W 9TO TOGY/III0
aBTOpa cOOPATh CBOU YK€ UMEIOINEeCs: HAOPOCKH B KAKOW-TO €JIMHBIIN, HO TIOKa He3a-
BepIEHHbI (hparMeHT. D10 MoOYKIeHNe (XOTsI OHO JIOTUYECKU BBITEKAET U3 TOrO,
qro yKe caenano B [10], [13]) rem Gosee yCHIMIOCH, KOLJa aBTOP yTOUHWII, €TO
B. 0. Crepuun [14] — 310 nepsbiit yuenuk B. A. Kongparbesa, 3anarepecoBaBiimii-
Cs1 TIOCTPOEHUEM TEOPHUH KPAEeBBbIX 3a1ad Jiist JTud depeHnuaibHbIX 0TIepATOPOB Ha

TTo B. Tukysio, 310 cjioBo (“Hudero”) MpHKa3as BBIFPABUPOBATH Ha cBoeM mepcrie OTTo hon
Bucmapk, nokugas Poccuro.
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4 B.B. BACUJILEB

MHOTro00pa3usx, rpaHuIa KOTOPBIX COJEPYKUT II0JIMHOI000pas3ust MeHbIIeil pazMep-
HOCTH. ABTOp HaJleeTcst, 9TO eMy yJIACTCs B NMepCHeKTHBE IOJIyYUTh “HersiajKuii’
anaJior npeozxkennoit b. FO. CTepHunbIM Teopuu ¢ IpuBJIeYeHIeM BOJHOBOI (ax-
TOPHU3AIAN.

B paborax [10], [11] aBrop ompeiesaus UHTErPAJBLHBINA OLEPATOD, CBA3AHHBINA €
KOHYCOM, B T€PMHHAX KOTOPOTO B Psjie CJIydaeB MOXKHO ObLIO BBLIIHACATL pelleHne
npocteiiniero mcesaoAndepeHInaILHOr0 ypaBHEHUsT B TaK Ha3bIBAGMON “MOJIeIb-
HOi” objracTr. DTOT ONEPATOP MPEACTABJIAI COOOH IPAHNIHOE 3HAYECHIE NHTEIPAIb-
Horo oneparopa Boxmuepa [15], [16] Teopun (hyHKIuil MHOIMX KOMIJIEKCHBIX IIEpe-
MEHHBIX W, TI0 MHEHUIO aBTOPa, OYeHDb yJadHOe MHOTOMEPHOE 0000IIEeHre NHTErpasa
runa Komn win npeobpazosanug ['ninbepra [17]. On Takxke cBg3aH ¢ HEKOTOPOIi
KpaeBoil 3aj1aueil TMHEITHOTo CoNpsKeHus i (DYHKIMIA MHOTHX IePeMEeHHbIX, OT-
JITIHOHN OT TOM, KoTOpyto pacemarpusas B 1960-e roger B. C. Baaauvupos [18], [19].
Otimame, B MEPBYIO 0YepEib, 3aKII0YAIOCH B TOM, 4TO B noctanoBke B.C. Bia-
JIIMUPOBA B MHOTOMEPHOM KOMILIEKCHOM IPOCTPAHCTBE OCTABAJICS OIPEIETeHHBIN
“BakyyM”’, B KOTOPDOM He 3aJ[aBAJIICh W He PAa3bICKUBAJINICH HUKakne GpyHKnu. Pa-
3yMeeTcsl, ObLIM U JApyTHe MOCTAHOBKM MHOTOMEPHBLIX KPaeBbIX 3ajad THIa 3a/1a91
Pumana [20]-[22] u xakme-TO ciyduam MX pasperiuMOCTH, HO HU B OJJHON U3 9THX
paboT He HaMedeHO HUKaKUX CBaA3eil ¢ mceBaoauddepeHnaabHbIMI yPaBHEHUSIMI.
UcenenoBannst aBTOpa B 9TOM HAIPABJIECHUHM YACTUIHO OTPAXKEHBI B MOHOTIPau-
sax [10], [13]. Baech MHE X0TEI0CH GBI OCTAHOBUTHCS Ha CAMOM HHTEIPAJBLHOM OIlepa-
TOpe W ero JajbHeinemM IpPUMEeHeHUH i 00Jiee CJIOYKHBIX 0COOEHHOCTEH, HeXKe I
“koryc”’ u “pedbpo”’, KOTOpbhIe OBLIN PACCMOTPEHBI paHee.

2. JIBymepHBIii cirydJaii

PaccmorpuM gByMepHYI0 00/1aCTh THIIA BHENTHOCTU HHKa (puc. 1) ¢ HyJIeBbIM yI-
JIOM 3a0CTpeHust, Tak uro dyHKIun ¢(z), 1 (x) HenpepsiBHO muddepeHImpyeMbl Ha

)

S |

Puc. 1

[0, 4+00) n ¢’ (0) = ¢’ (0) = 0. OueBngHO, Takast obracts Oyaer muddeomopdHa B 06-
mactu R? \ [0, +00). JeiicTeurensno, muddeoMopdnsm OKpeCTHOCTH HYJs MOXKHO
OIIpEJIe/ T POPMYJIAMU
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st Touek | werBepTn u popmysamu

§=u, n=y—vY()

ans Trouek [V gersepru, a Touku II u III werBepreit octaButh Ha Mecre. fKobman
TaKOTO Tpeobpa3oBanms OYJIET UMETh BU/T

1
B [ werBepTH,
—¢'(z)
D(n) _ X
D(z,y , B IV 1werBepTn,
—¢'(x)
1 Bo IT u IIT werBepTsxX.

B oxpecTnocTH Hysist 9TOT AKOOMAH HENIPEPLIBEH, U B HYJIe OH paBeH 1.
ITpeiiosiozKuM, 4TO B OKPECTHOCTU HyJisl MbI Hepenum K xoopauuaram (&,7).
DT0 03HAYAET, UTO CUHTYJISIPHBIN MHTErPAJILHBIN OIIepaTop

u(e) — [ Ko = pyuty) dy
D
¢ spom Kaubaepona—3urmynna K (x, y) ksasusksusasenren [4], [10] oneparopy

u(w) — [ K©.€=nyutn)dn.

[TocKOIBKY J1j1s1 0OPATUMOCTH MIOCJIEHETO OIIEPATOPa KPOME 3JITUITUIHOCTH HE
Tpebyercd HUUero (ecjam Mbl PACCMATPUBAEM IIPOCTPAHCTBO CyMMUDPYEMbBIX (DYHK-
muit, marpumep L2 (R?)), MOJKHO 3aKJTIOMHTH, 9TO BOTIPOC 00 YCIOBUAX HETEPOBOCTH
oneparopa perted. JeiicrBys anagorndno [11], MOKHO y6eauThCa B TOM, YTO LPU
BBINOJTHEHUH YCJIOBUST SJTUIITHYHOCTY UHJIEKC TaKOTO OIlepaTopa PaBeH Hy.Io.

Y

Puc. 2

Eciu paccmaTpuBaTh 06J1aCTh ¢ 0COGEHHOCTBIO TUIIA BHY TPEHHOCTH TKa (pHc. 2),
TO, OYEBUJIHO, TTPEBIIYIINE COOOPAYKEHUS HEIPUMEHUMBI, TTO3TOMY 3JI€Ch IIPEJIIa-
raeTcs MCIOJb30BATH “aCUMITOTHYECKAE WM. ¥YKA3aHHYIO OCOOEHHOCTH MOXKHO
TPaKTOBATh KaK MPEJIeIbHOE TTOJIOXKEHNE KOHYCa, KOTJla ero PacTBOP CTPEMUTCS K
HyTI0. Pe3ymbraTsl, CBI3aHHBIE C 9TUM TOIXO0I0M, TPEIIaraloTCs B HACTOSIIEH pa-
oore.
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Paccemorpum iByMepHBIi cirydail. 3ajiada 3aK/II09aeTCsd B BBISICHEHIH TOI0, YTO
Ipe/icTaB/IsieT coboit B obpazax Pypbe onepaTop YMHOXKEHUS Ha XapaKTEPUCTHIE-
CKYI0 (DYHKIIUIO, HAIIPUMED, MOJIOKUTEJIBHON YaCcTH OCH Y. AHauTUYIecKas 3alucCh
9TOr0 MYJIBTUILIUKATOPA CJIEIYIOMIA:

1, ecmxz =0, y>0,

m(z,y) =
0 B OCTaJILHBIX C.qua,HX.

Anpuopn sicHo, 9T0 Takoil MyJabTHILIHKATOP B 0Opasax Dypbe — 310 cBEpTKA
¢ 00001IeHHO (DyHKITHEH, IprdeM OJHOPOIHON CTeleHn —2, KOJIb CKOPO (DYHKITHs
m(z,y) omHOposHA crenienn HyIb (eM. [3], [4], [23], [24]), u, cireoBaTenbHO, €€ MOKHO
CUYNTAThH OIPEJIEJIEHHON Ha eIMHUIHON OKPYXKHOCTHU, KOTOPYIO YIIOMSIHYTasl TI0JIyOCh
MIPOKAJIBIBAET B €JIMHCTBEHHON TOUYKe — ‘ceBepHOM TmoJjioce”. Ilpuem npumensercs
CTaHJAPTHBIN: MYJIBTUILINKATOD ‘Pa3Ma3bIBA€TCs’ 1O YTJIY PACTBOPA (v, HAXOIUTCS
cooTBeTcTBYIOmas 06o0mennasn GyHkius (BooOIIe-TO, OHA y2Ke HafileHa; CM. sapa
Boxnepa, nanpumep, B [11], [15], [16]), a 3aTem TpoBoANTCsT IEPEXOT K TIPEJIEITy P
a — 0.

3ameuanue 1. B pa6ore apropa [11] 6bu1 BBesen oneparop [axosa, KOTOpbIi ompe-
JIeJISLJICST C BBIXOJIOM B KOMILIEKCHYIO ILIOCKOCTH. KKOHEUYHO, OBLIO ObI KeJaTeIbHO
JlaTh OIIpejieJIeHne B JIEHCTBUTE/IbHBIX IEPEMEHHBIX, U JIJIs 9TOIO MPUJIETCs BbIpe-
3aTh OCOOEHHOCTH CIEIUAJIBLHBIM 00pa3zoM. Tak, mpu JByMepHOM IIpeobpa30BaHUN
T'mnbbepra ocobernnocTs BhIpesaeTcd “kpectoMm”. B ciydae n1BymepHOro omeparopa
T'axoBa, BeposATHO, 9TO HAJO JEIATH C IOMOIIBIO KAKUX-TO “TUIEPOOTNICCKIX  BbI-
pe3oB. Ml He Gy/ieM OcTaHABIMBATLCSA HA 9TOM Bolpoce (omeparop ['axosa Hempe-
PBIBHO JieficTBYeT B Lao-TIpocTpancTBax 2).

VYron pactsopa a — 310 MHONKecTBO {(7,y) € R%:y > alz|}, a = ctga, n,
TakuM 00pa3oM, HyzKHas acUMITOTHKa o — 0 cooTBeTcTByeT 0 — 00. O6obImeHHasT
QYHKIIUS, COOTBETCTBYIOMAA YIIIOBOMY MYJILTHILIUKATOPY, — 3TO (PYHKIIUS

a 1
2 92 52 2(€2+i0)2

%5(§)+Ka(§1,§2)7 Ka(61,&) = (1)

re € = (€1,6),0(€) — Aemra-bymeima Jlupaa.
Ocraetrcs HafiTu
li !
im — 55—
2 ¢2 202
z—o0 2m2 £ — a?&;
(3ammcbIBaeM Tak Jyist KPATKOCTH, OJHAKO HE CJIejiyeT 3a0bIBaTh, UTO MOCIE/HSIS 116
PeMeHHasl SBJISETCs KOMILUIEKCHOM) B cMbIcsie 06061eHHbIx dbyHkuuii. [Iyers ¢(§) €

S(R?)(xmacc IIsapra 6eckoneuno mudbepeHTIpyeMbIX OBICTPO YOBIBAIOMNX Ha
6eckoneanocTu (pyHKIuUit), 1 TOrIA

L (517§2> dfl 527 5 2/ 52177t/a)d£1dt

212 Jpe 51 252 — 12

2Mozxer 6erth, H. KacymoB pasbepercss B 9TOM BOIpPOCE, HOCKOIBKY OH HMEET HEKOTOPBIil
omst [25].
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Ilepexois K mpeseny, mosydaem

1 ¥ (51 ) t/a’)
lim — d& dt =
oo 22 Jea €12 o

»(£1,0)
22 Jpo 2

1 [T oot

Boraucimy BryTpennnit naterpadt. [logsiaTerpaibias byHKIAs 9eTHA, U, CJIe-
J0BaTEJIbHO, UMeeM

/+oo dt .y /+oo dt B i (/-‘roo dt N /+oo dt )
oo 2 0 fffﬂ &1 \Jo §1—1 0 &1+t

dg, dt

51 +t]|™ i i
51 Yt @ (1) = &
YunteiBas 910 B (2), nmoaydaem
a (&1, &2) [T 9 (&,0)
alLH;o 2—772/]1@ & - a2 d&y d€y = o /_Oo A ISP (3)

Coorromenue (3) st 06061eHHBIX (DYHKIMI O3HAUAET, UTO CIPABEJINBA
Teopema 1. Hmeem mecmo pageHcmeo

. a 1 1
Jim e Py g ® 6(&2), (4)

2de obosnanenue Pynryuonara P zaumemeosano usz [26], [27], a ® — npamoe npous-
sedenue obobwennux gyrnryud. (3navenue Gyrnryuonana P% onpedeasemca pop-

MYA0T
1 ) —€ —+o00
(22e) = (] / )7

Ha 0CHOBHOT PynKyuYy 00HOT nepemernol ¢(x

Uraxk, 0606mennast hyHKIms (4) COOTBETCTBYET 10Ty 6eCKOHETHOI TpemmuHe (pa-
3yMeercs, ¢ sesbra-gobaskoii). Haitnem apyryto acumnroruky dyunkiuu (1) npu
a — 0. omxyaaemas 0b600menHas (DYHKINS TOIKHA COOTBETCTBOBATH HOJIYILIOCKO-
¢t (BMeCTO “TOYKN’ Ha eJMHUYHON OKPYKHOCTH — “BEPXHsIsl MOJIyOKPYZKHOCTE);
9TOT pesysnbrar yKe uspecred [2]. Herpysno coobpasuts, uro, nonoxus b = 1/a,
BOIIPOC MOXKHO CBECTH K CJIEJIYIOIIEMY BBIYHCJIEHUIO:

t/b& 1 [*e T
. ( /%:82) 4y ge, — 7.2 ‘P(O’&)</oo m> -

b—0 27‘[‘2 R2 — f% o
WM, B O0OOIEHHBIX (DYHKITHIX:

a 1 1 1
lm — ———=—9§ P—
an0 272 €2 — 262 2mi &)@ &’

YTO IIOJIHOCTBIO COBIIAIACT C PE3YJIbTATAMU JIsl Iy dast nosyiiockoctu (eu. [1], [2]).
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3. MHoromMmepHasi TpemmHa

PaccmorpuM cirydaii moyocu (TpemmuHbI) B MHOTOMEPHOM IpocTpancTse. Hac un-
TepecyeT acuMuroruka dyukmun (cm. [11])

al'(m/2) 1 (5)
2R (g e 1 07
rme & = (&,&,...,6m—1), [' — ramma-byaknus Ditnepa. TpemmHa TOSIyIUTCS

B caydae, KOTJia a — 00, a TOJIYIIPOCTPAHCTBO X, > 0 B ciaydae, Korja a — 0.
CHauaJjia pacCMOTPHUM CJIyYail TPeInuHbIL:

I aF(m/Q)/ 90(51;"'7§77’L717§m)d

1im
R R

. L(m/2) p(&t/a) .
=1 d¢
LT

S 5 mt2)/2 2 — tQ)m/Q

al(m/2) , e dt /
= S mr2)2 /Rmfl ¢(¢',0) </Oo W) dc’.

Borancianm BHyTpeHHI/IfI nHrerpaJi:

/+oo dt 2/+oo dt
Rt A (D

3IL€CB cjeIyeT pa3/iniaThb CJaydan YeTHbIX U HEYETHDBIX 71.

dt

PaccMoTpuM cHadasa ciydail HedeTHBIX M, T.e. m = 3,5,7,... . C momompio
cooTBeTCTBYIONEl hopmysibl u3 [28] MOKHO 3amUCATH
00 m—3)/2 k 2%k+1 +oo
/Jr dt . 1 ( Z)/ C(m73)/2t *
12 _ $2ym/2 | ¢rim—1 2k+1)/2
o (EP—-)m2 ¢ = k+1)(g)R-2) .
1 (m=3)/2 1
= — —k——c* .
Z‘|§I|m—1 ; (1) 2% + 1 (m=3)/2
O6o3HauNM 1151 yI06CTBA
aet "X 1
def k k _
bm = Z (*1) %—HC’(m_3)/2, m73,5,7,...,
k=0

upu stom by = 1, bs = 2/3, by = 13/15 u T. 1.
Takum 06pa3oM, /I HEYeTHBIX 7 MbI [IOJIydaeM

aT(m/2) o(€',Em) Dn/2bn [ 6l€,0)
J d J

- ot €T

li =
1m . (|§/|2 B a2§2 )m/z o (m+2)/2;

a— 00 27r(m+2)/2

d¢’. (6)

B o606mennbix dynknuax coornommenue (6) Oymaer uMers cieryomuil Bu;

. al'(m/2) 1

m

a—oo Qm(m+2)/2 (|§/|2 _ a2€3n)m/2
T(m/2)by, 1

= s Pl 906, m=357.. (7
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st cymecTBoBanust nHTerpasa B (6) 1 KOPPEKTHOTO OnpejiesieHnst hyHKIMOHA-
Ja Plf’l% cJIeJlyeT Cy3WTh IPOCTPAHCTBO OCHOBHBIX (PYHKIIUN JOITOJTHUTEIbHBIM
TpeOOBaHMEeM HAJMYUS HyJId HYKHOTO TOPsAKa B Hadaje koopamaar. Hampumep,
MOKHO UCHO0JIb30BaTh npocrpanctso P, seegennoe I1. U. Jluzopkuubim [29]. O606-
menHas dbyHkuus (7) 10/KHA OBITH MHOTOMEPHBIM AHAJIOTOM HCIIOJIB30BAHHON pa-
Hee DYHKITUI P%.

Teneps paccmoTpuM cirydait 4eTHbIX m, T.e. m = 2,4, 6, ... . Bocnosb3oBaBmuch
dopmyioit u3 [28] u o6ozuauus m/2 = k, umeem

/+OO & - t oo
o (EP—2F 20k - DEPER - )1
2(k—1)—1 [T dt
k=2,3,...
* 2(k —1)¢'? /0 (|€']2 — 2)k—1° 2,3,...,

TN TIOCJI€ HEKOTOPBIX BBIYUCICHUI MBI TIOJIYIUM PEKYPPEHTHYIO (hOPMYITy

o (P —&F "2k -DER Sy (EP - FTEm

B mtockom cityudae (m = 2) coriacHO yzKe [IPOU3BEIEeHHBIM BbIYUCICHIAM UMEEM

/+°° dt o
o &P —t 21

Takum 06pa30M, BBITUCJICHUA IPUBO/AT K CJACJYIONIUM DE3yJIbTaTaM:

/+°° dt _2-2-3 m _ m_
o (€ —)2  22-DEP 2 4¢P’
/+°° dt _(2-3-3)(2:2-3) 1 7
o (gP-t)F 23-1202-1) [¢P 27
oo dt _(2:4-3)(2-3-3)(2-2-3) 1 mi
/0 (&P -y 24-12B-122-1) ¢ 2

9TO TTO3BOJISIET BBIMNCATD OOIILYTI0 (POPMYITY
+Oo . k
dt - i H 20— 3
0 (|€']2 — t2)* o 2k|¢/|2k—1 it -1

WM, TIOCKOJIBKY k = m/2, momydaem

m/2

/+°° dt 7 i I 21 —3
0 (|&'|2 — t2)m/2 B om/2|¢!|m—1 Lt 1—1"

O603Ha9MB 1151 KPATKOCTU U yI00CTBA
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10
(pu sToM ¢4 = 1, ¢ = 3/2, ¢s = 5/2, ...), 3anuUIeM Jisi Y€THBIX M
al’(m/2) / (&, &m) it — T'(m/2)emi / »(&,0) ¢

rm ( @m)m/2 - Jgmoa g1 7

GEErEEARE

R ey

WM B TEPMUHAX OOOOIIEHHBIX (YHKITAIT
. al'(m/2) 1
alinolo or(m+2)/2 (|§/|2 _ a2§72n)m/2

T(m/2)cmi . 1
mrr g @ 06n)

ABTOD He BbIJIEJISIET TIOCEIHII PE3YIBTAT B TEOPEMY, IIOCKOJIbKY TIOKa He OIpe-

m=4,6,8,... .

JesaeH pyHKITMOHAT PI&’\%'
Hakomnerr, xejaTebHO TPOKOHTPOJIUPOBATH cebsd U HaiTH 0000IEHHYIO DYHK-

WO JIJIS TIOJTYTIPOCTPAHCTBA Xy > (0 (a —0):
al'(m/2) o(€,Em) )
d&'de,,
L. Ger e
_ . D(m/2)pm ! ¢(§)
= jim S [, e
_ o T(m/2) @(t1/b, .. tm_1/b,&m)
= bli{go S (m+2)/2 /m (|t’|2 — 572”)7”/2 dti...dty—1 dfm
I'(m/2 oo dt’
_ T(m/2) /_OO 90(0,...,o,,gm)(/Rm1 —(It’IQ—%)’”/Q) dépn.

T op(m+2)/2

o b 9p(mT2)/2

Boraucimy BHYTpeHHUIT nHTErpas, mepexois K cepruIecKnM KOOPIMHATAM:
m—2

/ dt/ /+oo r J
= Wm— T,
g1 (P2 = €5,)m/2 Yo (2-g)m

TIe Wy 1 — TUIOMAIb eIUHIIHON cdepbl B (m — 1)-MepHOM mpocTpamcTe R™ ™1

)

(m—2)/2
W1 = W (em., nHanpumep, [30]).
HNcnonb3yst cooTBeTcTByONLYy0 hopmyrty u3 [28], Mbr momyunm (m > 4)

+oo m—2 +o00 m—2
r 1 r
/o gyt %/0 @
- rm=3 oo g [t pm—a
- ((m —2)(&, —r)=DB m -2 /0 (&2, —12)m=2)/2 dr)

m—4

ym =3 [T r
=1 dr.
mo2)y @ e

Takum obpazoM, ecin 0003HAYUTH
m=2 def

+oo r
/ : dr (6,
0

& — 1)

TO IIOJIYYIUM
m—3

I(§m) = ————= Im—2(&m)-

(€)= =2 ol
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JaJiee mpoBeieM BBIUUCIEHUS [P M = 3:

+oo r 1 +oo 1 . 1
dr = — — (=)= =1 Le)=-
/0 2 — 2z (r2 — 2)32 |, (=c%) - , I3(e)

ic ¢ c
(B mefictBuTesbHOCTH ¢ — 310 ¢ + i0). IIpu m = 4, ucnoab3yst peKyppeHTHYO GOp-
Mysty (8), mosygum

+oo r? 1 i
I = —dr=—-1I —
1(e) /0 (r2 —¢?)? " 2 2(¢) 2¢c

(mamomum, uro Ir(c) = |, e dr = 7”) Jlajtee Tak¥Ke UCIOJIb3YEeM PEKYPPEHT-

0 62 r2
Hyto dhopmyiy (8):

Taxmm obpazom, Tpu m > 5 MOXKHO 3aINCATH

e
(292D woom

B CUJIY BBIIIEN3JI02KEHHOI'O UMeeM
iy AL(m/2) o(6)
o 270D fo (€ — 02€2)

o F(m/?) Wm—1
- 2x(m+2)/2  4m

Im(c) =

m/2 d§

+oo
/_ 20, 0,6m) Inn(Em) dén

_ I'(m/2) T 0 (0,...,0,&)
T m/2imT (m - 1)/2) dm /_OO e, %m 9)
rie
,17' m=3,
%’ m = 4,

d,, = m—3 m—>5 2

R - N >5 m="57109,...,
m—3 m—295 3 T

(m—2><m—4)m<1)<f)’ m>5, m=6,810,....

Dopmyna (9) ¢ Toukn 3peHust 06OOIMEHHBIX (DYHKIMI UMeeT CIIeIyomuii Bu/L.
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Teopema 2. Cnpasedausa dopmyia

lim al'(m/2) 1 _ T'(m/2)dpm, 5(€") ®P§i.

1
o 2372 (T — )R T 1)/2) 1

13 Teopemsr 2 ciemyer, uto (10) ¢ TOYHOCTHIO IO TOCTOSTHHOM €T M3BECTHYIO
bopMyILy JJId OTYIPOCTPAHCTBA. SHAYUUT, ¢ TOYHOCTHIO 10 3HAKA NMEEM

r(m/2)d, 1

m3/2im((m —1)/2)  2mi’ (11)

Coornomenue (11) serko nposepsiercs mig m = 3,4, 5, 6.

4. Tlmpamumga

Terepb MBI PaCCMOTPUM ACUMIITOTHKHU, CBA3AHHbBIE ¢ MHOTOTPAHHBIM YTIJIOM, TOY-
Hee, C ero IPOCTERINIM BAPUAHTOM — IUPaMUI0N. BHYTPpeHHOCTh TaKO#H IUpaMUIbI
OLICHIBAETCS HEPABEHCTBOM T3 > alx1| + b|za|, comepxkamum nsa mapamerpa a, b,
KOTOPbIE XapaKTePU3yIOT COOTBETCTBYIONINE OCU. EC/u 9Tu mapaMeTphbl yCTPEeMIATh
K HYJIIO WU K OECKOHEYHOCTH, MOYKHO TIOJIYUYNTh JIPYTHAE TUIBI OCOOEHHOCTEH.
O6061enHast DYHKIHUS, COOTBETCTBYIONIAs TAKOM nmpamue, nmeer su [11]

4iab 53
(2m)* (&F — a%65)(65 — b%€3)
PaCCMOTpI/IM pas3/iM4Hble BO3MOXKHOCTHU B3aUMOCBA3CH MEXKJ1y a U b.

1) Cayuait a = const, b — 00 (MHTYUTHBHO SICHO, UTO JIOJKHA MOJIyUATHCST
0CODEHHOCTD THUIIA OECKOHETHON TPEIUHBI B OTJIMYHE OT MOJIyOECKOHETIHON 13 pa3-

Kap(£1,62,83) =

Jierta 2):

1 diab 5390(517 527 53)
5 ooyt L s e 6 e 6 e

ERRT 4’L'G/1b 63@(61362363)
- G L e e e e

, t
— lim 41 / 5350(@11;752553) dtd£2d£3
R (

0 ) Jo (B — 2)(@ — €2
L dab? fs@(ﬁa&,s%)
= e /R @ 22 (@ — veeg) K e

4i To(35 62, 5)
= 1li sl dt dés d
bso (2m)7 /R (72 (@ 2y T

- [ 00 [, gy i) i

Borancianm BHyTpeHHI/IfI nHrerpaJi:

T Foo oo dt T
dtdr = — | ——dT.
Lmma=mar=[ ([ #5=) g
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Briparkenne, Boinmcannoe B CKOOKaxX CIIpaBa, BBITHUCISIOCH B pasjiene 2:

/*"O dt _2/+°° . mi
OotszQ_ 0 2—72 7

CiiejioBaTe/IbHO, NMeeM

+oo d - 2
/ B} 27-2 2dth:—7Ti/ 277-2:—77'2&:#—
re (12 —72)(& —12) o T &2 &2

", 3HAYUT,

. diab §30(61,62,83) i /+oo ©(0,£2,0)
1 d&y d&o dés = — —————=d&.
binolo (277)3 RS x 61 62 53 o e 62 52
Urak, B TepMunax 000OIIEHABIX (DYHKINI CIIPABEITIHBA
Teopema 3. Hmeem mecmo pagencmeo
. 4iab&s i 1
lim =—0(&)RP— ®40(&3).
A PG g o O ©)
2) Coyuait @ — oo, b = const. IIpoBejsi aHAJOIMIHbBIE BBIYUCJIEHUsI, MOXKHO
oty auTh HOpMyIty (KOTOPYO 3alUIeM TOJBKO B 0000IEHHBIX (hyHKIUSX)
) diab&s 1 1
lim = —P—®4§(&) ®(&).
M @ - PG - rg) 2w g @)
3) Cuyuait a = const, b — 0 (aByrpanHbIii yrou):
. 4iab 53@(613 623 63)
1 d&y déa d
I oy S e e
. 4dac §30(61,62,83)
= lim / d&y d&s d€
emoo (20 Jos (6 —a?) (PG - &)

. dia Ep(&i,t1/c,&3)
= Gy / @ a2 g i

_ _Ya E300(61,0,&) ([T dt
C @) e & —a?88 (/_Oo 2 — 5%) d&y dgs
_ Ya €39(61,0,83) (m

@rP Je G -a2G \ &
— a 5390(5150753)
Tor? fo € a2 dg, d&s,

> d&y d€s

T. €. IMEET MECTO
Teopema 4. Cnpasedauso pasencmeo

. 4iab €3

lim 3762 272\ (2 _ p2e2

b—0 (2m) (£ — a?&3)(&5 — b%E3)
2de K,(&1,&3) 66edeno 6 (1).

= 5(62) & Ka(€1363)3

AHaJI0rIYHO BBIBOIUTCS (B cayaae a — 0, b= const) dopmyma
i 4iab 53
11m
a—0 (2m)? (6 — a?€3)(&3 — b%¢3)

=0(&1) ® Kp(&2,&3)-
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KpOMe 9TOro, € y4eTOM IIPOBEIECHHDbIX BBIUNCJIEHUN 1 pe3yIibTaTOB U3 pa3/ie/ia 2

ITOJIy9aeM CJIEJYIONIYI0 TeopeMYy.

Teopema 5. Cnpasdeausa gopmyra

diab & =i.6(«£’)®P—

A P @) @) 2w ¥=Gnd)

[Tocnenusst 0600IIeHHAsS PYHKIINA COOTBETCTBYET MOJIYIIPOCTPAHCTBY.

5. 3akJjroueHue

ABTOp HajeeTCsI, UTO MMOJ0OHBIE SKCIIEPUMEHTHI [TO3BOJIAT €My pa300paThCs B TOM,
KaK MOYKHO TOIOWTU K (DOPMYIMPOBKE YCJIOBHUI HETEPOBOCTH I MHOTOMEDHBIX
CHHTYJISIPHBIX WHTETPAJIbHBIX OIIEPATOPOB U ITOCTAHOBKE KPAEBBIX 331 JJIs ICEBIIO-
b depeHnnaIbHbIX OIEPATOPOB B 00/IACTIX C OIMUCAHHBIMUI BBINTE OCOOEHHOCTSIMHU.
Kak BuJIHO W3 IIpUBEJ/IEHHBIX BBIYUCJIEHUIT, [IPEJIeJIbHBIE OIEPATOPHI UMEIOT BHUJ [O-
paso nporie ucxoaubix (em. (1), (5)), 970, BO3MOKHO, MO3BOJIAT BBISBATH yI00HBIH
BUJ 9TUX YCJIOBUIA.

ABTOp BBIpazkaeT NMPU3HATEIBLHOCTb PEIEH3EHTY 3a €ro KPOIOTJUBYIO paboTy,

BBIABJICHHBIC HETOTHOCTH U IIOT'PEITHOCTH N BCE BBICKA3aHHBIC 3aMeEYaHUsd.
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06 ycTpaHMMOCTH MHOXECTB yPOBHS
JIJIs cyOrapMoHmYecKnx (pyHKITTii

A. B. IIoKPOBCKUI1

Awnnoranusi. [lokazano, aro n3BectHoe JoKaabHOE ycaoBue bismke-IlpuBanosa, Boime-
JIgroIIee cyorapMoHndeckne OYHKINNA B 33 JaHHON €BKJINIOBOM 00JIACTH M3 MHOYKECTBA Be-
[IECTBEHHBIX MMOJIyHEIIPEPBIBHBIX CBEPXY (DYHKIUI, ONPEIEIEHHBIX B 9TON 00JIACTH M TOXK-
JIECTBEHHO HE PABHBIX — 0O, MOXKET OBITH 3aMEHEHO Ha MHOXKECTBE HYJIeil pacCMaTPUBAEMOit
GbYHKINN IPYTUM arpuopu 60J1ee CIadbIM JJOKAJIbHBIM YCIOBHEM TOTO Ke Tuma. B kadecTse
OJTHOTO W3 CJIEJCTBHUII OCHOBHOIO Pe3yJbraTa paboOThl YCTAHOBJIEHO, 4TO JH00ast pyHKIHSI,
HENPePhIBHASA B €BKJIUOBOM 00JIaCTH U CyOrapMOHWYECKasl Ha JOTOJHEHUH K MHOXKECTBY
CBOMX HYyJIEll, sIBsSeTCs CyOrapMOHUYECKOW BO BCell paccMaTpUBaeMOil 00JIacTh, €Cu B
KaXKJIOM CBOEM HyJie 3Ta (bYHKIUsI UMEET TOJIHbIN JTuddepeHITrnall.

KiroueBnbie cioBa: Teopema Pajo, cybrapmonndeckast pyHKIMsI, BA3KOCTHO CyOGrapmMo-
HudecKas QyHKIwnsd, ycaosne Birsmke-1Ipusasosa.

BBenenne

B.C. ®enopos B 1919 . nokazan [1], uro mobas dbyakuus f(z), HenpepbiBHAST B
obnactu G C C, paBHast HYJTIO BO BCEX TOYKAX HEKOTOPOTO BCIOYy Pa3PBIBHOTO
komnakra K C G u rojgomopduas B G\ K, asiserca rojgomopduoit B G. Omy6-
JINKOBAHHAsI B MaJIOJIOCTYITHOM U3JI@HUKM BO BpeMs ['pakIaHCKO# BOiTHBI, paboTa
B. C. ®emoposa 6bl1a MHOTHE TOBI HEM3BECTHA IMIUPOKOMY KPYTY CIEIHAJNCTOB,
U ceffuac pesyJbTaThl MOJOOHOTO TUIIA CBsI3bIBAIOT ¢ nuMmeHeM T. Pano [2], koTopsrit
B 1924 1. mokazas, uro mobas dyukuusa f(z), venpepsiBaag B obmactu G C C u
ronmomopdnas na muoxectse G\ f1(0), asasgerca ronromopdnoit B G. 31ech, Kak
oberano, f~1(0) := {z € G: f(z) = 0}.

Amnasorom pesynbrata Pajo jys rapmonntecknx (yHKIUI HECKOJIBKUX Iepe-
MeHHBIX siB/Istercs Teopema 1. Kpasa [3], kotopast yrBepxaaer, uto mobas byHk-
g u(z), venpepbiBuo nuddepennupyemas B obaacru G C R™, n > 2, u rap-
Monnueckas nHa muoxkectse G\ u~!(0), asaserca rapmonmdeckoit B G. 3jech u
Jlajiee Mbl paccMarpuBaeM (DYHKITUH, TPUHIMAIOIINE TOJIHKO BEIECTBEHHBIE 3HAYE-
must. TTosmuee V. Kpao [4] 0606mmMI 5TY TeopeMmy Ha pelleHusl JIUHEHHBIX I TH-
JeCcKuX ypaBHEHMII BTOPOTO IOPsIJKA C IMOCTOSIHHBIMU JIeCTBUTEIbHBIME KO3 du-
mentamu. B pabore [5] pesynbrarer Kpasa pacnpocTpaHeHbl Ha IMUPOKHI KIace
KBa3WIMHEHHBIX SJUIMIITHYCCKUX U MAapabOIMIecKuX ypaBHEHU BTOPOTO TOPSIKA,
BRmovatonuit B cebs ypasuenne div(|Vul[P~2Vu) = 0, 1 < p < oo, U ypaBHeHue
MUHUMAJIbHBIX TTOBEPXHOCTEIA.

© Mockosckwuit unancoBo-fopuanaecknii yansepcurer MO®IOA, 2015
© Moscow University of Finance and Law MFUA, 2015
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Hacrosmas pabora mocssiiena ocjaadIeHnIo yCJI0BUs HEIIPEPIBHOI Tuddepen-
mupyemoctu yrkimm u(z) Ha MHoKectBe U~ (0) B chOPMYIMPOBAHHOlN BBITITE TEO-
peme KpaJjia 06 ycTpaHUMBIX 0COOEHHOCTSIX rapMOHIYecKuX (pyHkIimit. Ha camom je-
Jie MBI JIOKa3biBaeM DoJjiee OOIIMii pe3ysibTaT, KOTOPBIH MOKA3bIBAET, YTO U3BECTHOE
JiokasbHOe ycsoBue Bursmmke-IIpuBasioBa, Beimensionee cyorapMoHndecKne (OyHK-
U U3 MHOYKECTBa [TOJIyHEIIPEPBIBHBIX CBEPXY (DYHKIHIA, OIIpe/Ie/IeHHBIX B 3 IaHHON
€BKJIMJIOBOIT 00JIaCTH U HE PABHBIX B 9TOI 00JIaCTH TOXKJIECTBEHHO — 00, MOYKET OBITH
3aMeHEeHO Ha MHOXKECTBE HyJlell paccMaTpuBaeMoil (pyHKIUU JIPYTUM allpuopu boJiee
CJ1a0BIM JIOKAJIBHBIM YCJIOBHEM TOTO K€ THUIIA.

Yro6bl chopMyIMPOBaTH OCHOBHOM pe3yJibTarT paboThl, HAIIOMHUM HEKOTOPbIE
ompesiesiennsa U BBedeM psan oboszHadennit. g toukm x € R™ u gucaa r > 0 Mol
obozuauaem yepe3 B(x, r) u S(x, ) COOTBETCTBEHHO 3aMKHY ThIil €BKJIMJIOB IAP U €B-
KJIMJIOBY cepy C EHTPOM B TOYKE T U PAIAYCOM T'.

Kak o6bruno, dynkiumio u(x), onpejgenennyio B obaactu G, Mbl Ha3bIBaeM CY0-
2apMOHUNECKOU, eCIIM OHa TIOJIyHelpepbIBHA cBepxy B G, u(x) Z —00 u Jyist Jiroboi
nomnobaactn Gy CC G u mo6oit dyHKIum v(x), HEIIPEPHIBHON Ha 3aMBIKAHIN Gy 06-
nactu GGg, rapMonndeckoit B Gy 1 Takoii, 9To

v(z) = u(z) (1)

BO BCEX I'PAHUYHBIX TOUKax x obuactu (o, HepaBeHCTBO (1) BLIIOJHAETCS J1JIs BCEX
x € Gy. lox dyukimeii, cybrapMOHIYIECKOl HA OTKPBITOM MHOXKECTBE, MBI OyIeM
MOHUMATDH (DYHKITUIO, KOTOpas ABJISETCH CYyOTapMOHUYECKON Ha KaXKI0# CBA3HOMN
KOMIIOHEHTE 3TOI'0 MHOYKECTBA.

Cyb6rapmonmdeckne HyHKINNT XapaKTepu3yoTcs ycaouem Bursamke-[Ipusasiosa,
111 GOPMYIIMPOBKHI KOTOPOTO, CJieJyst [6, Tu1. 2, § 2|, HAIOMHIM Olpe/iesIeHIe BEPXHEro
U HUZKHEro o000meHHBIX napaMerpos Jlamnaca dbyHkmn u(x), MOIyHEIpephIBHON
ceepxy B obmactu G C R™ (u(x) #Z —o0). amerum, 4ro Kaxkiaas Takas (QyHK-
g M3MEPUMa M OrPAHUYeHA CBEPXy Ha Kaxkioih cdepe S(xo,r), s KOTOPOii
B(zo,r) C G, zop € G, r > 0. IlosroMy ee momokmTeTbHAS 9acTh u' (x) =
max{u(z),0} Gymer uamepumoit cymmupyemoit dbyHakmeit Ha S(2g, 1), a ee orpuna-
TesibHas dacTh u (x) := max{—u(z),0} Gymer usmepumoit dbyuxumeit va S(zg, 7).
Ecin dyakuus v~ (z) cymmupyema Ha cdepe S(xg,7), TO Ha 9T0i cdepe cymmu-
pyema u dyukuusg u(zr); B 9T0M ciaydae Mbl onpejenseM Beaumuuny M,u(xg) Kax
cpennee 3uadenue dyukuuu u(z) mo chepe S(xo,r). Eciu xe dynkuua u (x)
He sIBJISIeTCsT CyMMupyeMoit Ha Sz, ), To nomaraem M, u(xg) := —oc.

IMycrs, kak u Bbume, dyHKIMA u(x) HOIyHENpepbIBHA cBepxXy B obsmactu G,
u(z) £ —oo. Husa Touku zg € G, B KOTOpOit u(xg) # —00, OUPEJENUM 3HAUEHUS
Bepxrero Au(zg) m mmknero Au(zg) obobmennbix napamverpos Jlamtaca byHk-
n u(x) B TOUKe T PABEHCTBAMU

Myu(zo) — u(zo)

A .= 2n lim
ulwo) = 2n lim, =,
Myu(zo) — u(zo)

5 .

Au(zg) :=2n lim
r—+0 r

Ormerum, uro Beamunnabl Au(zg) u Au(xg) MOIyT UPUHUMATD 3HAYEHUS, PAB-
Hble +00 M —00, JJIsi KOTOPBIX MBI YCTAHABJIMBAEM CJCIYIOMIUE COTJIAIICHUS:
—co<t<+4oom —oo+t=—00 st Bcex t € R; ¢ (—o00) = —oo must Beex t > 0;
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ecm t) := —0O0 TPH BCEX JIOCTATOMHO MasbiX t > 0, To limy_ga(t) = —oo.
(Hanpumep, mycts dyHKIUS 4(z) KOMIUIEKCHOTO TIEPEMEHHOTO z = I + iy Olpejie-
nena pasenctBamu u(z) = —|z| npu x # 0, u(z) = —compu z = 0 u y # 0,
u(0) = 0. Torma u(z) noxyunenpepsisaa csepxy B C, M, u(0) = —oo upu Becex r > 0,
Au(0) =4 lim, 49 =52 = —00.)

[TpemosiozkuM, 9T0 B Kaxk0ii Touke zg € G, B KOTOPOii u(xg) # —00, BBIIOJ-
HEHO yCJIOBUE

Au(zg) = 0. (2)

Torna dysknus u(x) sBasercs cyorapmornaeckoit B G. JlokazaTenbeTBo 5Toro dhaxk-
Ta 04YeHb Hpocroe u BocxoauT K paboram B. Baamke u U. U. IIpusasosa (cum. |6,
. 2, § 2|). Hamomumnw ero.

Badukcupyem mnpousBoibHbIM 00pazoM obiacrb Go CC G u dyukumio v(x),
HenpepriBHyIo Ha G, rapMoHImIecKyio B G U yaoBIeTBopsiontyio yeaosmo (1) Bo
BCeX TPAHMYHBIX Toukax x obmactu Go. lyers ¢ > 0, w(z) = |z|?. Hpemmomo-
xuM, ato byHkusa u.(z) = u(z) — v(x) + ew(x) mocTUraeT CBOEro JOKAJILHO-
ro Makcumyma B Touke Iy € Go. Torma u(xg) # —00 M B TOUKE X BBIIOJHEHO
yenosue (2). Hockombky Myw(xg) — w(zg) = r? upu Beex r > 0, uz (2) cueyer
nepaBencTBo Au(Tg) > 2ne, HECOBMECTHMOE C HAJMYHEM JIOKATHHOTO MAKCHMY-
Ma GyHKIM us(r) B Touke xo. CrenoBaresnbHo, st Beex © € (G CIpaBeInBO
nepasencTso u(z) — v(z) +ew(z) < e max, g w(r). Ipereappiv mepexosoM Ipu
e — +0 orcroma momyuaem, uro u(z) — v(x) < 0 mis Beex © € Gy. DTO O3HATAET,
aro dhysxus u(z) cybrapmonnusa B G.

OCHOBHBIM pe3yJIbTaTOM PabOTHI SIBJISETCS CJIEJYIOMAas TeopeMa.

Teopema 1. ITycmos G — obaacmo 6 R™, n = 2, u(x) — Pynkyui, nosyHenpepueras
ceepry 6 obnacmu G, u(x) # —o0, u nycmv 6 xasicdoti mouxe o € G\ u='(0),
6 Komopot u(xg) # —00, sunoaneno ycaosue Baswre—Ipusarosa (2), a 6 Kascdol
mouxe xo € u~1(0) evnoaneno ycaosue

o M,u(zo)

> 0. 3
T = (3)

Toz0a pynryus u(z) cybzapmonuuna 6 G.
st Toukn g € u”1(0) yenosue Basmke-IIpusasosa (2) umeer Bus

lim M >0,
r—+0 r2
1 HOTOMY SIBJISIETCSE 60Jiee CUIIBHBIM, YeM (3).

Curesyrormuii IpuMep MILTFOCTPUPYET TOIHOCTH yeaosust (3) B Teopeme 1. IlycTs
dynkIws u(z) KOMIUIEKCHOTO TEPEMEHHOIO z = & + Y OLPEJIEICHa PaBEHCTBOM
u(z) := —|z|. Torga muokecTso u~1(0) coBnagaer ¢ MHUMOIlH ocbIo, dbynkius u(z)
rapmonmara B C \ u™1(0), a B xamo0it Touxe 29 € u~'(0) BBHIIOTHEHBI paBeHCTBA
M, (z0) = —4r nna Beex r > 0, lim,_ 4o M = M%Q(Z“) =0 mis
Beex « < 1. OueBumno, uro u(z) He gBisgerca cybrapmonudeckoii dyuknueit B C.

2 T
) hmr~>+0

C 3 i M,u(zo)
JIe/I0BATE/ILHO, YCIOBHE (3) HEIb3s 3aMEHUTD ycaosueM lim, o =7 > —o0,

T M,
a TeM OoJjiee ycaoBuemM llmrrHJ’»O w 2 0 IIPU HEKOTOPOM v < 1, ABJTATIOIITUMCA

6oJtee CJIadbIM yCJIOBHEM. DTOT Ke IIPUMEP IMOKA3bIBAET, UTO YCJIOBHE HellPepbIBHOMN
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muddepentupyemoctn dyukmn u(z) B reopeme Kpasa Heslb3st 3aMEHUTH yCIOBUEM
ee JIUIIIUIIEBOCTH.

Hacrosmas pabora cocront u3 BBe/ieHus 1 Tpex pa3aesaos. Paszmen 1 nocur Bemo-
MOTaTEeJIbHBII XapaKTep, Pa3ies 2 MOCBIINEH T0KA3aTeIbCTBY TeOpeMbl 1, a B pa3-
Jlejie 3 TPUBOJUTCS Psiji CJEJCTBUN Te€OpeMbl 1, KOTOPbIe, B 9aCTHOCTHU, COJIEPIKAT
B cebe yIIOMsIHYTBIN pe3ysibrar KpaJia.

1. Omnpenenenuss U BCIOMOTraTeJbHbIE PE3YyIbTAThI

[Iycts G — obnacts B R™. Kak obbrano, C(G) u C%(G) — cOOTBETCTBEHHO TIPO-
CTPAHCTBA HENMPEPBIBHBIX W JIBAYXKLI HEIpepbIBHO Jud depeHnupyeMbix yHKIIi
B obnactu G, A — oneparop Jlamaca.

IokazarejibcTBO TeopeMbl 1 Gasupyercs Ha riybokoM pesysbrare 11. FOrunena,
II. JTunpksucra u X. Maudpenu 7] o coBuamenun muoxkecrsa GyHKImil, cybrap-
MOHMYECKUX B o0jactu (G, ¢ MHOYKECTBOM TaK HA3BIBAEMBIX BA3KOCTHO CyOrapMo-
nudeckux GyHkuuit B G. 3amMeruM TakzKe, 9TO Pe3yJbTaThl paboThl [7] comepKar
9KBUBAJICHTHOE OIIPE/Ie/ICHIE PellieHuil u cyOperennii 6ojiee o0MMUX KBA3MINHERHBIX
SUTUIITHIECKUX U TapabOTHIeCKUX YPaBHEHHUI BTOPOTO TOPSIJIKA € P-JIATLIACHAHOM
(1 < p < 0), oHAKO, ITOOBI He YCJIOXKHATH U3JI0XKEHNE, MbI IPUBOJNM HEOOXO/I-
Mble HaM (DOPMYJIMPOBKU PE3YIBTATOB U3 TOH PabOTHI TOJBKO MPUMEHUTETHHO K
ypasuenuio Jlamraca.

Curesyst pabore [7], MBI Gy/1eM FOBOPUTH, UTO (DYHKIHUS (L) SIBISIETCST 8A3KOCTIVHO
cybzapmoruneckot B obyactu G, ecau 3ra DYHKIMS OJyHEIIPEPBIBHA CBEPXY, HE
paBHA TOXKJIECTBEHHO —0oC B (G U BBIMIOJIHEHO CJIEJIYIONIEE YCJIOBUE: KAKOBBI ObI HU
6pLH TOUuKa Tg € G u bynknua ¢ € C%(G) raxue, ato ¢(z0) = u(xg), V(o) # 0
u o(x) > u(x) gua Beex € G\ {xo}, umeer mecro HepasencTso Ap(z) = 0. 3mecn,
Kak 00bIuHO, V(2o) obo3HAUAeT rpajneHT DYHKIMA © B TOUKE L.

U3 npuBeieHHOrO ONpeIeIeHns] HEITOCPEJICTBEHHO CJIe/IyeT, UTO KayKjas cyo-
rapMmonnveckast GpyHKius B (G sBIAETCS BI3KOCTHO CyOTapMOHUYIECKON (byHKIIHEi
B 9T0i1 obsactu. g mokasaresbcTBa ITONO OTMETUM, UTO I KaxKI0i GpyHKINn
¢ € C*(G) n Bcex & € G crpaseyuebt paserctsa Ap(z) = Ap(z) = Ap(x) (em. [6,
. 2, §2]). Orcrona caezyer, uro ecan dyukimst u(z) cybrapmonnyna B G, a ToUka
zo € G u dynxmua ¢ € C?(G) Takosbl, uto p(z0) = u(wo) 1 p(z) > u(z) Kua Beex
x € G\ {xo}, TO

(o) = Bp(ao) > Bulwo) > 0, (4)

YTO U O3HAYAET BSI3KOCTHYIO CyOrapMoHmaHOCTh GyHKImN u(z) B obmacru G. Cie-
JIYIOTIAs JIEMMa, SIBJISTIOIIASICS JACTHBIM CJIydaeM TeopeMbl 2.7 u3 [7], urpaer Kiro-
YeBYIO POJIb B JOKA3aTEIbLCTBE TEOPEMBI 1.

Jlemma 1. Kaotcdas saskocmuo cybzapmonuveckas gyrruus 6 ooaacmu G cybzap-
Mmonuuna 6 G.

2. JdokazareabCcTBO Teopembl 1

Iycrs G — obnacrs B R™, n > 2, u(x) — nosynenpepbiBHas cBepxy (DyHKIusg B 06-
aactu G, u(x) Z —00, yIOBJIETBOPIONAs yCIOBHAM TeopeMbl 1, u mycrb 0 < & < 1.
Omupenesm B o6aactu G byHKIIIO U () CIeIyomuMI paBeHCTBaME: U, (2) = —00,
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ecn u(x) = —o0; us(z) = u(z) + elu(x)|, ecmn u(x) # —oo. IMockonbky GyHK-
st u(2) He paBHA TOXK/IECTBEHHO —00 B (7, OTCIO/IA CJIEJIYeT, UTO STUM YK€ CBOHCTBOM
obaamaer n dbyHkuus u (). V3 onpenenennss GbyHKIMN U, () TaKXKe CIEIyeT, UTO
ue(x) = (14 ¢)u(x) mpu u(z) > 0, us(x) = 0 upu u(x) =0, u:(z) = (1 — &)u(z) upn
u(x) < 0. Iokaxkem, 4ro u.(x) ABIAETCS BA3ZKOCTHO CyOrpaMOHUIECKO (hyHKIuel
B obnactu G.

JIJ1s1 5TOr0O CHAYAJIA yCTAHOBUM TI0JIyHEIPEPBIBHOCTD cBepxy dhyHKImN U (z) B G.
Bocnosb3yemes CIeAyIonuM XOpOIno U3BECTHBIM XapaKTEPUCTUICCKUM CBOHCTBOM
[OJIYHEIPEPBIBHBIX cBepxy (yHkuumil (cMm., mampumep, [8, i 1, §1.2]): dbyuxiua
MIOJIyHENIPEPBIBHA CBepXy B obiactu G TOTJA M TOJIBKO TOTJIA, KOTJIa OHA SIBJISET-
¢ TIOTOYEYHBIM IIPE/IEIOM HEKOTOPOil yOBIBAIOIIEH MOCIeI0BATEILHOCTH (DY HKITHIA,
HenpepblBHBIX B G. [Tockosbky dhyHKImst u(x) mosyHenpepsiBHa cBepxy B G, cylie-
crByeT yObIBAIOMIAs [IOC/IE0BATEILHOCTD HenpepbiBHbIX B G dyukimit {gx ()52,
Takagd, 9To limy_,o gr(x) = u(x) B Kaxkmoit Trouke x € G. Oupenenum byHKIMNA
gek(z), k=1,2,..., paBencrBamu ge 1 (v) = g (z) +¢|gr(x)], € G. Jlerko BujeTs,
910 {ge () }72, — yOBIBaIOAS IOCTEIOBATEILHOCTD HEIPEPBIBHBIX YHKIMIL B 06-
nactu G, cxopsmascs K ues () B Kaxoi Touke © € G. CrenoBarenbro, QyHKIWMS
ue(x) momyHenpepbiBHA cBepxy B G 1 u.(x) Z —o0.

[TokaxeM, 4To B Kaxk10it Touke xg € G\ u~1(0), m1s KoTOpOit ue (1) # —00,
byukua u.(z) ynosnersopser ycsiouio Busimke-IIpusasosa. 3adukcupyem Ta-
KYIO TOUKY (. Torga Bo3MOoKHBI ciydan u(zg) > 0 mu(xg) < 0. Ecam u(zg) > 0, 1o,
OCKOJIBKY (byHKIWst u(2) ymoBiaerBopsieT yciaoputo Busimike—IIpusasosa (2) B Tou-
K€ T, CYIIECTBYIOT yOBIBAIOIINE K HYJIIO MOCIEIOBATEILHOCTH MOJIOKUTETbHBIX -
cen {0k}, u {rg}p2, rakue, uro B(xg,71) C G, upu Beex k = 1,2,... dbyuk-
s u(x) cymmupyema Ha cdepe S(zg, rg) U CIPaBeJIUBLI HEPABEHCTBA

0 < u(zo) — Sprs < M, u(x). (5)
Tockoabky u(zg) > 0, u3 (5) ciaemayer nenouka COOTHOIIEHMH
0 < |u(zo)| — Sxri = u(zo) — 61 < My u(wo) = | My, u(zo)| < My ul(z0).  (6)
"3 (5) u (6) BBITEKAET, YTO

0 < ue(wo) — (1 + &)pri = u(xo) — Oy + lu(wo)| — €677
< My u(zo) + My, |ul(zo) = My, uc(x0), k=1,2,...,

U, CJeJ0BATeNbHO, QYHKIMS U (X) ymoBaeTBopger yciaouo bBisgmke-IIpusanosa
B TOUKE Z.

Ecrm Touka 79 € G\ v~ !(0) Beibpama Tak, aro 0 > u(wg) > —00, TO BBHIY
[OJIyHENIPEPBIBHOCTH ¢BepxXy (byHKImN u(x) B x¢ 9Ta MyHKIUS IPUHIMAET TOJIBKO
OTpHIATE/bHbIe 3HAYEHNsT B HEKOTOPOH OKPECTHOCTH TOUKH Tg. [l0aTOMY JJIst Beex
TOYEK ' ITOI OKPECTHOCTH CIPABE/IINBO PABEHCTBO Us () = (1 —&)u(x) n, ciaegosa-
TesbHo, byHKIUA U (T) ymosaeTsopser ycaosmio Basmke-IIpuBaaosa B TOUKe X.

[TokazkeM Terepb, 9TO U (x) ABJIAETCA BA3KOCTHO CyOrapMOHUIeCKOl byHKIH-
eit B G. Ilyctb 79 € G u ¢ € C?(G) rakoswl, uro ¢(xg) = uc(w0), V(o) # 0
u o(x) > uc(x) mua seex x € G\ {xo}. Torma u.(zg) = u(xg) > —oo. Ecim
29 € G\ u~1(0), To cornacHo joKazaHHOMY Bbile (DYHKIMSA Ue (T) B TOUKE T YIOB-
JlerBOpsieT ycsoBuio Bursamke-IIpusasosa

Auc(xo) =0, (7)
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OTKY/Ia C MOMOIIBIO IEMOYKN HEPABEHCTE THla (4) mosydaeM, 9To
Ap(zg) = 0. (8)

Pacemorpum ciyuait xo € u~1(0). Beuy yenosus (3) misg xazkoit Takoit Tou-
KH T( CyIIECTBYeT yObIBAIONIAs K HYJIO HOCIE0BATEIBHOCTD HOJTOKATEIBHBIX Tl
cen {ry}p |, 3aBHCALIAd OT Xo, Takasd, I10 B(zo,r1) C G, dyukmus u(z) (a cire-
noBaresibHO, U byHKIusA u(x)) cymmupyema Ha cdepax S(zo,ri), kB = 1,2,... .
Bysiem pasauuarh TOYKH JBYX TUIOB. K MepBOMY THIy OTHECEM Te TOYKH, JIJIsl
KOTODBIX CYIIECTBYeT YOBIBAKONIAs K HYIO IMOCJIEI0BATEIHLHOCTD MOJOKATETBHBIX
amcert {7y} 50, 3aBUCAIIAL OT Lo, Takas, 910 B(xg, ) C G, dynkmun u(z) u u.(x)
cymmupyeMmbl Ha cdepax S(xo,ri), k=1,2,..., 1

[ M, u(zo)| = o( My, [ul(z0)), K — oc. 9)

Tockoanbky u(zg) = 0, aus Toukn xo nepsoro tuna u3 (9) caexyer (7). Orcrona,
KaK W BBIIIE, TOIy9aeM HepaBeHCTBO (8) (3ameruM, urto ycmosne Vo(xo) # 0 moka
He WMCTIOJIb30BAJIOCh B HAIAX PACCYZKIEHUSIX ).

Ocrajoch paccMOTpeTh TOYKH BTOPOTO THIIA, T.e. Takume Touku zg € u~ L(0),
JUTsT KOTOPBIX cymecTBytoT ¢g € (0,1) u 79 > 0 rakwme, uro B(zg,r9) C G n upn
kaxxgoMm 1 € (0,79) u3 cymmupyemoctu dbyukmun u(x) Ha cbepe S(zg,r) BbITEKaET
HepaBeHCTBO

| Myu(zo)| = coM,|u|(x). (10)

IIpu sTOM, yMeHbIIasi IPU HEOGXOLUMOCTHU Tg, MBI GyleM B JajbHEHIIeM Ipeo-
narathk, 9to M,u(zo) < 0 ausg Beex r € (0,rp), MOCKOIBKY HHAYE BBITOIHSIOTCH
uepaserctsa (7) u (8). B srom ciryuae yenosue (10) SKBUBAJIECHTHO yCJIOBHIO

Myu(zg) < —coM,|u|(z). (11)
O6osHaunm 1epes [(x) nonuslii nuddepernman GYHKIMT @ B TOUKE Zo:
I(z) := (Ve(zo) - (x — 20)),

rze (a - b) obosnavdaer, Kak OOLIYHO, CKAJIPHOE IIPOU3BEIEeHIE BEKTOPOB a,b € R”.
[ockombky ¢ € C?(G), a ¢(x0) = u(xg) = 0, TO

o(x) =1(x) + o(|lz — x0l), T — T0. (12)
Iycrs E = {z € G: l(z) < 0}. ITockombky Vp(xg) # 0, To I(x) # 0 n, unrerpu-
py4 (12) mo muoxkectBy S(zo,r) N E, 0 < r < 1o, HOJyIUM
[ @@ = [ i@do) 4o, res0. (13)
S(zo,r)NE S(zo,r)NE
rie do(x) — smemenT momaan nosepxaoctr cdepsl S (g, r). Ilockonbky dyHKIWMST
[(x) muueitna n [(x) # 0, To

1 n
/S(zo,r)mEl(z) do(x) = ) /S(ro,r) [l(z)| do(x) = —c1r", (14)

rJie ¢1 — HEKOTOpasl MOJIOKUTesIbHAs ocTostHHasA. 13 (13) u (14) momyuaem, uro

/ p(x)do(z) = —c1r™ + o(r™), r — 0. (15)
S(zo,r)NE
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U3 (15) caeyer, 4T0, yMeHbIIAsT IPU HEOOXOMMOCTH T, MOYKHO CUATATH, UTO DU
Beex 1 € (0, rg) UMeeT MeCTO HEpABEHCTBO

C1

/ o(z)do(x) < 757’". (16)
S(zo,r)NE

TockobKy it Kaxk0# Toukn & € (G BBINOJHSOTCS aMO0 pPaBeHCTBA U (r) =
u(r) = —o0, mbo HepaseHcTBa U (x) = u(x) > —00, a () > u.(z) Bcrony B G, T0
u3 (16) mosaywaem, aro

/ u(x) do(z) < / ue(x) do(x)
S(xzo,r)NE S(xo,r)NE
< / o(2) do(2) < — L7, (17)
S(z0,r)NE 2

ITycrs F = {z € G: u(x) < 0}. Torma u3 (17) moayvaem

/ u(z)do(x) < / u(z)do(x) < A,
S(xzo,r)NENF S(zo,r)NE 2

CiieioBaTe/IbHO, IMEeeM

[ @ldet) > [ u(w)] dorz)
S(zo,r) S(zo,r)NENF

= —/ u(z)do(x) = C—lr",
S(zo,r)NENF 2

OTKYyJIla BBITEKAET CYMECTBOBAHUE MOCTOAHHOMN co > () TaKOii, YTO HEPABEHCTBO
M, |ul(x0) > car (18)
BhinosHsIeTcst ipu Beex 1 € (0, ro). Hepaserncrsa (11) u (18) BirekyT oneHky
M,u(zg) < —coear, 0<r<rg,
U3 KOTOPOIL CIeayeT, 9To
— M, u(x)

lim

< - < 0. 19
r—40 r €0z ( )

Onnako (19) nmporusopednt yciosuio (3) Teopemst 1.

[TpoBeneHHbI AHAIN3 TIOKA3BIBAET, YTO (DYHKIUA Ue () ABJISIETCHA BA3KOCTHO Cy0-
rapMoHn4eckoii B obstactu G. Ilpumensisi jtemmy 1, orcrofia jiejiaeM 3aKJIIOUeHUE
o cybrapmonuunoctu 3roit pyHkiun B G. IIoCKOILKY € B HaIMX PacCysKIeHUsIX
ObLIIO IPOU3BOJILHBIM YUCI0M U3 uaTepBaja (0, 1), Mbl JoKa3a/m, 9To JJisd KazKJI0ro
e € (0, 1) bynkuus u.(x) cybrapmonununa B obsactu G. Ilokazkem, 4ro 910 Biieder
3a coboii cybrapmonnanocts dyukimu u(z) B G. g 910ro, 04eBuaHo, 10CTATOIHO
YCTaHOBUTH, 9T0 byHKIus u(2) ynosiaersopsier ycnosuio Bismke-IIpusanosa (2)
B KaxK10i Touke zo € u~(0).

Badukcupyem Touky zo € v~ 1(0) u umcao rg > 0 taxme, uro B(w,r9) C G,
u nycrb 1 € (0, 7r9). [Hockonbky Bee dyuriun u.(z) cybrapmonndnst B G u, cjieno-
BaTeJIbHO, cymMupyeMbl Ha cdepe S(xo, ), a us(xg) = u(xg) = 0, TO

/ ue(z) do(x) 20, 0<e<l. (20)
S(zo,r)
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Tepexo/ist K TIOJIOKUTEIBHBIM 1 OTPHUIATEIBHBIM YacTsM, TrepenuiieM (20) cieyro-
MMM 00Pa3oM:
/ u_ (x)do(z) < / ul (z) do(x). (21)
S(zo,r) S(zo,r)
[Myers M = maX,eB(zy,r) U(T) (JOCTIKEHHE 3TOTO MaKCHMyMa O0CCTIeTHBACTCS
[OJIYHEIIPEPBIBHOCTBIO ¢Bepxy dbyukimu u(z)). Torma nus kaxmoro € € (0, 1) umeem
OILICHKY

ul (x)do(z) < 15 u(x) do(x
[ w@aeE < [ @i

S(xo,r)

< 2/ ut(z)do(z) < 2Mo,r" ", (22)
S(zo,r)

rae o, = f5(0,1) do(z). Obbenuuss (21) u (22), upu Beex ¢ € (0,1) momyuaem
HEPABEHCTBA

/ u_ (x)do(z) < / ul (z)do(x) < 2Mo,r" 1 . (23)
S(zo,r) S(zo,r)

IIpumenus teopemy Pary 0 mpesepHOM Iepexo/ie Ol 3HAKOM HHTerpaJia Jledbera
(mpm € — +0), 3akmougaem u3 (23), aro Gysxkmmm v~ (z) n ut(z) cymmmpyemsr ma
cdepe S(zg,r) u

/ u” (z)do(x) < / ut(z)do(z) < 2Mo, "1,
S(zo,r) S(zo,r)

OTKy/la MojtyuaeM cymmupyemoctsb dyukimn u(z) Ha S(xg, ) 1 HepaBeHCTBO

/ u(z)do(z) = 0. (24)
S(xo,r)

IToCcKOIBKY B IIPUBEICHHBIX PACCYYKJICHUSX 7' OBbLIO IPOU3BOJLHBLIM YUCJIOM W3
unrepsasa (0,79), HepaBeHCTBO (24) Bieder 3a co0OW BBIIOJHEHNE Jist (DYHK-
i u(z) yenosust Bosimke-IIpuBasosa (2) B Touke .

TakumM 06pa3oM, MBI OKA3aJIH, 9TO B KaxK10i Touke xg € u~ 1 (0) dbynkmms u(r)
yaoBjerBopger yciaosuio biamke—IIpusanosa (2). B coueranun ¢ apyrumu yciio-
BUSIME TeOPeMbI 1 3T0 o3HavaeT, 9To QyHKIWs u(2) sIBJISETCs CyOrapMOHUYECKOMH
B obnactu GG. Teopema 1 mokasana.

3. Hekoropsle ciencTBusi TeopemMbl 1

IIpuseseM psiji pe3yJIbTATOB, SIBJSFOIIMXCST MTPOCTBIMU CJIEJCTBUSIMU TeOpeMbI 1.
Berony nuke G — obiacts B R, n > 2.

CaencrBue 1. ITycmo u(x) — Pynryus, nenpepwenas 6 G, u nycmv 6 Kascdol
mouxe xog € G\ u=(0) ewnoaneno ycaosue

Au(zg) <0 < Aulzo), (25)
a 8 KaocAoll mowke xgy € uil(O) BUINOAHERO YCAOBUE
M, — M,
li_m M < 0 < lim M (26)
r—40 T r—+0 T

Toz0a pynruyus u(z) eapmornuywna 6 G.
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CuresicrBue 1 BbITEKaeT u3 TeopeMbl 1 Iy TeM ee Moc/IeI0BATEIBHOTO TPUMEHEHNS
K dyurmmsam u(x) n —u(x).

Ecm v € C(G), To muoxectso v~ (0) samxuyTo B G, a Muoxecto G\ u~1(0)
OTKPBITO 1 110 Teopeme Basmke—IIpusanosa Bemonnenne yenosus (25) B KaxkIoi
Touke zo € G\ u™1(0) SKBUBAJIEHTHO TADMOHUYIHOCTH (DYHKIIUHA 1(T) HA MHOXKECTBE
G\ u=1(0). TTosTomy ciesicTBre 1 TepenuchIBACTCS B CIIEIYIONEM BHU/IE.

CaencrBue 2. ITycmov u(z) — dynryua, nenpepvisnas 6 G U 2apMOHUNECKAA HA
mnooicecmse G\ u=(0), u nyemnv 6 xasicdoti mouke xo € u~'(0) 6vinoaneno ycao-
sue (26). Toeda Pyrryun u(x) eapmonuvna ¢ G.

VkazkeM (B MOpsJIKe YCUJICHUS) TPU YCJIOBHs, BBIIOJIHEHUE KOTOPBIX JJist (DYHK-

mm u € C(G) B Touke zg € u~1(0) rapanTupyer BBITIOTHEHNE yCIoBHs (26):
li [ Mru(zo)| _ 0:

a) lim, o——— =0;

b) M,u(zo) = o(r) npu r — +0;

¢) dyuknus u(z) umeer noubiit gud depeniman B ToUKe Xo.

B uacTHOCTH, IpUHUMAsi BO BHUMAHUE YCJIOBHUE C), TOJydYaeM CJIeIyIONui pe-
3yJIbTAT, COflepKaIuii B cebe yIoMsSHYTYIO BO BBejeHnn Teopemy Kpada [3].

CaencrBue 3. ITycmo u(x) — dynkyus, nenpepvieran 6 G u 20pMOHUNECKAA HA
mroorcecmee G\ u=L(0), u nyemv 6 xascdoti moure xg € u=(0) dynryus u(z)
umeem noanvili duddepenyuan. Toeda Pynruus u(x) 2apmonuyuna 6 G.

Ecin dyukuus u(z) venpepbiBaa B G u cyGrapMOHUYHA HA OTKPBITOM MHOXKE-
cre G\ u=1(0), To u(zo) < Myu(xg) ana Beex 9 € G\ u=(0) u r > 0 Takux,
aro B(xg,r) CC G\ u~1(0). TlosTomy m3 Teopembl 1 BBITEKaeT CJieLyIoNuii aHaIor
CJIEJICTBUS 3 JIJIsI CyOTapMOHMYECKUX (DYHKITHIA.

Caencrue 4. IIycmo u(z) — dynrkyus, nenpepuenas 6 G u cybeapmonuveckas
na mmoocecmee G\ u=1(0), u nyemwv 6 xasrcdoti moure xo € u=(0) dynryus u(z)
umeem noanvli dudgepenyuan. Toeda Pynruus u(x) cybeapmornuuna 6 G.

B zak/mouenue oTMeTHM, 9TO BCe IIPUBEICHHBIC BBIIIE PE3yJIbTaThl OCTAIOTCA B
cuite, ecin B ux (pOpMyJIMPOBKAX BMECTO yCpeIHeHuil 1mo cdepaM paccMaTpUBaTh
yCcpejiHeHns 1o mapam. JlokazaTeabecTBa cCOOTBETCTBYIONUX YTBEPXKICHNI ITpeTep-
MIEBAIOT JIMIITH MUHAMAJILHBIE U €CTECTBEHHbIE BUJION3MEHEHUS 110 CPABHEHMUIO C MTPH-
BEJICHHLIMA BBIIE. EIMHCTBEHHOE OTIMYINE, Ha KOTOPOE CTOUT 0OPATUTh BHUMAHHWE,
COCTOUT B TOM, ITO HOPMUPYIONIUI MHOYKHATEIb 21 B ONPEIEJECHNN BEPXHErO W HUZK-
Hero 0600IIEHHbIX TapaMeTpoB Jlamiaca JoJKeH ObITh 3aMEHEH JIst CIydast yCpeie-
HeHUit 110 mrapam Ha 2(n + 2), 9T00bI Ha JBaxK bl HEPePhIBHO Jud depeHnnpyeMbix
bYHKIMAX COOTBETCTBYIOIINE BEJUYUHDBI COBIAJIN ¢ MX OOBIYHBIM JIAILJIACUAHOM (CM.,
nanpumep, [6, ri. 2, § 2]).
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Abstract. It is shown that the well-known Blaschke—Privalov local condition selecting
subharmonic functions in a given Euclidean domain from the set of real-valued upper semi-
continuous functions, which are defined in this domain and do not equal identically —oco,
can be replaced on the zero locus of the function under consideration by another a priori
more weak local condition of the same type. As one of the corollaries of the main result
of the paper we establish that any function continuous in a Euclidean domain and subhar-
monic on the complement of its zero locus is subharmonic in the whole domain under
consideration if this functions has a total differential at each point of its zero locus.
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On a System of Equations Arising
in Viscoelasticity Theory of Fractional Type*

TEODOR M. ATANACKOVIC, STEVAN PILIPOVIC, DUSAN ZORICA

Abstract. We study a system of partial differential equations with integer and fractional
derivatives arising in the study of forced oscillatory motion of a viscoelastic rod. We propose
a new approach, which considers a quotient of relations appearing in the constitutive
equation instead of the constitutive equation itself. Both, a rod and a body, are assumed
to have finite mass. The motion of a body is assumed to be translatory. The existence and
the uniqueness for the corresponding initial-boundary value problem is proved within the
spaces of functions and distributions. (This paper is the predecessor of Chapter 4 in [1].
Here we explain main ideas.)

Keywords: fractional derivative, distributed-order fractional derivative, fractional vis-
coelastic material, forced oscillations of a rod, forced oscillations of a body.

MSC2010: 74HO05, 35R11, 45K05

1. Introduction

In this paper we study (1)—(4) derived in [2]. The system corresponds to a motion of
a viscoelastic rod fixed at one end and of a body of finite mass attached to the other
end. Also, an outer force, having the action line coinciding with the axis of the rod,
acts at the body attached to the free end of a rod. In the dimensionless form
the system of equations, initial and boundary conditions, describing such a motion,
reads

2

0 50 _ 0
%U(xvt) =k atQ U(Z‘,t), E(ZL',t) - axu(zat)v T € [05 1]5 > Oa (1)

1 1
/0 b0 (1) 0DV (1) dy = / 6-(1)oDle(w,t)dy,  wel0,1], t>0, (2

u(z,0) =0, %u(m,O) =0, o(z,00=0, e(z,0) =0 =xel0,1], (3)

w(0,t) =0, —o(1,t)+ F(t) = % u(1,t),  t>0. (4)

*The text submitted by the authors in English.
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Equation (1); is the equation of motion for an arbitrary material point of a rod,
o denotes the stress at the point x at time ¢, u is a displacement, k is a constant
representing the ratio between the masses of a rod and a body. We use ¢ in (1)3 as
the axial strain of a rod, while in (2) ¢, and ¢. are known constitutive functions or
distributions. The left Riemann-Liouville fractional derivative of order v € (0, 1) is
defined as (see [3]-[5])

DIyt = 4 (g 2u0). >0,

where T' is the Euler gamma function, * is a convolution, i.e., if f,g € L .(R),
supp f,g C [0,00), then (f * g)(t) := fot f(m)g(t —7)dr, t € R. The initial condi-
tions (3) correspond to an initially undeformed rod in the state of rest, and boundary
conditions (4) correspond to a rod with one end fixed at x = 0 and with force F'
acting on the body attached to the other end (at = 1). Initial-boundary value
problem (1)—(4) represents a generalization of a problem of forced oscillations in
the case of a light rod, presented in [6]. We refer to [2] for the details regarding
the physical interpretation of system (1)—(4).

The main goal of our approach is treatment of a constitutive equation in an es-
sentially new way. We analyze the quotient, denoted by M, of stress and strain
after the application of the Laplace transform to (2). In this context M is a new
important quantity which reflects the inherent properties of a material of a rod.
Detailed mathematical analysis of M is given in the paper. We prove the existence
and uniqueness of a solution to system (1)-(4). Our main results are stated as
Theorems 1, 2.

Constitutive equations (2) were used earlier in [7]—[10] in special forms. Also, in
the case ¢, = ¢. equation (2) becomes the Hooke Law: o(z,t) = e(x,t), x € [0, L],
t > 0. We note that the constitutive functions or distributions ¢, and ¢. appearing
in (2) must be taken in the accordance with the Second Law of Thermodynamics.
If we take

¢o(7):=a’,  ¢e(7):=0b",  v€(0,1), ab>0, (5)

then there is restriction a < b (see [11]-[13]). The special case when the constitutive
distributions ¢, and ¢. are defined by

bs(7) :=0(7)+ad(y—a), ¢(y):=0(y)+bd(y—a), «a€(0,1), 0<a<y,

(6)
where § is the Dirac distribution, gives a fractional generalization of the Zener
constitutive equation for viscoelastic body. The waves in such type of materials
were studied in [14]. If

bo(7) == 6(7) +ad(y — a),
G (7) 1= bo 0(y — Po) + b1 6(y — 1) + b2 0(7y — B2),

where a, by, b1, by are positive constants and 0 < o < By < 51 < B2 < 1, then one
obtains a constitutive equation proposed in [15]. The system (1)—(4), with the choice
of constitutive functions and distributions (5) and (6), is considered in [2]. We refer
to [16]-[18] for the detailed account on the use of fractional calculus in viscoelasticity,

(7)
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while for the modelling the diffusion-wave phenomena within the theory of fractional
calculus we refer to [19]—[27]. As far as the analysis of system (1)—(4) is concerned, we
use the Laplace integral transform. Alternatively, one can use numerical approach,
as done in [22].

We can apply our results in the study of behavior of solid-like materials (see [2]),
when M takes the forms (9) and (10). The behavior of a fluid-like material is
analyzed in [13], where we used constitutive distributions given by (7).

2. Assumption and main theorems and formal calculation

The Laplace transform of f € Ll _(R), f = 0 in (—00,0] and |f(t)| < ce*, t > 0,
k> 0, is given by f(s) = L[f(t)](s) := [, f(t)e™*'dt, Res > k. We assume that
it is analytically continued in domain V' = C\(—o00,0]. Denote by &' the space
of tempered distributions supported by [0,00). Since tempered distributions S’
are derivatives of polynomially bounded continuous functions supported by [0, o),
the Laplace transform of f = D*F is given by f = s*F. We refer to [28] for
the spaces of distributions &’'(R) and S, as well as for the Laplace and Fourier
transforms in such spaces. Let C([0,1],S’,) to denote the space of continuous func-

tions on [0, 1] with values in S/ . Let

Note that for the cases of constitutive functions (5) and (6) M has the respective
forms

In(bs) as — 1
= <
M (s) In(as) bs —1' seV, a<hb, (9)

1 (e}
M(s):,/liza, seV, aec(0,1), a<bh. (10)

Let M be of the form M (s) =r(s) +ih(s), s € V, as |s| — co. Let s, satisfy

f(sn) =0,  sp=&+iCn€V, neN, (11)

where
f(s) := sM(s)sinh(ksM (s)) + k cosh(ksM (s)), seV. (12)

We assume:

(A1) limpg—oe7(s) = COOO > 0, lim|g—oo h(s) = 0, limjg_o M(s) = co for some
constants ¢, cg > 0;

(A2) there exists ng > 0, such that for n > ng
Ims, € Ry = h(s,) <0, Ims, € R_ = h(s,) >0,

where h :=Im M;



30 TEODOR M. ATANACKOVIC, STEVAN PILIPOVIC, DUSAN ZORICA

(A3) there exist sp > 0 and ¢ > 0 such that

‘%(SM(S))‘ >, sl > s0
(A4) for every v > 0 there exist § > 0 and sg such that
|(s+ As)M (s + As) — sM(s)| < 7, it |As| <0, |s|> so.
Instead of (A2) in Proposition 4 we consider:
(B) |h(s)| < |—(;‘, |s| > so, for some constants C' > 0 and sy > 0.
Note that (A1)-(A4) hold for M given by (9) and (10) (see [2]).

Theorem 1. Let F € S'.. Suppose that M satisfies assumptions (Al)~(A4). Then
the unique solution u to (1)—(4) is given by

u(z,t) = F(t) * P(x,t), z €10,1], t>0, (13)
where
oo M —iT o h M —T —qt
Pla,t) = _/ Im( i (ge )smi(_mcq (qe™™)) _ )e dq
™ Jo qM (qe~'™) sinh(kgM (qe~"7)) + k cosh(kgM (qe~"7)) ) q
+23 Re(Res(P(x,s)e™,s,)),  z€[0,1] >0, (14)
n=1
P(xz,t) =0, x€[0,1], t<0.
The residues are given by
~ 1M inh M
ReS(P(ZE, S)@St, Sn) — |:_ (5) SH; (H.Z'S (S))est , = [0, 1], t>0.
8 ds (8) S=8n
(15)

Here P € C([0,1] x [0,00)) and u € C([0,1],8). In particular, if F € Li, ([0, 0)),

loc
then w is continuous on [0,1] x [0, c0).

Theorem 2. Let F = H, where H is the Heaviside function. Suppose that M
satisfies assumptions (A1)—(A4). Then the unique solution op to (1)—(4) is given by

op(x,t) = H(t)

k[ cosh(kzqM (qe'™)) e 4t
+ — Im — : - dq
7 Jo "\ (e sib(ngM (geim) + mcosh(rgM(ge™) ) q
+2 Z Re(Res(&H(ac, s)e’t, sn)), x € [0, 1], t >0, (16)

n=1

oz, t) =0, xzel0,1], t<O. (17)
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The residues are given by

o) = k cosh(kzsM(s)) ot
<N l (S) 3

§ ds S§=58n

t

Res(op(z, s)e’ xe[0,1], t>0. (18)

In particular, op is continuous on [0, 1] x [0, o0).

The assumption F' = H in Theorem 2 can be relaxed by requiring that F is
locally integrable and

~ 1
F(s)%s—a, |s| — o0,

for some « € (0, 1). This condition ensures the convergence of the series in (16). If

F =4, or even F(t) = ;Tié(t), one uses o, given by (16), in order to obtain o as

the (k + 1)-th distributional derivative:

dk—i—l

We present the formal calculations, that are justified later. Applying formally
the Laplace transform to (1)—(4), we obtain

%&(z, s) = w2s*(x, s), E(z,s) = %ﬁ(x,s), xel0,1], seV, (19)
&(x,s)/o Do (7)sT dy = é(x,s)/o o= ()8 d, xe€[0,1], seV, (20)
@(0,s) =0,  &(1,s)+s%a(l,s) = F(s), seV. (21)

By (20) and (8) we have

o(x,s) = ——&(x, s), xzel0,1], seV. (22)
In order to obtain the displacement u, we use (19) and (22):

2
%a(ac, s) — (ksM (s))?a(z, s) = 0, zel0,1], seV. (23)
x
The solution of (23) is
iz, s) = Cy(s)e" ™M) 4 Oy (s)emosM(s) xe[0,1], seV,

where C; and Cy are arbitrary functions, which are determined from (21); as 2C =
Cl = _CQ. Thus,

w(z, s) = C(s) sinh(kzsM(s)), z€e€l0,1], seV. (24)
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By (8), (19)2, (22) and (24) we have

G(z,s) =C(s) cosh(kxsM(s)), z€l0,1], sevV, (25)

KS
M(s)
and by (24), (25) at = 1, using (21)2, we obtain
M(s)F(s)

= M (3)Sinh(ssM(s)) + meosh(rsd 5y’ SV

C(s)

Therefore, the Laplace transforms of displacement (24) and stress (25) are

u(x,s) = F(s)P(z,s), o(x,s) = F(s)Q(z, s), zel0,1], seV, (26)

where
Blr.s) — 1 M (s) sinh(kxsM(s)) . .
Pl s) s sM (s)sinh(ksM(s)) + & cosh(ksM(s))’ €01, < ‘/(’27)
~ B k cosh(kzsM (s)) . .
Q. s) = sM(s)sinh(ksM (s)) + kcosh(ksM(s))’ €01, < ‘/('28)

Applying the inverse Laplace transform to (26), we obtain « in the form (13), while
by using F = H, i.e., F(s) = %, in (26) we obtain oy in the form (16), (17).

3. Basic results

3.1. Zeros of f
Proposition 3. Assume (Al).

(i) Equation (11) has countably many solutions s,, n € N, with properties
K

s M (sp) = iwy, tan (kwy,) = —, w, €R, w, #0. (29)

n

In particular, complex conjugate 3, also satisfies (11), n € N.

(i) Positive (negative) solutions of tan(kwy) = = satisfy w, ~ =& (w, ~ —5F)
asn — oo.
Note Im s, # 0 in (29), so all the solutions belong to V.
Proof. (i) The last part of (i) is trivial. By (11) and (12) we have
eQﬁs]\/I(s) — SM(S) - K s G V (30)

sM(s) + k'
Put sM(s) = v(s) +iw(s), s € V. Then we have

2KV (U — H)2 + w?
= —— 31
‘ (v+K)? +w? (31)
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2

Fix w and let v < 0. Then e**¥ < 1 and % > 1. Now let v > 0. Then

e > 1 and % < 1. In both cases we have a contradiction, and we
conclude that the solutions to (31) satisfy v(s) = 0. Thus, the solutions of (30) sa-

tisfy sM(s) = iw(s), s € V. Inserting this into (11), we obtain
tan(kw) = E, w e R, (32)
w

so there are countably many values of w, denoted by w,, n € N, satisfying equa-
tion (32). This gives (29).

(i) Since =~ monotonically decreases to zero for all w, > 0, by (29) we have

nmw nmw
Wy, N — Wy ~ —— |, n — oQ.
K K

Proposition 4. Assume (A1), (A2), or (A3), (B). Then there exist & > 0 and
ng € N so that the real part of s,, n € N, denoted by &, satisfies &, < &y, n > ng.
Moreover, if we assume additionally (A3), then the solutions s, of (11) are of mul-
tiplicity one for n > nyg.

Proof. Assume (A1) and (A2). By (29) we have
(&n +0Cr)(r(sn) +ih(sn)) = iwy, n > ng.
This implies

fnT(Sn) = Cnh(sn)a n €N, (33)
gnh(sn) + Cnr(5n> X Wnp, n > ng. (34)

Inserting (33) into (34), we obtain

nm nm
Cn ~ ) Wy, ¥ —, n > no, (35)
Coo K K
or
nm nm
o~ — , Wy N ——, n > ng. (36)
Cook

In the case of (35), we have

e~ Sh(s) <0, n> o,

Coo

since s, belongs to the upper complex half-plane. In the case of (36), we have

&n = f—nh(sn) <0, n > ng,
since s, belongs to the lower complex half-plane. Thus, in both cases &, < 0 for
sufficiently large n. Assume now (Al) and (B). This and (29) imply s, ~ ig= for
n > ng. Thus, by (33) and (34) we obtain
n| C
|€n|<|u;|—<_, n > ng.
o lsnl 7 o

2 IIMuM®, 1.1 Nel
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So, the real parts &, of solutions s,, of (11) satisfy &, € [--<, <], for n > ng. This

Coo ! C
is even a stronger condition for the zeros, but it is not used further.
In order to prove that the solutions s,, n > ng, of f are of multiplicity one, we
use (A3), differentiate (11) and obtain

dfd—(j) = ((1 + x®) sinh(ksM (s)) + rksM(s) cosh(rsM(s))) %(sM(s)), seV.

Calculating the previous expression at s,, we have that ‘%

sS) ‘S:S is different from
zero by (A3).

3.2. Estimates of f
We assume (A1)—(A4). Let R > 0 and

D=DR={s=pei“”|p<R,<p€ (gﬂ)}

FFR{sReM@e (gw>}

We denote by S the set of all solutions of (11) in D.

Lemma 5. Let n > 0 and D, = {s € D | |s — sj| > 1, s; € S}. Then there exist
sg > 0 and p, > 0 such that

|f(s)] > py, if s€ Dy, |[s|>so. (37)

So, in the sequel that certain assertions hold for n > ng. This implies that we
consider domains in D where |s| > sy and sy depends on ng.

Proof. If (37) does not hold, then there exists a sequence {3, }nen € D), such that
|f(§n)| =1n — 0, n — 0. (38)

This implies | Re(5,M (8,))| — 0, |Im($, M (5,))] — oo as n — oo. We show that
there exist N € N and sy € 9, so that

|58y —sn| <7 (39)

and this is a contradiction. Let 6 < —*— and § < 7. We know that for s, € §,
n > ng, there holds

nm 0

Re(s, M(s,)) = 0, (s, M(s,)) — 9.

e M (5,) (s M)~ 27| < 5

Let
I - nw Jré, (n+Dm ¢ ,
Cook 2 Cook 2
m+Dm  § (n+2)mr ¢

In = o) -5 EER) .
+ ( CooK + 2 Coolk 2 nenN
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Since | Re(5,M(5,))| — 0, it follows that
[ Tm($, M (5,))| € I ULy U+, n > ng.
Put k8,M(8,,) = t, + iy, n € N. Then
26f(8,) = tale! —e ") cos T, — T (e + e ") sinT, + KZ(e! +e ") cos Ty

+ i(tn(et" +e Y sinT, + 1, (e —e ) cos T,

+ K (e —e ") sinTy,). (40)
Let 7, = kpom + 1y, 7y < m, where k,, n € N, is an increasing sequence of na-
tural numbers. We show that r,, must have a subsequence tending to zero, which
gives (39), i.e., a contradiction with §,, € D,,.

Let us assume that r, does not have a subsequence converging to zero, that
is ry, > %, n > ng. Since t, — 0, by dropping the summands tending to zero
in (40), one obtains (n — o)

126f(8,)| ~ | — Tn(et™ 4+ e ™) sinT, + w2 ('™ 4+ e ') cos 7, |
~ | = kpm(e!™ +e ) sinr, — ry(efr + e ) sinr,
+ w2 (eM + e ) cos Ty
Thus, the first summand on the right-hand side tends to infinity, while the second

and the third one are bounded. This is in contradiction with (38), and the lemma
is proved.

Proposition 6. (i) Let Dy be a subdomain of D. If |Re(sM(s))| > d, s € Dy C D,
then there exist ¢ > 0 and so > 0 such that

[f(s)] = c|sM(s)|| sinh(ksM(s))], s € Do, |s] > so.
(ii) If s € Dy, |s| > so (see Lemma 5), then |f(s)| = py.

In the case (ii) condition | Re(sM(s))| < d is not assumed, although we use this
in (ii). Actually, it is a consequence of Lemma 5.

Proof. The propotition (i) follows from the fact that sM(s)sinh(ksM(s)) tends
faster to the infinity than cosh(ksM(s)) when |s| — oo, s € Dy. So, for some ¢ > 0
and |s| > s¢

|f(s)| = |sM(s)||sinh(ksM(s))| — x?| cosh(ksM (s))| > c|sM(s)| | sinh(ksM(s))|.
This implies the assertion.

We need one more estimate of f for the deformation of the circle arc I'g near
the point of I'p which is close to some zero of f. We choose € > 0 such that € < g
(0 is from (A4)) and that the difference |s1 M (s1) — saM(s2)| < v implies

| cosh(s1 M (s1)) — cosh(saM(s2))| < 61, | sinh(s1 M (s1)) — sinh(s2 M (s2))] < 41,

as we need in the proof of the next lemma (in (47)).

2%
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Lemma 7. (i) Let 0 < e < %. Then there exist ng € N and d > 0 such that
fors; €S
Jj > ng, £ <|s—sj] < 2= Re(sM(s)) > d. (41)

(ii) There exist e > 0 and d > 0 such that for e < |s —s,| < 2¢, s, € S and |s| > sg
|Re(sM(s))] > d
and
|7 (s)| = c|sM(s)||sinh(ksM(s))], €< |s—sp| <2, sp €8, |s| > so.

(iil) Let |s — sn| > 2¢e, sp € 8, |s| > so and d, €, ¢ be as in (ii).

a) If |Re(sM(s))| > d, then | f(s)| = c[sM(s)||sinh(ksM(s))].

b) If |Re(sM(s))| < d, then |f(s)| > p2e (see the comment before the proof of
Proposition 6).

Proof. We know that

m ™
|Sn+1 - 3n| = |Im(3n+1 - Sn)| N>
Cook 200k

s n > no.

This implies that the balls L(s;,2¢) are disjoint for j > ng. Let j > ng and
€ < |s — sj| < 2e. By the Taylor formula we have
df (5) df (s — s5)

75 |s—sj|>€’T ; £ < 18] < 2e. (42)

)= 16l =

So, with ng large enough we have |s| > s¢ so that (A3) implies
d
‘E(SM(S))‘ > c, [s] > so.
We assume
Jj > no, [s| > so, e <|s—sj| < 2, e < 8| < 2e. (43)

By (43) we have

‘dfd—(:_) = |(1+ K?) sinh(k5M (5)) 4 k5M (5) cosh(nEM(E))" [%(SM(S))] B
> ¢(k|5M(5)] | cosh(k5M (3))| — (1 + k*)|sinh(k5M (3))]), (44)
and
[f(s)| < |sM(s)||sinh(ksM(s))| + | cosh(ksM (s))]. (45)

Thus, inequations (44), (45) with (43) in (42) imply

|[sM(s)] | sinh(ksM (s))| + k| cosh(ksM (s))]
> ec(k|5M (5)| | cosh(k5M (3))] — (1 + £2)| sinh(k3M (5))]). (46)
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The final part of the proof is to show that (46) implies that there exists d such
that (41) holds if (43) is satisfied. Contrary to (41), assume that there exist se-
quences 5,, s, and d,, — 0 such that

|Re(8,)M (5,)| < dn, if e<|5, —sj,| <2, n > ng.
Since 3, n > ng satisfy (43), by (46) we have
|5, M (5,,)] | sinh(k$, M (8,))| + k| cosh(ks, M (5,))]
> ec(k[8, M (5,)] | cosh(k3, M (5,))| — (1 + £%)| sinh(k5, M (5,))]).  (47)
The second part on the right-hand side tends to zero. Note that x| cosh(k5, M (5,))]
cannot majorize eck|5, M (8,)|| cosh(k5, M (5,))|. So, in (47) the leading terms on

both sides are the first ones (with §,, M (8,,) and 5,,M(5,,)), and we neglect the second
terms on both sides of (47). It follows that

|5, M (8,,)| | sinh(k5, M (8,))| = 0|5, M (5n)] | cosh(kS, M (5,))]. (48)
In the domain (43) by formula (48) we choose v and ¢ so that, with suitable d;
and ¢y, (47) implies
| sinh(k5,M (8,))| > 1] cosh(ks, M (5,)).
However, this leads to a contradiction, since |sinh(k5,M(5,))] — 0, while
| cosh(k3, M (3,))| is close to one, under the assumptions. This proves (i).

Let n in Lemma 5 be equal to 2¢ of (i). We obtain that (i) and Proposition 6
imply (ii) and (iii).
Corollary 8. (i) There exist ¢ > 0 ‘and C > 0 such that for ¢ < |s — s,| < 2e,

S € S and |s| > so, we have

|sM (s) sinh(kzsM(s))| _ 1 R(1=2) Re(sM(s)) < (1

X —-e
|f(s)] c
| cosh(kxsM (s))| < 1 1 o r(-2)Re(sM(s) < 1%
|f(s)] CCoo |8] |s|

(i) For |s — sn| > 2¢, s, € S, |s] > sg, we have

|sM (s) sinh(ras M(s))| _ 1 —r(-2)Re(sM(s)) <

|f(s)l e
or
: kxd|1 _ ,—2kxsM(s)
|sM (s) sinh(kaxsM (s))] < de" |1 — e | <c
|f(s)] Pac
and
| cosh(kasM(s))| < L 1 k(i-2)Re(sM(s) < Q,
|f(s)l CCoo |8 ||
or

| cosh(kazsM(s))] - |1 4 = 2resM(s)) _
|f(8)| D2e

C.
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Note that for the estimate of both 132(5) Silr’szi';fSM(s))‘ and lCOSh(lﬁg(f)Il\/I(S))‘ we use

(i) and (ii) of Lemma 7 and that in the case |Re(sM(s))| > d there exists ¢ > 0
such that

| cosh(kasM (s))| < | sinh(kxsM(s))], [s] — oo.

4. Proofs of Theorems

Proof of Theorem 1. We calculate P(x,t), € [0, 1], t € R, by the integration
over the contour given in Fig. 1. Small inside or outside half-circles, depending on

Ims
I
FQ ’yo
R

T

rs \"\4

5] Res
I's
I's

I'7

Fig. 1. Integration contour I'

the zeros of f near I's and I'g, have radius € determined in Corollary 8. The Cauchy
residues theorem yields

éﬁ(z, s)estds = 2mi Z (Res(]g(z, s)e®t, sn) + Res(P(z, s)e™, 5n))s (49)

n=1

where I' =T; U--- UT'7 U~g, so that poles of P lie inside the contour T'. First we
show that the series of residues in (14) is real-valued and convergent. Proposition
4 implies that the poles s,, n € N, of P, given by (27), are simple for sufficiently
large n. Then the residues in (49) can be calculated using (15) as

es P r.8)est s ) = M(S) Sinh(ﬂst(s))
Res(P(z, s)e™, s5) {(1 + k%) sinh(rksM(s)) + s M (s) cosh(ksM(s)) | ,_,
) [m} el >0 (50)

Substituting (29) in (50), one obtains (z € [0, 1], t > 0)

wy, sin(Kwy,x) e

ReS(P(ZL', S)es ,Sn) = (1 + f<52)sin(/£wn) + KWn, cos(mwn) [Szdis(SM(S))]S:Sn .
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Proposition 4 implies
lesrt] < e, t>0,

for some a € R. Since [s,,| & 7 and |w,| = %, n > ny, it follows that
oo

eat

% |[s2 L (M (5))]s—s, |

|Res(15(z,s)e“,sn)‘ < z€l0,1], ¢>0.

3

Now we use assumption (A3). This implies that there exists K > 0 such that

eat

27

D st
‘Res(P(:c,s)e ,sn)’ < Kn

xz€[0,1], t>0.
This suggests that the series of residues in (49), i.e., in (14), is convergent.

We calculate the integral over T" in (49). We consider the integral along contour
I'y ={s=p+iR|pe0sy], R>0}, where R is defined as follows. Take ng so
that ’Imsn — ﬁ’ < mn, where 0 < n < %ﬁ, for n > ng, and put

1
R=—"y4 - pn>n (51)
Cook 2 CxoK

By (27) and Corollary 8 we have
~ C
|P(z,s)] < —5, |s| — oc. (52)

5]

Using (52), we calculate the integral over 'y as

/ P(z,s)e ds
I

Similar arguments give

/ P(z,s)e ds
I'7

We consider the integral along contour I's. The contour I's consists of parts
of contour I'p = {s = Re" | ¢ € [g,ﬂ]} and of finite number of contours I'; =
{|s—sk| =e| f(sr) = 0} encircling the poles s, either from inside, or from outside
of T'r. (Note that the distances between poles are greater than €, n > ng.) More
precisely, if a pole is inside of Dpg, then I'. is outside of Dg, and if a pole is outside
of Dp, then T'; is inside of Dg. By (52) the integral over the contour I's becomes

S0

1
< C i —ePldp =0 0,1], t>0.
A fy @ =0 weltl e

lim
R—oo

gm =0, ze€l0,1], ¢>0.

T

: 1 Rt cos ¢
< _
RS C lim e d¢ 0, S [0, 1], t> 0,

us
2

lim
R—o0

/ P(z, s)e* ds
Iy
since cos ¢ < 0 for ¢ € [F, 7. Similar arguments give
=0, ze€l0,1], ¢>0.

lim
R—oo

/ P(z,s)et ds
s
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Consider the integral along T'y. Let |s| — 0. Then, by (Al), sM(s) — 0,
cosh(ksM(s)) — 1, sinh(ksM(s)) — 0 and sinh(kxsM(s)) ~ kxsM(s). Hence,
from (27) we have

|P(z,s)| m2[M(s)? = cde,  2€0,1], s€V, [s|—0. (53)

The integration along contour I'y gives

/ P(z,s)e™ ds
Iy

where we used (53).

T

< cir lim re" s dgp = 0, xzel0,1], t>0,

T—

lim
r—0

—T

Integrals along I's, I's and v give (x € [0, 1], £ > 0)

lim P(z,s)e™ ds
R—oo Jp.
r—0 3

/°° M (ge'™) sinh(kzqgM (qe'™))e =9t d

= — . : q,

o q(gM(ge’™)sinh(rgM (ge'™)) + r cosh(kgM (ge'™)))

i ﬁ st

I?LH%O . (x,8)e’" ds (54)

/°° M (ge™) sinh(kzqgM (qge~"™))e 9 d
= - q,
o algM(

ge~ ") sinh(kgM (ge="™)) + k cosh(kgM (ge~'7)))

lim P(z, s)e*t ds = 2miP(x, 1).
R—oo
Yo
We note that (54) is valid if the inversion of the Laplace transform exists, which is
true since all the singularities of P are left from the line ¢ and the estimates on P
over 7y imply the convergence of the integral. Summing up, we obtain the left-hand
side of (49) and finally P in the form given by (14). Analyzing

1 /OOI ( M (ge™"™) sinh(kzqM (ge~"™)) ) et J
— m . : : ,
0 gM (qge=") sinh(kgM (ge=¥™)) + ncosh(liqM(qe*”)) q ¢

™
2 Z Re(Res(lB(z, s)e, sn)),
n=1

we conclude that both terms appearing in (14) are continuous functions on t €
[0, ), for every & € [0, 1]. The continuity also holds with respect to = € [0, 1]
if we fix t € [0, 00). Thus, u is a continuous function on [0, 1] x [0, c0). From
the uniqueness of the Laplace transform it follows that u is unique. Since F' belongs
to &', it follows that

u(z,-) = F(-) % P(z,-) € S,

for every z € [0, 1] and u € C([0, 1],8). Moreover, if F € L ([0, 00)), then
u € C([0, 1] x [0, o)), since P is continuous.
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Proof of Theorem 2. By (26) and (28) we obtain

_ 1 k cosh(kzsM (s))
s sM (s)sinh(ksM(s)) + kcosh(ksM (s))’

oz, s) z€[0,1], seV. (55)

We calculate oy (z,t), © € [0, 1], t € R, by the integration over the same contour
from Fig. 1. The Cauchy residues theorem gives

oo

ﬁ&H(x, s)et ds = 2mi Z (Res(6p(x,s)e™, sn) + Res(6p (x, )e*,5,)),  (56)

n=1

so that poles of @ lie inside the contour T'.

We show that the series of residues in (16) is convergent and real-valued. By
Proposition 4 the poles s,, n € N, are simple for sufficiently large n. Then, for
n > ng, the residues in (56) can be calculated using (18) as

k cosh(kzsM (s))

Res(7 (2, s)e™, sn) = [(1 ¥ K2) sinh(ksM(s)) + wsM(s) cosh(rsM (s))

S=5n

est

] , x€[0,1], t>0.

By the use of (29) we obtain (z € [0, 1], ¢ > 0)

K cos(kwp) esnt
(1 + k%) sin(kwy) + Kwy, cos(kwn) [ (sM(s))]s=s,

Res(G5(z, 5)e™, s,) =

Proposition 4 implies
lesrt] < e, t>0,

for some a € R. Since |s,| = = and |w,| ~ %, n > ng, it follows that

7 ([sL (s M (5))]s—s, |

|Res(&H(ac, s)e’t, sn)‘ < , xel0,1], t>0, n>ng.

By (A3) there exists K > 0 such that

eat

|Res(&H(z, s)est, sn)‘ < Kﬁ, x€[0,1], t>0, n>no.

This implies that the series of residues in (56) (i.e., in (16)) is convergent.

Let us calculate the integral over I" in (56). Consider the integral along contour

Flz{s:p+iR|p€[0,so], R>0},
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where R is defined by (51). We use estimates

| cosh(kzsM(s))| _ C = |cosh(kzsM(s))|
|f(s)] < [s]” 17(s)]| <G, (57)

from Corollary 8 in equation (55). By (57) we calculate the integral over 'y as
(z €10,1],¢t>0)

S0 1
}%i_rgo /1“1 G (z,s)e’ ds| < CfiRlijnoo ; ﬁept dp =0,
or
S0 1
lim / G (z,s)e’ ds| < Crk lim —ePldp =0.
R—o0 I, R—oo /g R

Similar arguments are valid for the integral along I'7:

lim
R—oc

=0, z€l0,1], ¢>0.

/ G (z,s)e’ ds
Iz

Consider the integral along contour I's, defined as in the proof of Theorem 1.
With (57) we have that the integral over I'y becomes (z € [0, 1], t > 0)

lim
R—o0

™1 .
< Ck lim ReRtCMS do =0,

R—oo | =
2

/ G (z,s)e ds
Iy

or

lim
R—oo

s
< Ck lim eftteose gy — 0,
R—o0

s
2

/ Gr(w,s)e ds
s

since cos ¢ < 0 for ¢ € [%, ﬂ. Similar arguments give

lim
R—o0

=0, z€l0,1], ¢t>0.

/ G (z,s)e ds
s

Consider the integral along contour I'y. Let |s| — 0. Then, by (A1), sM(s) — 0,
cosh(ksM(s)) — 1, sinh(ksM(s)) — 0 and cosh(kaxsM(s)) — 1. Hence, we have
sop(z,s) = 1 from (55). The integration along contour I'y gives

lim [ Gg(x,s)e ds = z/ d¢ = —2mi, xe€[0,1], t>0. (58)

r—0 Iy -
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Integrals along I's, I's and vy give (x € [0, 1], ¢ > 0)

lim G (z,s)e ds
Ry /s
o /°° x cosh(kzqM (ge'™))e~ 9 dq (59)
o a(gM(qe’™) sinh(rkgM (ge'™)) + k cosh(rgM (ge'™)))
lim G (z,s)e™ ds
Ry /s
B /Oo K cosh(kzgM (ge="))e~ 4" dq (60)
o (gM(ge~"m)sinh(rgM (ge~'")) + r cosh(kgM (ge~"7))) ™

lim or(x,s)e’ ds = 2miog (v, t). (61)

fi—oo Yo

As in the proof of Theorem 1, we have that (61) is valid if the inversion of the Laplace
transform exists. This is true since all the singularities of &5 are left from the line vq
and appropriate estimates on oy are satisfied. Adding (58)—(61), we obtain the left-
hand side of (56) and finally o in the form given by (16).

Function o is a sum of three addends: H and

K cosh(kzqM (qe'™)) —qt

T /OOO Im(qM(qei’T) sinh(kgM (ge’™)) + k cosh(kgM (gei™)) ) - q

2 Z Re(Res(u (2, s)e*, sp)).

n=1

dq,

As in the case of Theorem 1, the explicit form of solution implies that oy is con-
tinuous on [0, 1] x [0, c0).

5. The case of elastic rod

We treat the case of elastic rod separately. Then, for s € V we have M(s) = 1
(r(s) = 1 and h(s) = 0) and, clearly, all the conditions (A1)-(A4) hold. By (27)
and (28) we have

~ 1 sinh(ksx)

Pe ) =~ . ) Oa 1 ’ Va
1@ s) s ssinh(ks) + k cosh(ks) velo 1], s

~ h

Gl s) = —eoshlrse) zel0,1], seV.

ssinh(ks) + k cosh(ks)’
By Proposition 3 the zeros of

fei(s) := ssinh(ks) + k cosh(ks) = 0, seV,
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are of the form

) K
Sp = Wy, tan(kwy,) = —, Wy, i?, n — 00.
n

They are of multiplicity one for n > ng. Moreover, all the zeros s,,, n > ng, of f¢; lie
on the imaginary axis. This implies that the integrals over I's and I's (see Fig. 1),
are equal to zero. So we have the following modifications.

Theorem 9. Let F' € S',. Then the unique solution u to (1)—(4) is given by
u(z,t) = F(t) x Py(z,t), zel0,1], t>0,

where

i sin(kw, ) sin(wyt) z € [0, 1],

, t>0.
(1 + &2) sin(kwy ) + Kw, cos(kwy,))

el:L't

In particular, v € C([0,1],8). Moreover, if F € L{, ([0,00)), then u € C([0,1] x
[0,00)).

Theorem 10. Let F' = H. Then the unique solution O'}(;l) to (1)—(4), is given by

(el) _ —QHZ cos(Kkwy,x) cos(wyt) rel0, 1, t>0
wn (1 + r2) sin(kwy) + Kwy, cos(kwy,))’ Y -

In particular, 01(51) is continuous on [0, 1] x [0, c0).
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Meto 1 MakpomIaron Jijisi ITJ100a/ILHOI
MHOTOIIapaMEeTPUYECKO ONTUMMI3AIAA MOITHBIX
KJINCTPOHOB

A.IO. BAIKOB

IIpedcmasaero A. I1. Cetiparsarom

Annoranus. Ilpemgioxken meron ontnvumsanmn KITJT MOIHBIX KJIMCTPOHOB, IIPE/ICTAB-
JIEHHBIX KOMIBIOTEPHO# MoJesibio. [Ipn mocraHoBke 3a/1a4n ONTUMHU3AINAN HCIOJIb3YETCs
PEeJLy KIS MCXOAHON BEKTOPHOI IeJIeBOil (DYHKIMK K JIBYXKOMIIOHEHTHOM WM K CKAaJIsAp-
HOI1 (popMe Ha OCHOBE IOHSITHsI KOPPEKTHOCTH IJIABHOIO 3HadeHus. Meros onruMmusaiun
OCHOBAH HA IIOCJIE/IOBATEIHLHOM MPOBEJIECHNN IUKJIOB ONTUMU3AIMK (MAaKPOIIATOB), KazK-
JBI 13 KOTOPBIX BKJIIOYAET ONTHMHU3AIMIO METOJOM 30HIMPOBAHUS M METOJOM Iepebo-
pa Ha MHOIOMEPHOM IapaJulenenuiese. PaccMarpuBaercs IPUMEHEHHE METOJA ISt OIl-
TUMH3AIUU TPEX KJIUCTPOHOB C PA3/IMYHbIMU 6a30BBIME KOHCTpyKImsamu. Ilokazano, aro
BO BCEX PACCMOTPEHHBIX CJIydasiX ONTHMHU3AINs T03BOJIAET IIOJIYYUTh ONTUMAJIbHBIA KJIH-
crpon ¢ KIT/T okoso 90%. PaccMOTpeHbl BOBMOXKHOCTH OGOOIIEHUS MTPE/TIOKEHHOTO METOIA
Ha OoJiee MIMPOKUI KJIACC 3a/aH.

KuaroueBbie cioBa: 1yiobajbHasi ONTUMU3AINS, MHOTONApaMETPUYECKasi ONTUMU3AIINS,
HEBBIIIYKJI0€ TPOTPaMMUPOBaHMe, BeKTopHas meneBas dyukius, KII/, kaucrpon.

1. Benenne. lcxoaHast mocTaHoOBKa 3aa4u

Koucrponsr — 310 Mmomuse CBY-ycunmuresn, KoTopble UCIIOIB3YIOTCS B PAIHOJIO-
Kaluy, B YCKOPUTEIbHON TEXHUKE, B JAJbHEH U KOCMUIECKON pajamocBa3n. Kpome
TOrO, KJUCTPOHBI SIBJISIIOTCSI [TEPCIEKTUBHBIME HUCTOYHUKaMu 3Hepruun st CBY-
SHepreTuku u npombinuieHHbx CBY-Texnosornii (BKI0OUast HAHOTEXHOJIOTUH).

Opnna u3 mpobiteM, KOTOPYIO HEOOXOINMO PEIUTh B IIPOTIECCE PA3BUTHS KaYKIOTO
U3 YKa3aHHBIX HalpapjeHuii, — 3170 nopsimenne KII/[ KIucTpoHOB, IpuUYeM Jiist
pa3BUTHS TPOMBINLIEHHBIX TexHosioruii 1 CBY-3HepreTuku TpebyoTCst KJIMCTPOHBI
¢ KITJI ne menee 80%, a xemareabno — omuskuM K 100%.

B nacrositiiee Bpemst yCUJIHsSI OCHOBHBIX MHUPOBBIX (DUPM-IIPOU3BOUATEEH KJIU-
crponoB 1o noseirernio KIIJI nmpusenn K co3/1aHUI0 €IMHIIHBIX 00PA3IOB TPUOO-
pos ¢ KIIJI 70-75%. Hanbueiimee ysesmdenue KIIJI KJINCTPOHOB HaTaJKHBaeTCs
Ha 3HAYUTEIbHBIE TPYIHOCTH IMPOEKTUPOBAHUS, B MEPBYIO OYePelb HA TPYIHOCTU
MaTEeMaTUIeCKOT0 MOJIEJINPOBAHNS U MHOTOITAPAMETPUIECKON OMITUMUBAIINN.

© Mockosckuit unancoBo-fopuanaecknii yausepcurer MO®IOA, 2015
© Moscow University of Finance and Law MFUA, 2015
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Ksuncrpon siBisiercst MHOTOIIApaMeTpUYecKoit cucremoit 1], npuaem coBokyt-
HOCTb €0 KOHCTPYKTUBHBIX [TAPaMeTPOB MOYKHO Pa3/IeJIUTh Ha J[BE I'PYIIIIbI, KOTOPhIE
OyzeMm jiajiee Has3biBaTh 2pynna A u epynna B.

K rpymme A oTHOCATCS mapamMeTpbl, KOTOPbIE BBIOUPAIOTCS AIMPUOPU HCXOJIsT
U3 TEeXHUYIECKNX TPpebOBaHMi K MPUOOPY W M3 OOMMNX (DU3NIECKUX COOOparKeHHI.
DT0 OCHOBHasI YaCTOTa, YCKOPSIIOIIee HAIIPSIZKEHUE, [TOJTHBII TOK, KOJIMIEeCTBO JIydeil
(JIEKTPOHHBIX TIyYKOB), KOJIXYECTBO PE30HATOPOB, PA0OUNe FADMOHUKH, BEJMIMHBI
3a30POB, XapaKTePUCTUIECKUE COIIPOTUBJIEHUs] PE30HATOPOB, COOCTBEHHBIE JTOOPOT-
HOCTH PE30HATOPOB, JWAMETPHI Jiydeil, auamerpbl Tpyd u T. 1. Ecim 3amanbr Bce
napamMeTpbl rpymibl A, To 6yJIeM TOBOPHUTD, UTO 3adana 6430844 KOHCMPYKUUSL NPU-
bopa.

I'pymmy B cocraB/isiioT Bce OCTajibHbIE MTapaMerpbl Ipubopa, K KOTOPBIM OT-
HOCATCS COBCTBEHHBIE YaCTOTHI (PACCTPORKM) U JTOGPOTHOCTH PE30HATOPOB, JIJINHBI
Tpy0 mpetida, BXOgHAS MOITHOCTE. ['pymnma B MoxkeT ObITh CyKeHa, eCIu 3HATYCHUsT
HEKOTOPBIX W3 IIEPEUNCTEHHBIX MAPAMETPOB JTOJIKHBI ObITh 3a(UKCHPOBAHBI B CO-
OTBETCTBUU C TEXHUIECKUME TpeOoBaHUsIMU. TaK, HAIIPUMED, B Y3KOIIOJIOCHOM KJIH-
CTPOHE JIOOPOTHOCTHU IIPOMEKYTOYHBIX PESOHATOPOB MOT'YT OBITH 3aIaHbI PABHBIMU
CcOOCTBEHHBIM JIOOPOTHOCTSIM M, COOTBETCTBEHHO, B I'PYIILY B BKJIIOYATHCS HE OYJIyT.

OcHoBHas 3a/1a9a IEPBOTO ITAIA IPOEKTUPOBAHNA KJINCTPOHA COCTOUT B HAXOXK-
JIEHUN TaKWX 3HAYEHUI MmapaMeTpoB IPYMIbl B, KOTOPhIe 00ecievuaT 3aaHHbIe WIn
HaWJIYYIA€e BBIXO/IHBIE XapaKTepucTuku npudopa. OCHOBHON BBIXOIHON XapaKTePHU-
CTHKOI KJuCTpOHA siBjisieTcsi BbixoaHass CBY-momuocts Poyt WK, B HODMUPOBaH-
noMm Buje, KIIJI n = 11205;, rie Iy — monublit ToK, a Uy — ycKopsroliee HAIIPsI?KEHHE.

OOBIYHO KJIMCTPOH JIOJIZKeH paboTaTh HE TOJBKO Ha OCHOBHOI dacrore fg, HO
U B HEKOTOPOM JIHAIA30He IacToT oT f1 = fo — % o fo = fo+ %, roe Af —
3a/laHHad [MUPUHA [TOJOCHI. B 9TOM cilyuae OCHOBHas BBIXO/IHAS XapPAKTEPUCTUKA
KJIMCTpOHA OKasbiBaercs yukimeit 1 = n(f), f € [f1, f2], Koropas HaspBaercs
amnaumyoro-wacmommol rapaxmepucmurots (AYX) kimerpona.

Ocuosnoe Tpebosanne Kk AUX u KIII B mosioce J0MKHO OBITH KaK MOYKHO BbI-
nte (6o He MeHbIEe HEKOTOPOrO 3aJaHHOIO 3HAYEHUS), KPOME TOrO, MOI'YT HaJja-
raTbCsd W JOMOJHUTEIbHbIE TPEOOBAHUS, CBA3AHHBIE C PABHOMEPHOCTHIO U CHMMET-
pueit AUX. Kaxmoe u3 3Tux TpeboBaHni MOXKHO MaTeMaTHIEeCKU 3aIIICATh C IIOMO-
mpio dyukimonata P;[n(f)], crapsimero B coorsercTiue dhyHKIMU 7)( f) HEKOTOPOE
ckajsgpuoe 3uadenune ;. Hanpumep, munumassubiit KITJT B mostoce moxkHO 3ammcars
C TIOMOITHIO (DYHKITHOHATIA

P = felf}iffz}("(f))’ (1)

MakcuMasbHbIi iepenat KIL B mostoce — ¢ momortibio pyHKITHOHAJIA,
o= max (n(f)—n(f 2)
f,f/e[fl,fz]( ( (f), (

a MaKCUMAaJIbHYIO0 aCHMMETPHUIO — C TIOMOIIBIO (DYHKITHOHAJIA,

3= max _|n(fo+Af)—n(fo—Af) (3)
areoaf]

Omupegieniennsie Boipaxkenusvu (1)—(3) sesmunnbr P;, ¢ = 1,2, 3, Gyaem paceMaTpu-
BaTh KaK KOMIIOHEHTBI HEKOTOPOi BEKTOPHOI BETHIMHBI $, KOTOPYIO HA30BEM UCTO0-

noli yesaesot Pynruyuet. Komnonenry @1, onpenessieMmyio BoipazkenueM (1), Hazosem
2na6noll Komnonenmots yeaesoli Pynryuu (CKIID).
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Bagauy pocruxkenust makcumasibHoro KIL kiumcTtpora MOXKHO chOPMYJIHPO-
BaTh KaK 3aJady HaxoxkjeHms Maxcumabooro suadenus ['KI[P: &; — max.
JLj1st oCcTaJIbHBIX KOMIIOHEHT IeJIeBOi (DYHKIIUU JIOJI?KHBI JIefiCTBOBATH OrpaHUYEHUS
&, < ;, TOE @ = 2,1, N — Pa3MEepPHOCTDL BeKTopa P, (; — 3aJaHHble 3HATEHIS.

Ha6opsr mapamerpos rpynin A u B OyjieM pacCMaTpuBaTh KAk COOTBETCTBYIOIIE
BEKTOPBI PA3MEPHOCTEI M 4 U Mp COOTBETCTBEHHO. JIJIs maabHENINero m3/I02KeHust
Pa3MepHOCTb BEKTOpa A HeCcyIecTBeHHa, T0ITOMY Jjiajiee OyieM OlyCKaTh UHIEKC 1B
u 0603HaYaTh mp = m. s HaxoxjeHuss ¢ kak OYHKIME apaMeTPOB KJIUCTPO-
Ha, ® = ®(A, B), HeoGxoaumo 3HaThH 3aBucuMocth 7)(f, A, B). Takas 3aBUCHMOCTH
JOJIZKHA OBITH TIOJIyIeHA B PAMKAX KaKOW-/IN00 MaTeMaTHIeCKOl MOJIETN KJIMCTPOHA,
peaIm30BaHHON B BU/Ie KOMITLIOTEPHOI Tporpammbl. Jlis dukcupoBaHHOTO 6a30BOT0O
kiucrpona (A = const) ucxognas neseBas dbyHkiys ® CTAHOBUTCS AJITOPUTMUYE-
cKku 3asaHHOl [2] dyHKMelt napamerpos rpynnel B, T.e. & = $(B).

O6aacrb oupenesenus dyukuun P(B) B npocrpancrse napamerpos B Beerga
MOXKHO OI'PAHUYUTH AIIPHOPU HEKOTOPBIM MHOI'OMEPHBIM ITapaJLJIeIEIUIIE0M, TI0JTy-
FAIONINMCS U3 JTUATIA30HOB JIOTTYCTUMOTI0 M3MEHEHUsT KAaXKJI0TO U3 IMapaMeTPOB OIITH-
vuzarun. O603HAYNM TAKyIO allPUOPHYIO 001acTh onTuMmu3armu depe3 Gg.

Bajiauy HaxoxkKieHust MakcumaJsibHoro KILJI kimmcTpona B paMkax 3aJiaHHOl 6a30-
BOIi KOHCTPYKIMU MOXKHO PACCMATPUBATE KaK 3a1a4y onrumusanuu dynukuuu O (B):

¥4 (B) — max,
B

©,(B) < ¢i, i=2m, (4)
B e Gy, dim(B)=m,

e KOMIOHEHTH! P; BEKTOPHOI 1esteBoit dpyHKImn P ompenessiioTcs: BhIPaXKeHUsI-
mu (1)—(3) mam apyruMu BbIpayKEeHUsIMU TAKOTO YKe THIIA.

Bripazkenue (4) onpe/iesisieT HCXOAHYIO IIOCTAHOBKY 384491 ONTUMU3AIMN, [IAJIee
9Ta MMOCTAHOBKA Oy/IeT HECKOJIBKO N3MEHEHA C YUIeTOM OCODEHHOCTE 11es1eBoil (DyHK-
nuu. OJIHAKO PACCMOTPUM KPATKO MATEMATUIECKYIO MOJIE/b KJIMCTPOHA, OIIPEeIeIs-
fornyto dbyakmumio n = n(f, A, B) u, coOOTBeTCTBEHHO, T1eseByt0 byHKIuO P.

2. /IuckpeTHo-aHAJIUTUYECKAs MOJeJIb KJINCTPOHA U IIporpamMmma
KlypWin

KommaectBo mapameTrpoB rpymnibl B 0OBIYHO HaXOJUTCsA B auanasone 12 =+ 16, Ho
nHOT/IA MOXKeT mpeBbimarTh 20 u maxke mpoxoauTh ;10 30. Takum obpasom, 3aja-
va (4) sBasteTcs 3a/auell MHOrOIapaMeTPUIeCKON ONTUMU3AIIH, TPeOYIONeit mpo-
BesleHns DOJIBITOTO KOJIMIECTBA PACIETOB B T€UEHUE OIPAHMIEHHOTO BpeMeHu. [Ipu
9TOM TOYHOCTH PACYETOB JOJIZKHA OBITH JOCTATOYHO BBICOKOW. DTHU YCIOBUS IIPUBO-
JISAT K BEChbMAa YKECTKUM TPEOOBAHUSM K IIPOIPAMMHOMY KOMILIEKCY, MOJICIUPYIOIIe-
My KJIMCTPOH: BBIYUCIUTEIHHOE sIIPO STOTO KOMILIEKCA JIOJIZKHO COUETATH BBICOKOE
OBICTPOJIENCTBIE € BBICOKOW TOYHOCTHIO.

[TocTponTh BBIMUCIUTEIBHOE SIIPO, YIOBIETBOPSIONIEE STUM TPEDOBAHUSIM, MOZK-
HO TOJIbKO Ha OCHOBE MATEMATHYECKON MOJEIN, COUYETAIONIEHl BBICOKYIO ajeKBaT-
HOCTB C BBICOKOI 3 dekTuBHOCTHIO. [IprMepom Takoit Moies i SIBIIsieTCs IUCKPETHO-
aHaJUTHIeCKast MOJIe/b [3]-[7], ocHOBaHHAST HA YyCpETHEHNH IIyYKa [0 CEUCHHIO U 110~
CJIEJIOBATEILHOM pacdeTe MPOJ0ILHON TPaHCHOPMAINN Iy YKa 0 AHATUTUICCKUM
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dopmystaM, TPEJICTABISIONIM PEIIeHIe CAMOCOTTIACOBAHHOMN 331811 HA OJTHOM ITPO-
CTPaHCTBEHHOM Iare. Bojiee 1mopoObHO JIMCKPETHO-MaTeMaTHIeCKasl MOJIEJIb OIKICar-
Ha B [7].

Pacnpenenienne CBY-mosist B 3a30pe pe3oHaTOpa U B MPUJIETAIONIUX YIaCTKAX
TpyO Jpeiida TakKe MPeICTABIISIETCS aHAJIUTHIECKUME (DOPMYJIaMU, BbIBEIEHHBIMU
B LPEIIOJIOKEHUAX JTUHEHHOIO (TOJICTBIA Toper TPYObl) Wil CKA4KOOOPa3HOro (ToH-
kuii Toper; Tpy6bl) pacupeneserns CBY-norennuana Ha MUIMHAPUIECKON TOBEPX-
HOCTH, SIBJIATOIIENCS TPOIOJIKEHIEM BHY TPEHHEN TTOBEePXHOCTH TPYOBI B 00/1aCTh 3a-
30pa. d1u (HOpPMYJIbI Jat0T IpaBuibHoe pacipeseierarne CBY-mosst kKak B obsiactu
PeOMEeTPUYECKOT0 3a30Pa, TaK U B aCUMIITOTHKE, IIPH y/IaJeHIH BIyIyOb TPYyOBI.

Ha ocHoBe jiMCKpeTHO-aHATUTUYIECKON MOJiesin ObLI pa3paboTaH MPOrpaMMHBII
komiureke KlypWin. I[ToMumo BBIMUCIUTETLHOTO siJipa, MOJECTUPYIONIEr0 KJIMCTPOH,
B kKoMminiekc KlypWin BxojauT 0GJI0K MHOrONapaMeTpuvecKoil ONTUMUBAIMK, BXOJI-
HOH ¥ BBIXOIHOI mHTEepdEiichl, 6a3a JAHHBIX KJIMCTPOHOB W CHCTEMA YIIPABJICHUS
[IPOEKTAMMU.

Opun pacaer KIIJT o mporpamme KlypWin ma crammapraom I[IK 3annmaer ot
0.2-0.3 ¢ (cpeausis To9HOCTD) 110 1 ¢ (BBICOKAst TOYHOCTD ). OTMETHUM, 9TO, HAIPUMED,
Jis u3BecTHOl wmcstennoit uporpammvbl AJDISK [8] coorsercrByloniue 3unauenus
BpeMeHu pactueTra cocTaBadioT 30 ¢ u 7-8 MuH., T.e. Ha 2—-3 mopsIKa OoJIbIIe.

B kadecrTBe BBIXOIHBIX JTAHHBIX, B 3aBUCHMOCTU OT THIIA PACIETa, IPOTPaM-
ma KlypWin moxer BwiBojuTh rpacduku AYX u aMIUIUTYIHBIX XapaKTePUCTHK,
dazosble Tpaekropuu, 3apucumoctu CBY TOKOB M HampsiKeHHUii pe3soHaTOpPOB OT
9acTOThI, I'padpUKN BPEMEHHU IIPUOBITHS YACTUILL B 33 JIaHHYIO IIJIOCKOCTh B 3aBUCUMO-
CTH OT JIArDAHKEBOI KoopauHaThl to (rpaduku dynkuuu npubsirus [7]), rpadbuku
JIE CKOPOCTH, TpadUKN IJIOTHOCTH 3aPsi/ia B 3ABUCUMOCTH OT BPEMEHU U OT JIATDAH-
2KeBOM Koop/mHaTh! tg. Kpome Toro, B BeixoHOM nnTepdeiic mporpammbl KlypWin
BCTPOEHBI MEXaHU3MbI AHAJIN3a U CPABHEHUsI PE3YJIBTATOB C IOMOIIBIO HAJIOYKEHUSI
rpauKOB JIpyT Ha JIpyra B OJHOI KOOPAMHATHO IIJIOCKOCTH.

Bce pesysibrarhi, mpejicraB/ieHHbIE JaJiee, MOJIYYEeHbl ¢ MOMOIIBI ITPOIPAMMBI
KlypWin.

3. O0JsIacTh KOPPEKTHOCTU U OKOHYATEJIbHAs IIOCTAHOBKA 3a/I1a4U

Hasoeem 3aauy (4) onrumusanuu KaucTpoHa no obnacru Go sadaveli 2406a.4b107
ONMUMUZAUUY T PACCMOTPUM OCHOBHBIE OCODEHHOCTH 9TOH 3ajadu, U3 KOTOPBIX
BBITEKAIOT TPEOOBAHUS K METOJIAM €€ DEIeHUs.

Bo-11epBhIX, Kak yKe U3BECTHO, KOJUIECTBO APAMETPOB IPYTIBI B, 10 KOTOPBIM
CJIeJyeT TPOBOIUTH ONTUMU3AIIIO, MOXKET jJocTurarh 20 u 6ojee, T. €. ONTUMUBAIINS
JIOJIKHA OBITH MHOTOTIAPAMETPUIECKOI.

Bo-BTopBIX, KaK MOKa3bIBaET 3HAYUTEbHBI 00BHEM POBEJICHHBIX YHCICHHBIX
sKcrepuMenToB, cpeanee 3uadernne ['KIIP mo obmactu G Beerga mpakTHIeCKH
HEOTJIMYUMO OT HyJIsl. DTO JieJlaeT HEBO3MOXKHBIM IIPUMEHEeHe KaKoro-JInh0 MeToIa
sonpuposanus (cM. [2], [9]-[11]) memocpencrsenno k obnacru Gy. Hasosem snaue-
HIe HEKOTOPO BeJTMIHHbBI, IPUHUMAFOIIEN TOJIBKO IOJIOXKUTETbHbIE 3HAUEHUSI, CYULE-
CMBEHHO HEHYAEEBLM, €CJTH OHO MPEBBINIaeT HEKOTOPYIO 3aJaHHYI0 HOIPENTHOCTD E.
Ob6ozaaTmM 06sacTh cymecTBenHo HeHynepblx 3Hadennit I'KIID wepes G,. Bmm-
30cTh K Hymmo cpeanero sHadenusa I'KIID oznagaer maszocTs Mepel obnactu G, 10
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cpasHenuIo ¢ Mepoil obractu Gy . Obmacts Gy, MOMKET UMETD CJI0KHYIO CTPYKTYDY,
B YACTHOCTH OHA MOYKeT ObITh MHOrocBsizHON. [Tocrasiennyo 3ajgady (4) MOXKHO
6110 OBI pemuTh 30HAUpoBanueM obsacru Gy, HO HaiiTun obsacts G, ampuopu He
[IPEJICTABJISIETCS BO3MOZKHBIM.

B-Tperbux, 06acTh ajieKBaTHOCTU Moje i (0003HaYnM 3Ty 00/1aCTh Giod ) TAK-

75

JK€ WMeEeT CJIOXKHYIO CTPYKTypy. Ecin B mporecce BBIMHUC/IEHUN BO3HUKAET CHUTY-
anys, KOTopas He OIMUCHIBACTCH MOJIEJBIO, HAIPUMED OTPAaXKEHUEe IJIEKTPOHOB, TO
rporpaMma coobIaer 06 ToOM, yCTaHaBJIMBas CIIEUaIbHBIA UHINKATOD B HEHYJIe-
BOe 3Havenne. B arom ciaydae OyjieT nosytdeno nekoropoe 3uatdenne 'KIIP, oxnako
9TO 3HavUeHue OyJ1eT HeJIOCTOBEPHBIM, €r0 HeJjlb3sl UCII0JIb30BaTh B IIPOIECCE OIITIMU-
3aIum.

B-dgerBeproix, [KIID sBiisieTcd He aHATUTAIECKH, & aJITOPUTMUIECKH 3aaHHOMN
dyHKIMEH, ee UCTOIHNKOM SBJISETCH KOMIIBIOTEPHAS IIPOrPAMMAa, UCIOJIb3YIONAas
HE TOJIbKO BBIYHUC/ICHUE ajredpanmdecknx (GYHKIWA, HO W YUCJIEHHBIE AJTOPUTMBI,
KOTOpbIe MOTYT He CONTHCH WM JIaTh OOJIBIIYI0 BBIYUCIUTE/IbHYIO MTOI'PEIIHOCTD.
O6o3HauMM 00J1aCTh, B KOTOPOil pe3yJibTar paboThl BBIYUCIUTE/IBHON MOJIEN KOP-
pekreH, depe3 Gea. O0nacTs Gea TaK¥Ke SIBJISIETCSI CJIOXKHOW 1, BOOOIIE TOBOPSI,
mHOroCcBA3HO#. O BBIXOJIE 3a Tpeesbl 00JIaCTH TPOrPaMMa TaKKe COODImaeT ycra-
HOBKOI1 COOTBETCTBYIOIIEr0 WHINKATODA.

B-narhix, Kak mokazajm YucJeHHbIE SKCIIEPUMEHTHI, 3aITyCK IPOIE/LyPhI IIONCKA
JIOKAJIBHOTO 9KCTpeMyMa U3 Jo0o# Touku obmactn G, OUeHb OBICTPO MPHBOIUT K
HaXOXKJIEHUIO JIOKAJBHOI'O 9KCTPEMyMa BOJIU3U 3TOI TOYKU. DTO O3HAYAET, YTO KO-
JITYECTBO JIOKAJILHBIX 9KCTPEMyMOB B obs1actu G, OYeHb BEJIMKO, OIEHKH IIOKa3bl-
BaioT, uTo OHO cocraniser 102 + 104, Do, B cBOIO OUEpeIb, O3HAUAET, UTO HANTH
I00aJIBHBIN 9KCTpeMyM B obsiactu (G, MOCIEI0BATEILHO HAXO/IS BCE JIOKAJIHHBIE
9KCTPEMYMBI, HE TPEICTABIAETCA BOSMOKHBIM.

[Tepeunciiennbie 0COOEHHOCTH T1€/I€BOIl (DYHKIINU U 0OJIACTA OUTUMU3AINN 3HA~
YUTEIHHO YCJIOKHAIOT 33/1a9y onTuMu3annn. HeckobKo 00JIerdaior 3Ty 3a1atdy ciie-
JIyIOIIUE JIBa 00CTOATEIbCTBA:

1) FKII® umeer upocroit dpusndeckuii cMbICa U GUKCUPOBAHHBII JIUALIA30H U3~
mereHus 0 < @1 < Nax < 1

2) IMAIa30HBI U AT U3MEHEHHsI IAPAMEeTPOB TaKzKe JIETKO OIeHNTh n3 (husnde-
CKUX COOOparKeHuil, HallpuMep, Ha, OCHOBE M3BECTHBIX IIOI'PEITHOCTEN UX M3MEePEHUsI.

[Tpu npoBeeHnN ONTUMHU3AIUN HEOOXOIMMO Peain30BaTh OIPAHUYEHUs HA JI0-
nosiauresibable (Kpome I'KIT®) KoMmoHeHTHI TiesieBoii dbyHkuu. B coorsercTBun
¢ BbIpaxkeHueM (4) Bce Takme OTPAHUYUEHUS [IPEJICTABIISIIOTCS B BUJIE HEPABEHCTB.
CucreMy TaKnx HEPABEHCTB MOYKHO TAKKE PACCMATPUBATH KAK BBIIE/IEHIE HEKOTO-
poit obmacTu Gopy B TPOCTPAHCTBE TAPAMETPOB.

Taxmm obpazom, 3ajada ONTUMUBAINKA CBOJUTCA K HAXOXKICHUIO MAaKCHMYMa
I'KII® B ob6mactin Georr = Go N Gy N Geal N Gmod N Gopt, KOTOPyTo OyzieM Ha3bI-
BaTh obaacmuio koppexmuocmu. COOTBETCTBEHHO, TOYKH, [TPUHAJJICXKAIINE 00J1ac-
T Georr, Oy/IEM HA3BIBATH KOPPEKMHLLMU TMOYKGMU, & TOUKH, HE IIPUHAJJIEKAIINAE
9TO# 00JIACTH, — HEKOPPERMHBLMU.

Hecmorpst Ha TO, 9T0 00J1aCTh G opp SIBJISIETCSI CJIOYKHOI ¥, BOODIIE TOBOPST, MHO-
POCBSI3HOM, TIOC/Ie NIPOBEJIEHNsI pacdeTa B JAHHOW TOYKe IIPOCTPAHCTBA IIapaMeTPOB
CTAHOBUTCS SICHO, MPUHAJIEKUAT 3Ta TOUKA 007acTu Geopy WU HE TIPUHAIJICIKUT,
TaK KaK [IpOrpaMMa BCerja CUTHAJU3UPYET O BBIXOJE 3a IMPEIEesbl 9TOi obiacTu
YCTAHOBKOI COOTBETCTBYIOIIEr0 UHIUKATOPa. [[09TOMY pes3ysbrar KazKIoro pacuera
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MOYKHO TIPEJICTABUTH B BUJIE JIBYXKOMIIOHEHTHOM TeIeBON (DyHKITII

b = < I‘bl) , 5)

[IepBOil KOMIIOHEHTOI KOTOpOii siBjisieTcst 3Haderune ['KII®D, a Bropoit — 3HaUYeHUE JIO-
UYIeCKOT0 UHIMKATOPa KOppeKTHOCTH (“true” — KoppekTHast Touka, “false” — Hexop-
pekTHast Touka). Ecam Touka HeKoppekTHas1, To 3Hadenne ['KII® B Heit npu onru-
MU3AIUN He OYIeT yINTHIBATHCS.

Buecro BekTopuoii dynkiumu (5) MOXKHO BBECTH CKAJSPHYIO (DYHKIIUIO, J00IIPe-
nesus 3Hauenne K@ B obmactu Go\Geory HysEM:

(I)I(B); B S Gcorrv

O (B) =
i(5) 0, B ¢ Geonr.

(6)

Dyuknuo Pj(B) rakxe Gygem HasbiBarh [ KI[D.
Takum ob6paszom, 3asada ceeiack K onruMusaruun [KII® (6) 10 KOppeKTHBIM
ToukaM obsactu (Gg:

@7 (B) — max, dim(B) = m. (7)

Sagauy (7) upumeMm 3a OKOHUATEIBHYIO IIOCTAHOBKY 3a/[a9i ONTHUMU3AIUN KJIUCTPO-
Ha.

4. Meroa MaKpoHIaroB € 3KCIEPTHOI OIEeHKOM

O6macTb Gy HAWTH aPUOPH HEBO3MOXKHO, OJTHAKO HETPYJ/IHO SMIUPUIECKUM IIy-
TenM Haiiti HeKoTOpyIo T0uKy B € Gegrr. MOKHO HAHTH TAKIKe IPSMOYTOILHYIO
(B B MIOTOMepHOTrO mapastesernumena) okpecrocts 1I(BM) roukn BM rax,
9T00BI Mepa 00JIacTu H(B(l)) N Geoprr OBLIA CYIIECTBEHHO OTJIMYHA OT HyJist. Jljist
9TOrO IPOBOJUTCS CEPUS PACUETOB, P KayKJIOM U3 KOTOPBIX OJIWH IapaMerp u3-
MEHSIETCsI B HEKOTOPOM JTHAIIA30HE OTHOCUTEIHLHO UCXOHOTO 3HAYCHNUS, & 3HAYCHUS
OCTAJIbHBIX TAPAMETPOB (DUKCUPYIOTCs. DTO MO3BOJIAET JJId KayKJIOro Mapamerpa
omnpenesmTh 00/1acTh m3MeHenns, B Kotopoit 3uadenus ['KII® ocrarorcs KoppekT-
HBIMU U CYIIIECTBEHHO OTJIMYHBIME OT HyJiss. COOTBETCTBYIOIINII TUI pacdeTa pea-
JmzoBaH B nporpavmme KlypWin. Ilosyuusiminiicss MHOrOMEpHBIN HapaJijieselnie,r

1)

Ha30BeM ucrodnoti paboueti obaacmuvio G- .

€]
work
1
3amnun 1Mo 00J1acTu Givo)rk MOYKHO IIPUMEHUTDH 30HINPOBAHUE.
Basaua (7) cocrout B ToM, uTo6H HaiiTh Touxy B(PY) takyio, uro ®;(BOPY) =

t
Nmax- OkpecrrocTs II(BPY) obozmaumm G2, .
Peasusyem mporiecce mocsie1oBaTeIbHOrO n3MEHEeHNsT pabotieil 06/1acTh B PE3yib-
(€] (2) opt
TaTe BBIIOJIHEHNS IErovYKy Makpomaros G . — G0 — -+ — G° (puc. 1).
Kaxkaprit Takoit MakpoImar BKJIIOYaeT ONTHMHU3AINIO I0 COOTBETCTBYIOIIEH pa-
" (k)
Goueit obsmactu G, .
HEKOTOpOe 3a/IaHHOe KOJIMYECTBO 71, KOPPEKTHBIX TOUYEK C MAaKCUMAJbHBIMU 3HAUe-

ausivu ['KIID, a Bo-BTOPBIX, TOKHBI OBITH HAIEHBI BEJININHBI, XapAKTEPU3Y IOIIIe

Cpennee snauenve dbyuxiuu P (B)

o obsactu G OyZeT CyIIECTBEHHO OTJNYIATHCS OT HYJIs, IIO9TOMY JIJIsi OIITUMU-

B pe3ysibTaTe MaKpolllara J0JI2KHO, BO-II€PBBLIX, IIOJIYIUTHCA

(k)
obsactb G4 B IEJIOM.
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Gopt

work

G(l) G(2)

work
rk
wo Gcorr

Blopt)
°

T Gy
2
BY

Z B

Puc. 1. Cxema nocsie1o0BaTeIbHOCTH MaKPOIIATOB

V(V]i))rk’ xapakTepusyorieit obsacts G

k k
HO B3$ITh CPeJIHee 3HAUEHe <<I)T(B)>‘(m)rk 110 06J1acTH GE’vo)rIU ofHAKO OOJIee TOIXOIsI-
Iiei XapaKTePUCTHKOM ¢ TOYKH 3PEHHUs MOMCKA MAKCUMYyMa SBJISETCS “CpeHEMaK-

crUMaJIbHOE 3HadYeHue”, T.e. BeJTUINHA,

(k)

work> MOZK-

B kauecTBe OCHOBHOII BeJIMIUHBI g

k , k k
gSvo)rk = <(I)1 (B)>5vo)rk + USvo)rk’ (8)
k) NG (B )
The Oyoq — CPelHeKBaIpaTudanoe orkiaonerne ®7(B); . or (P7(B))y0x B 001ac
™ foo)rk .

. k
B kauectBe Oosiee merasbHON XapaKTEPUCTUKU O0OJIACTH vao)rk BBEJIEM CKAJIAP-
HYI0 DYHKIMIO CKAJIFPHOTO apryMeHTa — INIOTHOCTH Mepbl ypoBH: (cM. [12]), ompe-
JIETEMYIO COOTHOIIEHIEM

®) _ Varsy

w/(y)work = dy ’ (9)

(k)

work s Ha KoTopoit snaderns I'KII® npesbimaror y.

(k)
Ecim OIITUMU3aIUA 110 obJracTu Gwork IIPOBOAUTCA METO0M 3O0HJIUPOBaHUA,

TO TpaBas YacThb BbIpaKeHus (9) 3aIUCBIBAETCS B KOHEUHBIX DPA3HOCTSAX KAk
AVy< 2T <Sy+Ay
Ay

y < O] <y+Ay.

[IpoBenem onrummsarnuio mo obsactu G B pe3yJbTaTe KOTOPOI MOJIydnM 1y,
JIy9IUX TOYEK, 3HAYCHUE gv(vlo)rk n dynkmmo Y’ (y)gfo)rk, a 3aTeM IPOBEIEM SKCIIECPT-
HBIH aHAJII3 TOJIyIeHHBIX TOYEK.

B mporiecce Takoro SKCIepTHOrO aHAJN3A JETATBHO PACCMATPUBAIOTCS TPOIECCH
IPYIIUPOBaHUsI U 0TOOPa YHEPIUU, aHAJIUBUPYIOTCs (pa30Bble TPAEKTOPUU, (DYHK-
MU IPUOBITUST YaCTUIl U PACIIPeJIe/IeHUs] CKOPOCTEl, pacCMaTpUBAETCsl M3MEHEHUe
dopmbr AUX npu m3MeHeHUH BXOTHON MOITHOCTH U T. 1. 1lenbio skcnepTHOrO aHa-
JIU3a SBJIETCS CPABHEHHUE JEeTAIbHBIX XaPAKTEPHCTHK KaKIOI'0 U3 7y, IOJLYYeHHBIX
IpubOPOB C TEMU, KOTOPBIE JTOJI2KHBI TTOJIYIaThCA s “UIAJTBHBIX  ITPOIECCOB IPYTI-
MUPOBaHUS U 0TOOPA SHEPTHUH. JKCIEPTHBIN aHAJM3 IIJIOXO HOJIaeTcs (hopMan3a-
[N U JIOJIZKEH BBIIOJIHATBHCS UCCIeJ0BaTesieM. B pe3ysibrare BIOMPAeTCsl OJ[HA HAN-
ayumas Touka B koTopas He 0653aTeIbHO COOTBETCTBYET HANGOIBIIEMY 3HAC-

amio ['KI1O.
Cdopmupyem HOBYIO 00J1acTh G

rae Ver sy — Mepa obmactu G, C G

*
, TIe Vy<¢;<y+Ay — JI0JIs1 TOYeK co 3HadeHneM P] B nmamasone

1)

work?

(2)

work?

OpaB B KavuecTBe ee IEeHTPa TOUKY B®, IIposenem onrumusaruio 1o obgactu GG

(1)
pasHyIo objactu G-, 110 pasMepaM,( B)I)I—
2

work?
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(2)

B pe3ysbTaTe KOTOPOil CHOBA IIOJIyIHM 7 JIydIIHX TOYEK, 3HAYEHHE ¢ o\ " PyHK-
o 1)’ (y)gf())rk Tlpu cremyiomem anajmse Jjig BbIOOpa HAWIyHIIed TOYKHU Oyem
YUIUTBIBATH BCe JIydIliue TOYKH, [0JIydeHHbIe Ha IPe/IblIyIeM MaKpollare, a Tak:Ke
COOTBETCTBYIONINE 3HAYCHHS gévi)rk n Bug PyHKIWL 1)’ (y)gco)rk

B pesyibraTe BTOPOTo 9KCIEPTHONO aHaIu3a 6y1er Beopana Touka B | i namee
[IPOTIECC JIOJIZKEH MTOBTOPSTHCS.

Takum o6pazoM, Ha S-M MaKpollare Jydilasd TOYKa BbIOMPAETCA B Pe3yJbTraTe
aHaIm3a SN, Touek (mpu 3ToM (s — 1)n, U3 HEX yrKe IPOAHATH3UPOBAHEL Pamee)
C yYEeTOM § 3HAUEHMI g‘(NlZ)rk u s dbyaxmii ¢’ (y)gf())rk

[Iporecc ocTaHABINBAETCS, KOT/IA TIOC/IE OUEPETHOTO SKCIIEPTHOIO AHAIN3A JIy -
mas TOYKa ocraercs HenmdMennoit, npudem 3uadenne ['KIID B 9Toit ToukKe sABIsgeTCHA
MAaKCHMAJIbHBIM CPEJIM BCEX PACCMOTPEHHBIX 3HAYECHWH. DTy TOUKY ¥ CIUTAEM HUCKO-
Moit Touxoit B(OPY),

s peajusanuu pacCMOTPEHHOIO aJFOPUTMA HEOOXOAUMO OIPEIE/IUTh METOI
ONTUMU3BAIIH 110 O0JIACTH foo)rk. C yderoM pacCMOTPEHHBIX BBIIIE OCODEHHOCTE
nesteBoit (hyHKIMKM OBLT BEIOpAH METOJI, COCTOANIMN U3 JIBYX IacTeli: ncce0Banus
obacTu U OTOOpPA JIYUIMIAX TOYEK METOJOM 30HJIMPOBAHMUS; MOCELYIOMEro yTOq-
HeHMsl JIydIIAX TOYeK MeTOJIOM Iepebopa ¢ MacmTabuposanuem. PaccMoTpuMm sTu

METO/bI 110 OTJCJIbHOCTH.

5. Meton 30HaupoBaHus (IepBasi 9acTh MAaKpOIIIara)

Metos 3onuposanus (nmm meroz, Monre-Kapio [13]) mosposisier pemars 3ajgady
HOUCKa IIO0AIBLHOIO SKCTPEeMyMa, JIJIs Te1eBoit (DyHKINH, 3a/1aHHOi Ha MHOTOMEp-
oM tnapasuiestenuiese I1. IIpu 3ToM HUKAKUX OrpaHUYeHMi Ha BIJ] U CBOMCTBA Iie-
Jepoit pynknun ne najaraercsa. CyTh MeTo/a 3aK/I0Y9aeTcs B IOCJIEI0BATEILHOM
BBLIYHUC/ICHAN 3HAUCHUA [1e1eB0i (DYHKIMN B TOYKAX

COCTABJIAIONINX MTOCJIE0BATEIBHOCTD, ACAMITOTUIECKH PABHOMEPHO 3AII0JIHAIOILY IO
napaJuiesenuie/. 110/ acuMIToTn4ecKoil pABHOMEPHOCTDIO 3AII0THEHUS APaJLIeIe-
e/ a noHnMaeTcst yeaosue (em. [2], [13])
. ng Vg
lim — = —

n—oo 1N, v’

(10)

e NG — KOJMIMYECTBO TOYEK MOCIenoBaTenbHocti B(™) | MOmaBmmx B HEKOTOPYIO
MIPOM3BOJILHO 3aJaHHy0 n3Mepumyio obsacts G C II, Vg — mepa obmactu G, V' —
Mepa mapasutesenumena 1. Bmecto mapasurenenunena I1 o6praro paccmarpuBaercs
eJIMHNYHBIA Ky0 K , KOTOPBIl CUNTAETCsI SKBUBAJIEHTHBIM HIAPAJIJIEJIEIINIIE LY, TAK KaK
KOOpP/MHATA BHY TPEHHEN TOYKM TAKOI0 KyHa MOYKeT ObITh IIepecunTaHa B KOOP/INHA-
TY BHYTPEHHEN TOYKY TapaJijiesIelnIe/[a ¢ MOMOIIbIO OIlePaIlii JIMHEHHOTO MACIITa~
o6upoBanusi. C dbusndeckoit Toukn 3penns mapasuresenumes 11 n equanansrit Kyo K
SAIBJIAIOTCS SKBUBAJECHTHBIMA TOJIBKO B TOM CJIydae, €CJIM Bee pebpa rmapaJuiesenure-
Jla, U3MEPEHHbIE B XapaKTEePHbBIX IIarax N3MEHEHUsI COOTBETCTBYIOIE [IepeMeHHOI,
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ABJISIIOTCS TIPUMEPHO OJIMHAKOBBIMU. B KatdecTBe TaKMX XapaKTEPHBIX MAr0B MOXKHO
B34Th, HAIIPUMED, MOTPENTHOCTH U3MEPEHUs COOTBETCTBYIONINX (DUBUTECKUX BEJIU-
auH. Jlagee 6yaeM cauTaTh yCJIOBHE SKBUBAJICHTHOCTH KyOa K U mapaJiesenurre-
na Il BemorHEeHHBIM.

JIjist cpaBHEHMsT PA3JIMIHBIX TocyeoBarenbrocteii B(™) | yiosiersopsiomux yc-
gosuo (10), paccMaTpuBalOT aCUMITOTHYECKOe MOBEJIeHHe HepapHOMepHocTn [13]

ng Vo

Kak (GyHKIUU oT n nupu n — 00. Ilpu 3rom obstacts G 06BIYHO PUKCUPYETCsi B BUJIE
Ky0a MEHBIIIEro pa3mepa.

KagecTBo mociiemoBaTeIbHOCTH CIMTAETCS TEM BBIMIE, 9eM OOJIbIlle CKOPOCTH
y6biBanus dyuxiuu v(n). B Hacrosiiee BpeMst H3BECTHBI JIB€ BEKTOPHBIE [IOCJIEI0Ba~
TEeJIbHOCTH, UMeFOIIe HAnOOJIbIINYI0 aCHMITOTUYIECKYI0 CKOPOCTh YOBIBAHMS HEPAB-
HomepHoctu: JITT -nocaenosarensaocTs Coboust [14] n mocseoaresbHOCTD X0ITO-
ua [15]. g 9TUX 10C/Ie10BaTebHOCTE aCUMIITOTHKA HEPABHOMEPHOCTH OIIPEJIe-
sgercst popmyioit [13]

m
o) ~ 20 (12)
n
rJe m — pa3MepPHOCTh IPOCTPAHCTBA.

Bekroprast m-mepnast mociaenoBaresbaocTh Co00/Is COCTABIIsIETCS U3 M HE3a-
BUCHMBIX oiHOMepHbIX JIIL -miocieoBarenbHOCTEl, KOTOPBIE OyjIeM aJiee 0003Ha-
gath P, (n). AHAJOTHYHAST BEKTOPHAST TI0CIIEI0BATEIBHOCTD XOJITOHA COCTABIISETCS
73 M EePBBIX OTHOMEPHBIX [TOCJIEI0BATEILHOCTEN X0ATOHA, KOTOPbIE Oy/1IeM 0003Ha~
qarb Qn,(n).

Kpowme nocsiegoBaresibHocTeit Cobosist u XosrToHa, OyeM paccMaTpuBaTh 1mM-Mep-
HYIO CJIYYaiHy 0 BEKTOPHYIO [T0CJI€/I0BATE/IbHOCTD, COCTABJIEHHY IO U3 11 OJITHOMEPHBIX
CILydaiiHbIX HocaeoBaTeabHocTeil Ry, (n), pABHOMEPHO PACHPEIEIeHHBIX HA OTPe3-
ke [0, 1]. Acumnroruydeckas HEPABHOMEPHOCTH CJIyYaiiHON BEKTOPHOM IOC/IEI0Ba~
TEeJIbHOCTU HE 3aBUCHT OT PA3MEPHOCTH IIPOCTPAHCTBA 111 M OIIPeJIeJIsieTCsl BhIpayke-
HueM [13]

vr(n) ~ —= (13)
vn
€ TOpA3/0 MeHbIIel, YeM y BbipaykeHus (12), CKOPOCTBIO yOBIBAHMSI.

Bripazkenus (12) u (13) gaior acuMITOTUKY HEPABHOMEPHOCTH 1IpU 1 — 00. Jljist
MIPAKTUIECKOrO MCIIOJIb30BAHNS TTOCIEI0BATEIbHOCTE IPU 30HANPOBAHUT TPedyeT-
Csl MAKCUMaJIbHAsT PABHOMEPHOCTH 3AII0IHEHUSI TP HEKOTOPOM KOHEYHOM ¥ (PUKCH-
poBaHHOM 3HaveHuU 1. [I0CKOJIbKY B HACTOSIIEE BPEMsI OTCYTCTBYET OOIIEIPUHSATOE
ompeiesieHre PABHOMEPHOCTH IPU (DUKCHPOBAHHOM KOJIMIECTBE TOUEK, OYIeM UCXO-
JUTh U3 WHTYUTUBHBIX IIPE/ICTABJICHUI.

Paccmorpum pasiimdHbie JBYMEpPHbIE CeUeHUs KarXKJI0i U3 TPeX pacCMOTPEHHBIX
M-MEPHBIX IOCJIEI0BATEILHOCTE, T. €. JIByMEPHBIE TIOC/I€I0BATEIbHOCTU

_ (Paln) _ (Qnln) _ (Ra(n)
P = ey ) @mim =\ Qun) ) T/ =\ Ry ()
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+

Puc. 2. /IBymepHbIe ceueHns BEKTOPHBIX nocaenoBarenbaocreii (100 mepBbix 4ienos): a —

P25 6 — Piaj13; 6 — Quy2; 2 — Q75 0 — Qi2/13; € —

IPH Pa3JUYHBIX 3HAYCHUAX 7 U M/, U OINECHUM PABHOMEPHOCTDH 3THX CEUCHHIl, MC-
XO/Ig U3 UHTYUTUBHOTO [IOHUMAHUSI PABHOMEPHOCTH U TI0JIarast, ITO JIJIs OCIeI0Ba-
resibHOCTEH Py (1) 11 Qpp(n) 1ipu GUKCHPOBAHHOM 7 PABHOMEPHOCTH YMEHbBIITAETCsI
¢ yBeaudenueM m (31or GhakT CTPOro JO0KA3bIBAETCS TOJIBKO Jis ACUMITOTHYECKO
uepasuomeprocru (12)). Ha puc. 2 rakue cedenus uzobpazkennt s 100 mepBbix

9JIEHOB KaXKJIOW MOCJIeJ0BATETHHOCTH.

Kak Buino u3 puc. 2, paBHOMEPHOCTH cevenust Py /o BeCbMa BBICOK, PABHOMED-
HOCTB cevuenus Pjp/13 HE TOJBLKO 3HAYUTEILHO HUKE PABHOMEPHOCTH cedenud P /o,
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HO U HUJKe DPABHOMEDHOCTH ceveHus (i, U NPUMEPHO TaKasl JKe, KaK y CedeHus
Ry, PABHOMEPHOCTD ceueHnust (g 7 0OCTaeTCs JJOCTATOUHO BBICOKOR, XOTSI U yMeHb-
IIaeTcs U3-3a yBeMIuBIIelics yIopsa/J09eHHOCTH, a BOT cedeHne ()1g/13 y7Ke Helb3sa
HA3BATH PABHOMEPHDBIM.

AHams3 3HAYNTEIHLHOrO KOJIMYECTBA AHAJOIMYHBIX CEYEHHIl IPUBE K BBIBOLY,
9TO HAWJIYIITIee 3aI0THEHNE OJJHOMEPHOTO Ky0a ITpH MPON3BOJILHOM (DUKCHPOBAHHOM
KOJITYECTBE TOUEK 1 00eCcIednT KOMOMHUPOBAHHAs BEKTOPHAs I0CJIEI0BATEIFHOCTD

P (n) npu m’ < 13,
Spr(n) = Qmr—13(n) mpum 14 <m/ < 20, (14)
Ry (n) opu m’ > 21.

[Mocnenosarenbuocts (14) peanuzosana B koMiuiekce nporpamm KlypWin B Bu-
Jie TPOIIE/Iy PhI-T€HEPATOPA TOYKA B OJHOMEPHOM KyOe M UCIOJIb3YeTCs [IJIsi TIEPBOi
9aCcTU MaKpOoIlara — 30HIMPOBAHUs TEKyIeil padboueil obacTu.

Koopaunarbl n-it Touku pabodeil 001acTi HAXOAATCS JIMHEHHBIM MaCIITaOuPO-
BaHUEM:

B = Gy + (b — ) Sor (1) (15)
rie m’ — somep KoopauHATLL, M’ = 1,M, Gy, by — TpaHUNBI pebpa mapaJiie eny-
nejia G‘(:O)rk 10 KOOpJMHATEe ¢ HOMEpOM /.

Buauenust TKII® soraucssirorest st Beex Touek (15) mpu n = 1, N, rne N —
3a/IaHHOE KOJIMIECTBO TOYUEK 30HTMPOBAHUSI.
W3 oy e HBIX TOUYEK BBIOMPAETCH N, JTYUIINX, & M0 BCeM KOPPEKTHBIM TOTKaM

(k) (k)

BBIIUC/IAETCA SHAYEHUE g 0 work?

B BUJie rpaduka.

u Haxoaurest byHkuus ¥’ (z) KOTOpasi BHIBOIUTCS

6. Meron nepebopa ¢ macmrabupoBanueM (Bropasi 4acTb MaKpO-
mrara)

Bropoit 1acThio KazKI0T0 MaKpOINara aBIfeTCd YTOTHEHIE HANIEHHBIX Ny JIYIIINX
TOYEK, T.e. HaxoxkjeHne jokajabuoro MmakcumyMma ['KII® BOm3u kaxKka0it n3 3Tux
TOYEK.

MeTo TaKOTO YTOTHEHUS IOJIXKEH, € OJIHON CTOPOHBI, 00J1a1aTh OBICTPOH (3Kesa-
TEJIHbHO KCIIOHEHIMAJBHON) CXOAUMOCTBIO 110 OTHONIEHUIO K KOJUYECTBY BBIYUCIIE-
HUl T1es1eBOit (DyHKINH, a ¢ APYToil CTOPOHBI, OH JIOJI?KEH aJIEKBATHO OTPabATHIBATH
HEKOPPEKTHbBIE TOYKH, T.€. OBITh HEIYBCTBUTEIbHBIM K BBIXOY 3a IIPEIEIbl 001ac-
T Geopp. DTUM TpeOOBaHUSIM YIOBJIETBOPSIET METOJI Ilepebopa ¢ MacIiTabupOBaHU-
em (MIIM) [16], koTopsrit u peasmsosan B nporpamme KlypWin.

B [16] mokazano, uro omnomepubiii MIIM o6sagaer 6osee GbICTpOil cXOIMUMO-
cThio, yeM Meros, Pubonadun [17] u MeTox 3070T0rO0 Cevenus [17], Koropsle panee
CUNTAJIUCH CAMBIMU OBICTPBIMU METOIAMHU HYJIEBOTO MOPSIKA.

B orauuame or meroma Pubonaudum n Meroga 3o0s0Toro cedenusi, MIIM Jrerko
[IEPEHOCUTCsT Ha, MHOIMOMEPHBII CJIyJaii.

Ha puc. 3 nokazana cxema m-mepaoro MIIM nipu m = 2.

IIycrs B() — mekoropast nexoxnas ToUKa, 3a1aH K03 MUIMEHT MacIITabupoBa-
Hust (1 (06braHO 1 = 10) U 3a/1aHO HEOOXOMMOE KOJIMYECTBO MACIITaAOMPOBAHMUIT 3,
ompeiesisieMoe UCXO0 s U3 TpedbyeMoil TounocTu. OrpesemmM KOMIIOHEHTBI HCXOTHOTO
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bo

az

ai bl

Puc. 3. Unmocrpanus anropurma maoromepaoro MIIM

k
BEKTOpa Iara l 10 U3BECTHBIM pasMepaM IapaJliesenureia G‘(No)rk B COOTBETCTBHUU
— bi—a
¢ BbIpazkeHnem h; = 5 s TAe I — Homep kommnonenTbl. Hopmy ||| BekTOpa h 6y-
JIEM Ha3bIBATh mekywum macumabom. HopMa MoKeT OBITH ONpeeeHa B CMBICTIE

npoctpancTB C, Lo wan JII0OBIM APYTUM KOPPEKTHBIM CIOCOOOM.

[IpoBemem mepBbIil UK Iepebopa ¢ TeKymuM MaciraboM. Berancnm 3uadeHne
I'KII® B touke B(©) u Bo Beex cocemnux ¢ Heil TOUKAX, IOHUMAST O COCEIHUMI TE
TOYKH, y KOTOPBIX OJ(HA [-51 KOOPJMHATA OTANYaeTcst oT [-it Koopauuars! Toukn B(0)
Ha BeJIMYKMHY hj, a OCTaJIbHbIe KOOPIUHATHI COBIIAJIAIOT ¢ COOTBETCTBYIOIIUMU KOOP-

mumaramvu Toukn B0, Ha puc. 3 cocennme ¢ B(®) Toukn oGo3nadens: Kak Bgl), Bél),

BV, BV . Beeniem o6osnauenns % (B = ¢2, @1(B©)) = ¢°, rae &% oupesens-
ercs seipazkenuamu (6) u (1), r = 1,2m, s € N. IIpe/rmooKum, 9To ecTh HeKOTOPbIe
3HaveHus 7, HApuMep r = 2 u r = 3, /i KOTopbix ¢L > ¢°. Bribepem Touky B,(«l)
¢ HanGOJILIIUM 3HAYEHHEM @) (IPEIIIOJIOKUM, YTO TAKOil OKa3aaach TOUKa Bél)),
Ha3HAYUM €€ HOBOU MCXOJIHOU TOYKOU JJIS BBIIOJHEHUS CJCIYIONIETro Imara u T. JI.
AJIropuT™ 0CTaHOBHTCS, KOTJIa y odepeHoil Toukn B(OPY) Bee cocemnme Toukn 6ymyT
XapaKTePU30BATHCA MEHbINNM 3HadeHneM 7. D10 OyeT ToUKa JOKAJILHOIO MAKCH-
MyMa C IIOIPEIIHOCTbIO h; 10 [-ii lepeMeHHOMN, U NEePBbIN MUK Iepebopa Ha 3TOM
3aKOHYIUTCs. VIHTEpBaJI HEOIIPEIEIeHHOCTH TI0 [-if TePEMEHHON IPU 9TOM OyJ1eT pa-
Ber 2h;. Tlosyuennyio Touky Oyjem HA3bIBATH TOUYKON MakcumyMa B Maciirabe ||h|.

Jlajiee yMeHBIIUM TEKYIIHi MaciTad B i pa3, mepeiias K HOBOMY BEKTODY Iara

I __ o ! I
1 = hy/p, 1 poBeieM BTOpOIi 1K 1Iepebopa B Macirabe ||h'||, anasormanslii mep-
BOMY ITUKJIy U3 HallJIeHHON B mepBOM IUKJe mepebopa Touku B (opt) Bropoit nuk
nepebopa Gyzer, o cyTu, onruMusanueii no napasenenunexy G ¢ pasMepaMu
pebep b) —a] = Q;—“L = %L . B pesysnbrate Oymer mosrydeHa TOYKa JIOKAJIHHOTO MaK-
cuMmyMa B Maciirabe ||k || ¢ morpemHocThIo 110 KasK 10l nepeMeHHoi h) = % = bé;‘;l .
Iajiee mpolecc MOBTOPSIETCsI, TIOKA He MPOIIyT BCE ¢ IUKJIOB Iepebopa ¢ Io-

CJIeI0OBATEJIbHO YMEHbIITAIOIUMUCH maciirabamu. B pesysbTaTe 6y,ELeT HaﬁﬂeHa TOY-

b— . o by—
Ka MaKCUMyMa B MacIiTabe % C TOT'PENTHOCTHIO 110 KaXKJIOl IepeMeHHOit béuffl
U ¢ UHTEPBAJIOM HEOIIPEJIeIEHHOCTHI bl#_,j“ . BeIGopom » mOrpemHocTb MOYXKHO Clie-

JIaTh CKOJIb yI'O/THO MaJIoi.
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JTokarkeM KCIOHEHIUAJBHBIA XapaKTep CXOAUMOCTH IPEJJIOYKEHHOTO aJIlOPHT-
Ma II0 OTHOIIIEHUIO K KOJIMYECTBY BBIYUCJIEHWIT 3Ha4YeHUi 1ejeBoit dpyukiuu. Jleii-
CTBHUTEJIHHO, B CHJIy KOHETHOTO (1 KOJTMIECTBA pa30HeHnl TapaJiiesIelne i mo Kax-
JIOit TePEMEHHOIT 1, COOTBETCTBEHHO, KOHETHOTO KOJTMIECTBA IIIAr0B KayKI0TO IINKJIa
KOJIMIECTBO 7, BLIYUCICHUH (DYHKINN HA OJJHOM ITUKJIe KOHEIHO U OTPAHUIEHO HEKO-
TOPBIM ODIIUM JIJIsi BCEX IUKJIOB 3HAYEHUEM 7. max, HOITOMY 00Iee KOJIMIECTBO 1
poeranciennit ['KII® me mpeBwIIIaeT BeJMIUHY HMemax- B PE3YAbTaTe BBITOJTHEHUS
AJIPOPUTMa MHTEPBAJI HEOIIPEJIEJIEHHOCTH 10 KaXK IO [IepeMeHHON YMEeHbITUTCS B (1>
pas. Bemmunny (1 MoKHO mpeacTaBuTh Kak (37, vie f = p*/™ > pl/memax > 1, aro
JIOKA3bIBAET IKCIOHEHITNAIBHBIN XapaKTep CXOAUMOCTH AJITOPUTMA.

OTmeTnM, 9TO ¢ yBeJIUIEHHEM Pa3MepHOCTH m KosmdecTBO Bbraucsaennit ['KID
BO3PACTAET JINHEHHO, T. €. JJOCTATOYHO MEJJIEHHO, IIO9TOMY JjIs MHOTOTIAPAMETPUIe-
CKOIl OINTUMU3AINN aJITOPUTM 3(PDEKTUBEH.

B pesynpTaTe BRIIOTHEHNS aITOPUTMa TTOJIYIaIOTCH Ny JYIIIHX TOUEK, KayKIasd
U3 KOTOPBIX SIBJISIETCSI TOYKON JIOKAJIBHOI'O 9KCTpeMyMa. JIJist KaKJIoi U3 3THX nyp
Touek paccuntbiBaercs AUX u (aszoBble TpaeKTOpUM Ha OCHOBHOI 4acTOTe, COOT-
BETCTBYIOIINE TPaGUKN BBIBOISATCS Yepe3 rpaduaeckuii naTepdeiic KOMILIEK a Ipo-
rpamm KlypWin u anasmn3upyrorcst nuccsegoBaresieM ¢ IMesIbio BBIOOPa €INHCTBEHHON
JIydIeil TOYKU JJIs TPOBEICHUS CIIEYIOMEro MaKPOIIATa.

7. PeSyJIbTaTbI OoITUNMMU3an MOIIIHbIX KJINCTPOHOB

Paccmorpum pesysibTarhl ONTUMUBAIME KJIMCTPOHOB € Iejibio mosydenust KITI,
OGJIM3KOTO K MPEJIEJIbHOMY, JIJIsl TPEX Pa3IuIHBbIX 6a30BBbIX KOHCTPYKITHUIA.

B mporecce ontuMuzanyun KaxkJoro U3 paccMaTpUBaeMbIX PHUOOPOB yBeJjnde-
are KIIJ mpoucxomuio JI0CTaTOYHO MEJJIEHHO, IMPUYEM CKOPOCTh 9TOrO yBeInde-
HUsI 3aMETHO YMEHbINAJIach IIPU IPUOJINKEHNH K TJI00aIbHOMY 3KCTpemyMmy. Tak,
ecm IyIg nepBhIX Makpomaros npupamenne I'KII® cocrasnger 5-7% 3a onuH Mak-
pormar, TO JIsl TMOCJIEJHAX MaKpOIIATOB Takoe nmpupamienne e npesbimaer 0.5%.

3.8+
3.4f
3.0F
26+
22+
1.8
1.4
1.0
0.6
0.2t . X X X . . . .

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Puc. 4. Buy dbynkiuu 1’ (y), onpesiensemoit Borpazkenuem (9), B OKPECTHOCTH II06aTLHOTO
MaKCUMYMa

Dyuxius ¥’ (y), oupezpesnsemast BoipazkerueM (9), B OKPeCTHOCTHU IJI00aIbHOTO MaK-
cuMyMa umeer nosioruit Bug (puc. 4), 9ro rOBOPUT O JIOCTATOYHO “MejJIeHHOM” U3~
MEHEHUU TeJIEBOH (hyHKINH.

Taxoit xapakTep 1mesieBoil (DYHKINN HAKJIAIBIBAET XKECTKUE TpeOOBAHUSA HA Ka-
YeCTBO MaTeMaTHYeCKON MOJIE/IN, PeaJM3yIoNeil 1eeByo (MyHKIMIO: IpUpaIleHne
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T'KII® na oaHoM mmare J0JKHO OBITH OoJbine morpemtocT. OIeHKN TOKA3bIBAIOT,
qro ciaydaiiHas ommbka pacdera KIIJ we jmoskua npesbimars 0.001. 9to Tpebyer
CJIEJIYIOIIMX HACTPOEK JIUCKPETHO-AHAJIUTHIECKONH MOJEJIH: OIPEITHOCTh UTepalli-
OHHOII TIporieTyphl ITpu pacdeTe Hanpsizkennit ae Menee (0.0001, xkoamdecTBO yCpe -
HEHHBIX YACTUI] He MeHee 127, KOJIMYeCTBO MAPIUAIBHBIX 3a30POB IIpu pa3bueHun
CBY-3a30pa He menee 65 (cm. [18], [19]).

ITpu Takux mactpoiikax oaun pacder KII/I mo mporpamme KlypWin cocrasiser
okosio 1 ¢ ma IIK cpemmeit momtHocTH, OMH MaKpOIIar ONTUMHI3AIUN Tpedbyer oT 6
710 20 4., a Ha MOJIHYI0 ONTUMHU3AIMIO IPUOOPaA yXOJAUT OKOJIO0 1 Mec.

[IepBoiit n3 paccMaTpuBaeMbIX IPUOOPOB OA3UPYETCH HA CJIEILYIONUX MapaMeT-
pax rpymmel A: ocuoBHast gactora fo = 706 MI', yckopsioriee nanpsizkenne Uy =
15 kB, mossbiii Tok Iy = 2.8 A, unciio jydeir N = 7, KOJIMIECTBO PE30HATOPOB
N, =17, nuamerp 1py6 npeiida d, = 14 MM, IPOTIAKEHHOCTDH 3a30p0B [y = 14.3 MM,
XapaKTePUCTUIECKUE COIPOTUBJIEHUsT pe30HATOPOB p = 70 OM.

OnruMuzalys paccMaTPUBAEMOrO KJINCTPOHA IIOTpeboBaJIa 25 MaKpoIaros u 60-
Jiee 1 MJTH pacueToB 3HAMEHU 11€/1eBOM (DYHKITAN.

Wexommpiit BapuanT 1 nepsoro makpomara umen KIT oxomo n = 70%. 3a
nepsble Tpu Makpomara KITJI ysemmunics 1o 84% u jasee oueHb MeJIEHHO yBeJIH-
YUBAJICA 10 TIPEJEJbLHOIO 3HAYCHUS 1) = Nmax = 89% B Touke Bpax.

Ha puc. 5, 6 j1s okoHUIaTEILHOTO BapuanTa npubopa nzodbpaxenst AUX u da-
30Bble TPAEKTOPUU Ha IeHTpaJsbHOIl dacTore. AHX coxpaHsieT CBOKO €CTEeCTBEHHYO
mmpuny [19], 1. e. yeeamuenne KITJT He IPUBOIUT K CY’KEHUFO MOJOCHI YCUIJICHUS.

n
1.05 -

0.95
0.85
0.75
0.65
0.55
0.45
0.35

0.25
0.15

0.05

0.990 0.992 0.994 0.996 0.998 1.000 1.002 1.004 1.006 1.008 1.010 f/fo

Puc. 5. AYX nepsoro ontumasbaoro Kiaucrpona ¢ KITI 89%

Kaxk 6b110 yeranosseno B [19], mas qoctuzkenust npeenbHbix 3Hauennit KITT
TpeOyeTcs 3HAUNTEIFHOE YBEIUIEHUE [IJIMHBI IPUOOpa. DTO HEOOXOIUMO /Tl TOCTH-
JKEHUS HEJIMHEHHO-BOJHOBOTO XapaKTepa I'PYIIINPOBAHNS, IPA KOTOPOM IIEHTPAJIb-
HBIE YACTUIIBI CI'YCTKA TO MTPUOJIMKAKOTCS K [EHTPY CI'YCTKa, TO YIAAJISIOTCS OT HEro,
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Puc. 6. ®a30Bble TpaeKTOPUH IIEPBOrO ONTUMaIbLHOro Kiaucrpona ¢ KITI 89%

a rnepudepuiitHble YACTUIBI IIOYTH MOHOTOHHO JIBUXKYTCSI K IIEHTPY CrycTKa. Takoi
[IPOTIECC TO3BOJIAET TOCTEIIEHHO TEPEBECTH BCE FTACTUIIBI U3 ODJACTH AHTHCIYCTKA
(paspsizkenus) B 06J1aCTh CryCcTKa, 9T0 B KoHednoM cdere obecreanr KIT/T, Giuskuii

K 100%.

B pesyabTare HpOBe,ZLeHHOfI OIITUMHU3aIIN BCE€ 3TU BBIBOABLI IIOJTHOCTHIO IIOATBED-
JNJINCH. ITocae IOC/IEJOBATEJIbHOCTH MaKpOIIaroB UCXOHad JTJIUHA HpI/I60pa yBeJm-
guaack B 1.5 pa3a 110 OTHOIIEHUIO K IIPOTOTHILY U IIPOIIECC I'PYHITNPOBaHUA ,ELefICTBPI—
TEJILHO CTaJl HeJIMHENHO-BOJIHOBBIM.

Taxoit xapakTep mporiecca rpynnpoBaHns WIIIOCTPUPYETCs puc. 6, Ha KOTOPOM
MIpUBE/IeHbI (Pa30BbIE TPACKTOPUN TACTHUIL: 3aBUCUMOCTIA HOPMUPOBAHHOTO OTKJIOHE-
% * o * __ wz *
mng £ = z¥ — t* 0T HOpMUPOBAHHON KOOPANHATEI 2 = oo 0 TIE t* = wt — HOPMUPO-
BaHHOE BpeMms, t — TekyIee Bpems, w = 2w f — CBY-uacrora (rad/c), z — Texymas
KOODJIMHATA BJIOJIb [IydKa, Vg — CpejHssd (HeBO3MYIIEHHA) CKOPOCTD 11y IKA.

n
1.05 =
0.95
0.85
0.75
0.65
0.55
0.45
0.35
0.25
0.15

0.05 |~

0.970 0.976 0.982 0.988 0.994 1.000 1.006 1.012 1.018 1.024 1.030  f/fo

Puc. 7. A9X Broporo ontumasbaoro Kiaucrpona ¢ KITI 90%

Bropoit u3 paccMaTpruBaeMbIx IprOOPOB UMEJT CIIEIYOIIre DAa30BbIe MapaMeTPhL:
ocuoBHas gacrora fo = 990 MI'n, yckopsioriee nanpsizxenune Uy = 50 kB, mostabrit
tok Iy = 170 A, awuciio siyueit N = 42, KoamdecTBO pesoHaropoB N, = 7, nuamerp



62 A.10. BAIKOB

Tpy©® Japeiiba dp = 14 MM, IPOTSZKEHHOCTH 3a30poB [, = 30 MM, XapaKTepucTHie-
CKHe COIPOTHUBJEeHUs pe30HaTopoB p = 30 Om.

B pesysnbrare onrtmmusaruyu, norpedosasireir 30 MakpoOIIaros, ITOJIYYeH KJIU-
crpon ¢ KIIJT okosio 90% (puc. 7).

Amnayms $Has30BbIX TPAEKTOPHIT CHOBA OTUYETIHBO MOKA3BIBAET HEJMHEHHO-BOJTHO-
BOIi XapakTep rpylupoBanus (puc. 8).

€

_r N
o b = H—————1— T
. = | | =

58 z*

Puc. 8. ®a30Bble TpaeKTOPUHU BTOPOIo onTUMasbHOro Kiaucrpona ¢ KITI 90%

Tpernit mpudop 110 napaMeTpaM rpyribl A cooTBeTCTBOBAJ TPEOOBAHUSIM, IIPE b-
sABageMbIM K ncrogankaM CBY-momuocTn 1j19 COBpEeMEHHBIX yCKOPUTE e IeMeH-
rapubix dactutl [20]. Ou umen ciepyromuye 6a30Bble TaPAMETPbI: OCHOBHASI 9aCTOTA
fo = 1000 MTI'n, yckopsioree manpsizkenne Uy = 180 kB, mosmbrit Tok Iy = 128 A,
qncio Jgydeir N, = 8, konmdecTtBo pe3oHatopoB N. = 6, nmamerp Tpyb mapeiida
d, = 20 MM, TIpoTsIZKeHHOCTH 3a30POB [, = 30 MM, XapaKTepPHCTHIECKIe CONPOTHB-
Jsternsi pe3oHaTopoB p = 20 Owm.

Ui
1.05 -

0.95 -
0.85
0.75
0.65
0.55
0.45
0.35
0.25

0.15
0.05

0.990  0.992 0.994 0.996 0.998 1.000 1.002 1.004 1.006 1.008 1.010 f/f,

Puc. 9. AYX Tperbero ontumanbHoro kianctpona ¢ KIT/I 89.5%

Onrumuzanusi npubopa morpeboBaia 27 MAKpPOIIATOB, B PE3yJbTaTe IMOJIydeH
makcumasbubit KIT/T 89.5% (puc. 9).

Bce BBIBOIBI O HEJTMHENHO-BOJIHOBOM XapaKTepe IPYIINPOBAHNS OCTAIOTCA B CHU-
se, npuaeM 3pdeKT KomebaHus MEHTPAIbHBIX YaCTHUIl U TOYTH MOHOTOHHOTO JIBU-
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Puc. 10. ®a30Bble TPaeKTOPUH TPETHEro onTumasbaoro kaucrpona ¢ KIT/T 89.5%

JKEHUs TepUOEPUIHBIX JacTHI] B JAHHOM CJIyYIae TMPOABIISIeTCs elme 6oree OTIeTINBO
(puc. 10).

Takum 06paszoM, Jijist BCeX TPeX PACCMOTPEHHBIX PA3JIMIHBIX OA30BBIX KOHCTPYK-
Ui ONTUMU3AINAS METOJIOM MAKpOIIAroB MpUBeJia K OJIMHAKOBOMY Pe3YyJIbTaTy: I10-
ayuaaercst npubop ¢ KITJT okoso 90%, npuyem obmias jjiMHa OKa3blBaeTCsl 3HAMH-
TEeJIbHO YBEJMYEHHON 110 CPaBHEHUIO C TPAJUIMOHHBIMU 3HAYEHUSIMU, & T'PYIIIAPO-
BaHMUe NMeeT BbIParKeHHBIN HeJIMHEMHO-BOJTHOBON XapaKTep.

8. BosmoxkHocTu 00001IeHNs MeTOAa ONITUMU3AINNI

Paccmorpennsiit MeTos1, ¢chopMyIMPOBaH JjIsi ONTUMHU3AIUN MOIIHBIX KJIUCTPOHOB,
MoesmpyeMbix mporpammoii KlypWin, T. e. jiyist BIloJiHe KOHKPETHOM aJrOpuTMude-
CKU 33JIAHHON T1e/IeBOM (DYHKITUN.

[IpoanamusupyeM BO3MOXKHOCTH OOODOIIMEHMS 9TOTO METOa Ha HEKOTOPLIH DoJtee
MMUPOKUI KJIACC TEIEBBIX (PYHKITHIA.

1t KOppeKTHOTO MPUMEHEHHST TPETOXKEHHOTO METOIA JTOPKHBI BBITTOTHIATECST
CJIEIYTOTIHE YCIOBU:

1) obmactb robanbHO onTummsanun G J0JKHA MPEJCTABISITE CO00H KOHEU-
HBII MHOTOMEPHBIIH MapaJjIesIenuIie]l B IPOCTPAHCTBE IapaMeTpPOB;

2) BeKTOpHasI 1es1eBast QYHKIWsI JJOJZKHA IPEJICTaBIsATHCs B Bujie (5), 9T0 Beerya
BO3MOXKHO, €CJIM TiejieBasi (DYHKIIUsI PeaJIM30BaHa B BUJIE KOMIIBIOTEPHOI IIporpam-
MbI, B PE3YJIbTATE KAZKJIOI0 pacuera IoJydaercs ojna ckaagpaag seaundnna (IKIID)
7 BBIIAETCSI WHQOPMAIAa O BBITOJHEHNN WM HEBBLITOJTHEHNN HEKOTOPOTO Habopa
YCJIOBUIA;

3) JM0JKHA OBITH M3BECTHA MCXOJHASI KOPPEKTHAST TOUKA B,

4) B nporpamMme, BEIUUCIISIONIEH T1e1eBY0 (DyHKINO, JTOJKHA OBITh PeajIn30BaHa
BO3MOXKHOCTb HAXOXKJIEHUsI IIPSAMOYTOJIBHON OKPECTHOCTHU G\(ngrk
9TO 3HAYUTE/IbHAS 9acTh 3TON 00JACTU ABJIAECTCA KOPPEKTHOIL;

5) moJKHA OBITh peajn30BaHa BO3MOXKHOCTD IKCIEPTHON OIEHKH HECKOJbKHUX
JIVIITAX TOYEK W BHIOOpA M3 HUX HAWIYUINEil MOCe BBIMOJTHEHNI KasKI0T0 MaKpO-
mrara.

Ecsin ycnosug 1)-5) BBIIOJIHEHDI, TO IPUMEHEHHE METOJa MAKDPOILIATOB JJIsl 110-
HCKa TJI06aIbHOTO 9KCTPEMYMa BO3MOYKHO.

rouku B rtaxoii,

9. 3akJjirouyeHue

Takum 0b6paz3oM, mocTaBIeHa 3a1a4a JI00AJIbHON ONTHMHI3AINN MOIITHBIX KJIUCTPO-
HOB, OCHOBaHHAs Ha IPEJICTABIECHNN MCXOTHON AJITOPUTMHUIECKHN 3aJ[aHHON IeJre-
poit dynkmum (AYX KaucTpoHa) B BHJE BEKTOPHOI JBYXKOMIIOHEHTHOH (hyHK-
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i (5) i cKaJsipHoit 1iesteoit dyrknun (6). Beemeno 06061meHHOe TOHSITHE KOP-
pexkrrocTu 'KII®, BKIIIOUaROIIEe aJITOPUTMUIECKYI0 KOPPEKTHOCTD, BBIUUC/IUTE b
HYIO KOPPEKTHOCTb U KOPPEKTHOCTD, CBSI3AHHYIO C JIOTIOJIHUTEIbHBIMU KOMIIOHEHTA~
vu tiesteBoit byukimu. [Ipoarnamn3npoBanbl 0COOEHHOCTH TAKOM TeIeBO (hyHKIINNT,
BKJIIOYAIOININE HETJIAIKOCTh U MHOTOIKCTPEMATBHOCTD.

[IpeyioxKeH MeTo 1 ONTUMU3AINNA TOCTPOEHHOM T1eJIeBOii (DYHKIINN, HA3BaHHBII
MEeTOJIOM MaKpOIIaroB U OCHOBAHHBIN Ha [10CJIEI0BATEILHOM IIPOBEJIEHUN CEPUIl OII-
TuMH3ANUH (MAKPOLIATOB) 110 HOCJIEI0BATEILHOCTH MHOTOMEPHBIX TAPAJLIIC/IeIIIIIe-
JIOB, IPUYIEM IIEHTPOM KaXKJIOT'O CJIELYIOIIETO MaPAJIICIEINIIE[a CTAHOBUTCS JIy 1At
TOYKa, BRIOpAHHAS IO PE3yJIbTaTaM BCEX IPEIbIIYINX MaKpOIaros. PesynbraTom
KazKJIOr0 MaKpOIlara CTAHOBATCS HECKOJIBKO JIYUIINX TOYEK, KOTOPbIE JI00aBJIsIOT-
Csl K paHee IOJIYYEHHBIM U aHAJM3UPYIOTCsI 9KCIepToM. JIJIsi BBITIOJHEHUs KayK 10~
o MakpoIllara IMocJIeI0BATEIbHO IIPUMEHSIOTCS B METOJa: METOJ] 30HIUPOBAHMS
U MeTOJI, Tepebopa ¢ MACIITaOMPOBAHUEM.

[Ipoanamu3upoBaHbl yCJIOBUST JTOCTUKEHIS MAKCUMAJIBHON PABHOMEPHOCTH MHO-
POMEPHOI'0 30HIUPOBAHMS W HMCCJIEIOBAHBI T€HEPATOPHI TOYKHM B €JIUHUYHOM Kybe,
OCHOBaHHBIE Ha IIPUMEHEHWH I10cjenoBarebHocTeit CoboJisl, TOCIe0BaTeIbHOCTEH
XoaTOHA N PABHOMEDHO PACIIPEIEJIEHHOM CTyJaiiHoil mocaenoBarenasaoctu. [locTpo-
€H I'eHepaTop BEKTOPHOM nocsenoBaresbuoctu (14), Bkiodaromeit 1o 13 omaomep-
HBIX TTocemoBaTenbrocTeit Cobost, 10 7 OMHOMEPHBIX TOCIeI0BaTeabHOCTe X0JT-
TOHA U HEOOXOIUMO€E KOJIMYECTBO KBA3UC/IyYalHbIX [10CJIEI0BATE/IbHOCTEN.

Cdopmymmuposan mMerTon nepebopa ¢ macmrabuposarnem (MIIM) st yory«mne-
HUsl TTOJIy9YEHHBIX B PE3yJIbTaTe 30HIUPOBAHUS TOUYEK W IMOKA3AHA €TI0 SKCIIOHEHIH-
AJIbHAS CXOJIUMOCTb.

Meroj1, onTuMHu3aIu BCTpoeH B KoMiuieke mnporpamy KlypWin u npumenen
JIJIST ONITUMUBAIMY KJIUCTPOHOB HA OCHOBE TPEX Pa3/IMYHBIX 6a30BBIX KOHCTPYKITHIA.
TTokazaHo, 9TO JIjIsi BCEX TPEX PacCMOTPEHHBIX 0A30BBIX KJIMCTPOHOB MAaKCHMAJIb-
meit KIT/T cocrasnster okomo 90%. I'pynmuposanue mpnm 3TOM MMeeT HEeJMHERHO-
BOJIHOBO#I XapakTep: IMeHTPAIbHBIE YACTHUIHI COBEPINAIOT KOJeOanms, a mepudepuii-
HBIE JIBUYKYTCsI IOYTU MOHOTOHHO.

IIpoananusupoBaHbl BO3MOXKHOCTH 00ODIIEHUs TIPEJIIOXKEHHOTO MeTo1a U chop-
MYJIMPOBaHBI YCJIOBUS I KJIACCA MEJIEBbIX (DYHKIHI, KOTOPble MOT'YT OBITH OITH-
MU3UPOBAHBI JAHHBIM METOIOM.
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Method of Macrosteps for Multiple Parameter Global Optimization
of Powerful Klystrons

A.Yu. Baikov

Abstract. The method of efficiency optimization of the powerful klystrons presented
by computer model is offered. The reduction of initial vector criterion function to two-
component or to a scalar form on the basis of concept of a correctness of a principal value is
used at a problem definition. The method of optimization is based on consecutive carrying
out cycles of optimization (macrosteps), each of which includes optimization by a sounding
method and a search method on a multidimensional parallelepiped. Method application for
optimization of three klystrons with various basic designs is considered. It is shown that
in all considered cases optimization allows to receive an optimum klystron with efficiency
about 90%. Possibilities of generalization of the offered method on wider class of tasks are
considered.

Keywords: global optimization, multiple parameter optimization, nonconvex program-
ming, goal vector function, efficiency, klystron.
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AJIropuT™M YmCI€HHOTO OOpaIIeHns
npeobpaszoBanns Jlamiaca B Kiacce 0000ITTeHHBIX
¢bysKIMii, o6pasyomux ajredpy co cBepTKOit

B. A. BEcTdK, I'. B. DEAJOTEHKOB

Awnunoramusi. [Ipejjoxkena MeToIKa MOy YeHUsI PEIIEHU HECTAIIMOHAPHBIX 33729 MeXa-
HUKU C UCIOJb30BAaHNEM YUCJIEHHOTO OOpAIeHNs HHTerpaJbHOro npeodpasoBanus Jlamma-
ca, METO/Ia MAaJIOr0 MapaMeTpa W CIENUATbHBIX KB3IPATYPHBIX (DOPMYJI /TSI BHIYUCICHUS
WHTErpaJioB TUIA CBEPTKH. JlaHHBINA MMOJXO0/ MPUMEHEH K PENIeHUI0 HOBBIX aKTyaJIbHBIX
HECTaIMOHAPHBIX 3a/1a9, BOSHUKAIOIIUX IIPU yUeTe CBI3HOCTH TOJIEH PA3JIMIHON TPUPOIBI
MIPH JIEKTPOMATHATOYIIPYTUX U MeXaHOANMPY3NOHHBIX ITPOIECCAX, & TAKXKE HeCTAI[HOHAD-
HBIX CBSI3AHHBIX 33/1a9 JIJIS TEJT U JIEMEHTOB KOHCTPYKITHiA, 0018 Jaf0MNX HEKTACCUIECKIMUI
CBOMCTBaMMU.

KiroueBble cjioBa: HecTaliOHADHBIE 33J1a49M, YHCJIEHHOE ObOpalleHue I1peodpa30BaHUs
Jlamraca, MeTo; MaIOrO IMapaMeTpa, KBaIpaTypHble (DOPMYIIBL.

1. BBenenune

IIpu cosmamnm mepCreKTUBHBIX KOHCTPYKIINN HOBON TEXHWKHM, B TOM YHCJIE aBUA-
[IMOHHBIX U PAKETHO-KOCMUIECKUX, YACTO BO3HUKAET HEOOXOIUMOCTD MCCJIEIOBAHISA
HeCcTallMOHAaPHOI'O U3MEHEHUsI NX IIapaMeTpPOB B IIpoliecce B3anMOJIeHCTBUS C BHEII-
HUMHU TI0JIIME U cpejamu. CoBpeMeHHOe pa3BuTHe B cepe paspaboTKu U IIPOEKTH-
POBaHUs HOBOU TEXHUKHN CTABUT HOBBIE 33J]a4l, CBSI3aHHBIE C BO3MOYKHOCTBIO a/JIeK-
BaTHOT'O OIMCAHUA U pacdeTa HeCTAIIMOHAPHBIX BOJTHOBBIX IIPOIIECCOB, IPOTEKAIONTNX
B 9JIEMEHTAaX KOHCTPYKITHl, 0018/ Ial0MIX YCIOKHEHHBIMIA CBOWCTBAMHI B OTBET HA
BO3JIEIICTBIE BHEIIHUX BO3MYIIEHWI PA3JIUIHON (PUBHIECKON TPUPOJIbI. DTH 3aa49n
OTHOCSATCS K OJHUM U3 HAubOJIee CJIOXKHBIX KAK IIPU ITOCTPOCHUN MATEMATUICCKUX
MoJiesieit, TaK W Tpu ToJydenuu perennit. [Ipu ux perennn 3adacTyio Tpedyer-
¢ pa3paboTKa HOBBIX OPUTHMHAJBHBIX METOJOB M IOJIXOJ0B. B wacTHOCTH, TOAXOM,
paccMaTpUBaeMblil B HACTOAIIEN paboTe, B TOH MM MHON CTEIIeHN MOJIENPYeT BO3-
JeficTBHUe NOJel pa3JInIHON IPUPOILI Ha KOPITYC KaK PAKeTHOI, TaK U aBUAIITOHHON
TEXHUKMU.

IIpu pertenun 337129 B cAMBIX PA3JTUIHBIX 00JIACTIX HAYKN BO3HUKAET HEOOXO M-
MOCTB B HCIIOJIb30BAHUU UHTEIPAJILHOIO mpeobpasosanus Jlamnaca. OcobeHHo Bazk-
HOe IIPUMEHEHNe OHO HAXOJUT B 3a/la4aX, CBA3AHHBIX C MCCJIeOBAHUEM IIPOIIECCOB,
U3MEHSIONIXCS BO BpeMenu. K Hambosiee CJIOKHBIM 1TPOOIEMAM OTHOCUTCS KJIACC
HecTallMOHAPHBIX 3a/1a4, B KOTOPBIX IIPOUCXOIUT NHTEHCUBHOE N3MeHEHNe ITapaMeT-
POB Iiporiecca ¢ TedenneM BpeMenu. [Ipu sTom 3adactyio nmpeobpazosanue Jlamaaca
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© Moscow University of Finance and Law MFUA, 2015
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110 BPEMEHHU SIBJISIeTCsI HanboJiee YJI00OHBIM MHCTPYMEHTOM JIJIsl TIOCTPOEHUsI aHa M-
TUYECKUX PEIeHNiT WIN [T0JIy YeHHs] YUC/IEHHO-aHAJIUTHIeCKUX pe3ysibTaToB. OCHOB-
HOI1 CJIO?KHOCTBIO IIPU UCIIOJIb30BAHNN HHTEIPAJIbHBIX ITPeobpa30BaHmil, B 4ACTHOCTH
WHTErpaJbLHOrO IpeobpaszoBanus Jlamiaca, sBJIseTCst TOCTPOEHNE OPUTHHAJIA, IO W3-
BECTHOMY u300pazkeHuio. [y 10cTaTovHO MUPOKOro HabOpa n300parKeHuit OPUTH-
HaJIbIl MOTYT OBITH HaiiJleHbl aHAJIUTUYECKU. [[JIs 9TOTO CyIIecTBYIOT Tab/IMIIbl MH-
TerpaJjbHBIX IIPeoOpPa30BaHUIl, COOTBETCTBYIOIINE TEOPEMbl TEOPUN OIEPAIINOHHOTIO
MCYUCJIEHNST W UCIIOJIb3YIOTCsI CBOMCTBA MHTEIPAJIbHBIX IIpeodOpazoBanuii. OHaKO He
DPEJIKH CJIyYan, KOT/Ia MOoJIydaeMble B IIPOIIECce Pelenus n300parkenust 00J1a1ai0T Ha-
CTOJIBKO CJIOYKHOM CTPYKTYPOii, 9T0 X OOpAIEHIEe ¢ TIPUMEHEHUEM aHAJTUTHICCKIX
METOJIOB CTAHOBUTCS HEPAIIMOHAILHOM 3a/a9eil, XOTs1, ObITh MOYKET, U TIPUHITAITHAb-
HO BO3MOXKHOM. BO3HUKAIOT TakkKe N300paykKeHusl, OPUIHHAJIBI KOTOPBIX ITOCTPOUTH
AHAJIUTUIECKU He MPEeJICTABJISIETCST BO3MOXKHBIM. B 9THX CjIydasiX MPUXOIUTCSI TPU-
GeraThb K MCIIOJIb30BAHUIO YNUCIEHHBIX METO/OB IIOCTPOEHUs] OPUTTHAJIOB.

OJIHIM 13 HAITPABJICHUN PA3BUTUS YUCICHHBIX METOJIOB 00PAIEHNs] HHTErPaTh-
HOro npeobpasoBanust Jlamaaca aBASETCS MOCTPOEHNE KBAIPATYPHBIX (hOPMYJT Bbi-
qucjieHust wHTerpaJjia MejinHa, BOCCTAHABIMBAIOIIEN0 OPUTHUHAJ 110 HW3BECTHOMY
M300parkKeHHIO: '

1 o+100
=5 [ Hoeds (1)
g—100
Bnech f(7) — mexombriit opurmaar, fL(s) — mzobpaskenne, s — mapaMeTp mpeo6pazo-
Banusg Jlamaca, 7 — pems. [pesmonaraercs, aro fL(s) — anamuruveckas bynkims
npu Re s > 0. Ilpu sTom ycimoBun o — j11060€ TOJIOKUTETHHOE TUCJIO.
ITosoxxkum s = o + iw. Torma

f(r) = cll /+°° o+ iw)e™™ dw

— 00

eoT +o0
= / [Re Yo+ iw) +iIm fE (o + iw)](cos(wT) + i sin(wT)) dw

— 00

oT +oo
S / [Re f*(0 + iw) cos(wr) — Im f¥ (o + iw) sin(wT)] dw

— 00

eoT +o0
+ Zz/ [Re fE (o +iw) sin(wr) + Im f2(o + iw) cos(wr)] dw. (2)

— 00

N3 dopmyssr mpsimoro mpeobpasoBanus Jlariaca Jierko yCTaHOBUTH CBOHCTBA
gernoctu yukimu Re fL(o + iw) n newernocrn dynxnmn Im fL (o + iw) mo nepe-
MeHHOI w. B camowm nere,

Lig) = - e *Tdr Lo +iw) = - e e T dr
o= [ fme i = oo = [0
= e 7 wT)dT — 1 T)e 7 sin(wT) dT
| e costwryar =i [ gr)esiner)
éRefL(JJriw):/ f(1)e™°" cos(wr) dT = Re fL (0 — iw),
0
Im fL (0 + iw) = —/ f(r)e T sin(wr) dr = —Im fX (0 — iw).
0

CueioBarenbHo, MHUMas 9acTh B (popmydie (2) ucdyezaer. [lpunumas Bo BHEMA-
HUe ycraHossennbie ceoiictBa Re fL (o + iw) u Im fL(o + iw), nepermamem dopny-
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ay (2) B cieayromem Bue:
eUT

f(r)=— /OOo [Re f¥ (0 + iw) cos(wr) — Im f" (o + iw) sin(wr)] dw. (3)

™

Kpowme Toro, f(7) =0 upu 7 < 0, 9T0 IPUBOJUT K PABEHCTBY

/OO [Re f" (0 + iw) cos(wT) + Im f" (0 + iw) sin(wT)] dw = 0, T >0,
0

NI 3KBUBAJICHTHOMY €MY

oT oo
(&

— [Re f5 (0 + iw) cos(wT) + Im f" (o + iw) sin(wr)] dw = 0, T>0. (4)
™ Jo

Ipubasasist paserctso (4) K (3) u BeranTas (4) u3 (3), IPUXOAUM K JIBYM BBIpayKe-
HUSIM JIJTsT OPATHHAJIA:

flr) = QC;:T /000 Re fL (0 + iw) cos(wT) dw, (5)
flr)=- 2i:T /000 Im fX(0 + iw) sin(wr) dw. (6)

Taxum obpazom, dopmyia (3), wim (5), wiu (6) HO3BOJLET BHIYUCIUTH OPUIHTHAI
f(7) o u3BecTHBIM JefiCTBATENBHON U MHUMON JacTsiM n3o0parkenusi. B nanbreii-
HIEeM JIJIsl BBIYUC/ICHNAST OPUTHHAJIOB OYJIeM HCII0Ib30BaTh dhopmyity (5).

IIpu perrenun akTyaabHBIX HECTAIIMOHAPHBIX 3a/a49 MEXaHUKH J1epOpMUPOBAH-
HOT'O TBEPJOTO TeJia C YIETOM CBSI3aHHOCTHU TOJIeH PA3IUIHON (PU3MIECKOit Tpupo-
Zbl [1], MeXaHUKHU TeJt ¢ y9eToM BHY TPeHHEH MUKpocTpyKTypbl (Mozens Koccepa) 2],
a TakzKe 3aja4 djieKTpoMarauToynpyroctu [3| u repmoyupyromuddysun [4] 3auac-
TYIO €IMHCTBEHHO BO3MOXKHBIM N3 M3BECTHBIX B HACTOAIAI MOMEHT AHAJINTHIECKIX
METO/IOB ITIOCTPOEHUS pPeIlleHnil ABJIsieTCsl MeTOJI, MaJIoro napaMeTpa.

ITpemmosnoxknm, aTo Tpebyercs onpeaeanTs pemenus u(r, ), E(r, 7) nBymepHoit
HECTAIMOHAPHON 3a/1a11 3JIEKTPOMArHATOYIPYTocTH [3], B KOTODPO# 7 — IpOCTpaH-
CTBeHHasl TepeMeHHast. [Ipu MCIIONIb30BAHUM METOJ/a MAJIOro MapaMeTpa MCKOMbBIC
PEIeHnsl PEICTABISIOTCS B BUJIE CTETIEHHBIX PSJIOB:

u(r, 1) = Z U (7, 7)™, E(r,7) = Z em(r,T)a™. (7)

=0 =0

XapakTepHOit 0CODEHHOCTBIO METO/Ia MAJIOTO ITAPAMETPa SIBJISIETCS TO, YTO PEIIeHne
UCXOTHOM 331491 CBOJIUTCS K PENTEHUI0 OECKOHETHON PEKYPPEHTHOI TOCIeI0BATE /b
HocTHu Gostee TIPOCTHIX 1o3aMad [2], [3] oTHOCHTENBbHO KOabbUIMEHTOB PsioB (7).

B paGore [3] mokazaHo, uro m3obpazkenns: mo Jlamacy koahbdunmenTos sTux
PSIJIOB UMEIOT BUJI

ué(r, s) = B(rys, rs)Dil(s)UOL(s), D(s) = B(r1s, s),
B(z,y) = Rio(x)Rio(—y)e?™" — Rio(—z)Rio(y)e” 7,

ers) = —peolr) Ui (), M0, 9)

1%@$:*/hﬁﬁéﬁ%@¢H@M%, ms 1. (10)
1
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31ecn
GH(r.&,s) = ~%,2 [GE(r,€,8)H(E — ) + GE(r, €, 8)H(r — €)],
(11)
B(rs,s)B £s) B(rs,r1s)B (s, £s)
H - BBNS)  gy  Prandnie)
rie

e e
Bi(z,y) = Rio(x)Re(—y)e’™" — Rio(—z)Ra(y)e™ 7,
2
Ra(2) = Rao(z) + Rio(2), Rio(z) = 2z +1, Ryo(z) = 2"+ 32+ 3.
Anams bynxumit G¥ n GE nokaspiBaer, 4To MHOTOYIEHBI B WX YHCIITENSX
7 3HAMEHATEJSIX UMEOT OJMHAKOBYIO CTEIeHb OTHOCHUTETBHO mapamerpa s. Coe-
JI0BaTEJIbHO, OPUTUHAJIBI 3TUX (DyHKIHi comepkaT 0000IeHHble (DYHKINN, & CAMA
opurunaJibl KoaddunuenTos psagos (7) coBmectro ¢ byukiueit G(r, &, 7) obpasyor

aarebpy co cseprkoil. s Bbyiesnennst 0600mennbx dynknuit u3 (11) npeasapu-
TesbHO TIpesicTassteM byukimn GF u GL B Buse panos no skeronenTam:

(r,s,&) = ZZGWW 7, 5, &)e " Tink(1E)s Jj=12, (12)

n=0 k=1
rie
anl(rv S, 5) = 7573R3 (T‘Sv 7§S)Y1n+1(75)yln+1(rls)a Rg(SC, y) = Rlo(x)R2 (y)v
anQ(Tv 5, 6) = SigRg(—TS, _53)5/1”+1(T18)§/1n(_8)a
Rlo(z)

Gjn3( s,§) = 573R3(7’5755)Y1n+1(*5)yln(7"15)’ Yi(z) = Rio(—2)’

(13)

Glna(r,5,6) = =5 Ry(—rs, &)Y (r15)Y" (=),
G2Ln1(7"a 8,§) = G1Ln4(_7°75a —£), 2n4(7“ 5,§) = anl(_r’ s, —&),
Tin1(r,§) =2(n+ 1)h — &+ 1, Tin2(r,&) =2(n+1)h+2—-¢ —,
Ting(r,&) =2nh — 24+ &+, Tina(r,€) = 2nh+ & —r,
Ton1 (1, &) = Tipa(—r, =£), Tona(r, &) = Tin1 (=1, —=§), h=r —1.

JaJtee, BBIYHUCIsIS TIPeIeIbI

hIIl G]nk( 55) = (71>k§2r5 k= 15 27 35 47

zanuceiBaeM GyHKImn G jnk( $,€) B BuJe CyMMBI Peryyisipubix G jmk( $,&) u cun-
I'YISPHBIX CJTATAEMBIX:

]nk( s,§) = ]Tnk( 5,6) + (1),
Glrnk(rvsvg) = Glnk(ra $,§) — (*1)]6527"7
G3n1 (1,5,6) = Glpna(=1,5,-€),  Gipna(r,5,€) = Glopi (-5, -€),
Gémk(rasaf) = Gfrnk(_ra s, —&), k=23

Toncranoska pasercts (14) B coorHomennst (11) IpUBOAUT K CIIeAYIOMEMY IPEJI-
CTaBJICHNUIO siyipa uHTerpasa B (10):

Gh(r,5,6) = Gy (r,5,) + G(r,s,€), (15)

(14)
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rJe

[Ggrl(rv 5, §)H(§ - T) + G£T2(T7 5, f)H(T - 5)]7

co 4
G 5,6) = =5 3 ST (e OO (€ =)+ O ()], g

sr_] 7" s € ZZG]Tnk TS 5) TTink () ) .7: 1a2
n=0 k=1
B upocrpancrse opurunaios anasoru pasercts (9) u (10) ¢ yaerom npeacrasiie-
uug (15) u coiicTB npeobpasoBanus Jlamiaca 3aUCBIBAIOTCA CJIELYIONIMM 00Pa30M
(3Be310UKA 0603HAYAET CBEPTKY 110 BPEMEHH):

em(r,7) = —peo(T) [um(r, T) — YU (r, 7) * 6777—], m >0, (17)
1
U (ryT) = =T (r,7) + algm(r, T), m > 1, (18)

rje

Lim(r,7) = / " Bo(6)G, (1, €,7) % em1 (£,7) dE,
1

Lo (r,7) = / ' Bo(€)gm1 (€. 7) d,

Im— 1 T, €a ZZ _T)em—l(E’T_Tlnk(rag))
e +H<r—oemfl(sn—m(r,&))].

—TxS

B mocnemueit dopmyse yureno, Wro opurunana (QyHKIUL €
O(1 — 7x), rue 0(7) — pesvra-byuxius Jupaka.

Opurunanst ug(r,7) n eo(r,T) npemraraercs crpoutsb 1o dbopmyaam (8) u (9)
¢ TOMOIIBIO MOAUMDUIMPOBAHHOIO AJIFOPUTMa YUCJICHHOIO OOPAINEHUs peodpaso-
Banug Jlamnaca, KOTopblil uzmaraerca gasee. Ilpu m > 1, npeaBapuTesbHO Ope-
Jleisisl ¢ IOMOITBIO yKa3aHHOTo ajiroputma opurunan G (r, &, s) mo dopmymam (14)
u (16), dyHKuun Uy, (7, 7) 1 €y, (7, 7) HAXOAUM, UCIIOIB3Ys YUCIEHHOE UHTEIPUPOBA-
Hue B paBeHcTBax (17) u (18).

umMeeT BUJL

2. YucJieHHbIll aJroputM obpallleHus MHTEerPaJIbHOTO
npeobpazoBanusi Jlamiaca

B crampgaprHbIX IporpaMmax UHCJIEHHOTO obpalieHus peobpa3oBanust Jlarmiaca
JUIST UHTEIPUPOBAHUS WCIIOJIB3YIOTCSI METO/bl TPAIENUil WM IPSMOYIOJbHUKOB,
UMEIOINe HEJOCTATOYHYIO CKOPOCTh CXOINMOCTU. BOCIOIb3yeMecst CpecTBaMU TITH-
POKO pacmpocTpaneHHOro makera Maple, oTamyaromnerocs OT CTAHIAPTHBIX IIPO-
rpamM. Takoil MMOIXOJT MPE/ICTABIISETCS PAIMOHAJIBHBIM B CMBICIE TOTO, 9TO ITU
AJICOPUTMbBI UMEIOT IPOIEyPhl aHAJN3a HOABIHTEIPAJIBHON (DYHKIMU U B 3aBUCH-
MOCTH OT CUTYallUU BBIOUPAIOT HAaUOOJIee MOAXOSIIINI METOJ C yIETOM KOHTPOJIS
pa3Mepa Trara, CUILHOW OCIUJLIAINAN, HAJIMIns ocobennocteit u jap. [Ipm sTtom dop-
mysa (5) 3amensercs HpUOIMZKEHHBIM AHAJIOTOM

Q
f(r) ~ %e‘”/o Re[fL (0 + iw)] cos(wT) dw, (19)

riae Q- JIOCTATOYIHO 0OJIBIIIOE TTOJIOYKUTETHHOE YNCJIO.
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Culeryer OTMETUTh, 9TO TOYHOCTH BCEX 0€3 UCKJIIOUEHHs aJI'OPUTMOB YUCICHHO-
ro obparieHns, OCHOBAHHBIX Ha IIPUOJIMZKEHHOM BbIuncIeHnn narerpasa (19), cye-
CTBEHHO 3aBHCUT OT 3HAYEHNUs [apaMeTpa o. EJMHbIX peKOMeHIaluii 110 ero Beioopy
He CyIIEeCTBYET, TAK KaK YUCJICHHOe obpareHune mpeobpasoBanus Jlanaaca aBiasgercs
HEKOPPEKTHOMH 3ajaqeil. [losToMy Ha MpakTUKe TPeABAPUTENHHO MTPOBOIUTCS TIOJI-
60Op 3HAYEHUS ITapaMeTpa o, KOTOPOe 00ECIHEYMBAET CXOJAUMOCTH II0 YUCIY IMAroB
pasbueHnst TPOMeKyTKa MHTEIPUPOBAHU U 110 3HAYEHUIO ().

Ipu ncnoap30BaHNM BCTPOEHHBIX aJropuTMoB Maple npejjiaraercst CBOIUTE 3Ty
poneypy K AByM dtanam. [IepBelii 13 HUX COCTONUT B TTIOIO0PE TAKOTO 3HAMEHUS T1a-
paMeTpa o, Ipu KOTOPOM C yBeJmdIenneM § B Ba pa3a OTHOCUTEIbHAS TOTPENTHOCTh
PEe3YIILTATOB, oJIyUeHHBIX 110 (opmysie (19), cocrasisier menee 5%, uro obecriedn-
BaeT CXOJMMOCTD aJaropuTMa. Kpome TOro, pesysbTaThl TOJKHBI H3MEHATHCS MaJIo
IIPY MaJIOM M3MEHEHHHU [apaMeTpa o, YTO 00eCIIeYuT HPaKTHICCKYI0 yCTOHINBOCTE
ajaropurma 1o JIsmynosy. IlosToMy Ha BTOPOM 3Talle IIPOBOJUTCS IIPOBEPKa, yCTOM-
YUBOCTH TI0 3TOMY TPAKTHIECKOMY Kpurepuio. [losydennnie 3nadenus o u ) mpo-
BEPSTOTCS HA TECTOBBIX MPUMEPAX IUCIEHHOTO OOPAIEHNsT N300paykennii by HKImit,
OPUTHHAJIBI KOTOPBIX U3BECTHBI.

Kax Gyger nokasaHo jajee, aJrOPUTM BBIUUCJIEHHs OPUIMHAJIOB OPraHU30BaH
TaKuM 00pa3oM, 9TOOLI IPU BLIYUCJICHUN MHTEIPAJIOB TUIIA CBEPTKH MOABUIACH BO3-
MOKHOCTH BOCTIOJIB30BATHCS TTPOTPECCUBHBIMU CPEJICTBAME PAOOTHI ¢ BEKTOPAMH U
Marpunamu. [Ipm 3ToM omepanyus MHTErpupoOBaHNs 10 CYIIECTBY MEPEXOIUT B OIe-
PAIUIO CKAJISIPHOTO YMHOKEHHS.

B ocnoBe pemenust 3agaun aexar Gopmysbt (17) u (18). Anropurm pernenust
38191 COCTOUT M3 CJICYIONUX IIaroB.

1. Yucnennoe oramciienne spadennii sapa G (r, §, 7). Opranusyem Maccus Gy =
Gr(14,&, 74) cremytomum obpasom. OmpegessieM MHOXKeCTBA 3HATEHUIT TePEeMEIHBIX
r.é,m Ay = {rirel,m]}, A = {{:¢e(l,m]}, Ay = {r:7€[0,T)}, tme T —
KOHEYHBI MOMEHT BPEMEHH. 3aT€M CTPOUM KOHEIHBIE AHAJIOTM BBEJIECHHBIX OECKO-
HEeYHBIX MHOYKeCTB. [J1st 9Toro (puKcupyeM JBa HATYypPadbHBIX YHCIA Ny, N, | IIPe]-
CTaBJIAEM Kaxkj10e u3 MHOXKeCTB A,, A¢ B Buje n, — 1 HelepeceKalomuxcsl OTPE3KOB
paBHOI JyMHEL, & A, — B Bujie n, — 1 HemepeceKaommuxest OTPE3KOB PABHOM JIJTUHBI.
B pesyabrare mosydaeM n, TOUeK KasKIOTO U3 MHOXKeCTB A,, A¢ I N, TOUIEK MHO-
KecTBa A, (PpaHuI] OTPE3KOB). DTU MHOKECTBA IPUHUMAEM 338 KOHEUHBIE AHAJIOIH
muOKeCTB A,, A¢, A; u ocTaBiiseM 3a HUME T€ K¢ 0003HAUECHHUS.

Ha mux onpenemam smaudenus sapa (mMaccuB G = (Gig)n, xnexn,» M = Ne).
Crpykrypa Mmaccua G mpejcrapiser coboil IpsMOyrojbHyo Marpuiy M =
(Mig)n, xn, , KaXKIDLI 9J€MEHT KOTOPOi sBisgercs BeKTopoM Mg = {Gr(14,&1,74):
1=1,2,...,n¢} snadennit aapa G, (r;,§, ;) Ha Muoxectse A¢. Jasee 3agaenm marn
H3MEHEHUH IPOCTPANCTBEHHBIX U BpeMeHHGH IepeMeHHbX §, = 0z = (r1 — 1)/n,,
d; = T/n,; m AUCKPETHDbIE 3HAYEHNUST IEPEMEHHBIX

ri=14(i—1)d, & =ro+ (I —1)d, 74 = (¢ —1)d-,
iWwil=1,2,...,n.+1, q=1,2,...,n, + 1.

2. Berancsenne uo(r, ) u eg(r, 7). Ucnons3yst dopmyast (8), (9) st n3obparxke-
HUIl U ONMCAHHBI BBIIIE aJrOPUTM, GOPMUPYEM JIBE IPSAMOYTOIbHbIE MATPUIIbL

uo = (Wig)n,xn.> €0 = (€0ig)n,xn,s  Uoig = uo(Ti, Tq), eoiqg = €o(Ti, Tg)-

3. Boruncienne nnrerpana I, B (18). Bo Bropom ciaaracmom B (18) crauasa
dbopmupyem sektop Eg = (Eoi)nex1, P = Eo(§). Kak cieayer u3 sbiparkenus
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ISt gm—1 (7, &, T), KOTOPOE TIEPEICHIBAEM B BHJIE

gm—l(r’ & T) = Z Z (_1)k [H(E - T)H(T — Tink (7“, E))em—l(E’ T = Tlnk(ra 5))

n=0 k=1
+ H(T - £)H(T - Tan(ra 5))em—1(€’ T = Tan(ra 5))]’ (20)

HAM TIOHAI00ITCsT 3HAUEHUsT PYHKIWN €, —1(§, T) B JIICKPETHBIX TOYKAX, CJIBUHYTHIX
BO BPEMEHU HA BEJIUIUHBL T1nk (T, £) Wn Topk (1, ).

Kpowme Toro, st obecniedennst ObICTPOrO CUeTa JKeJIaTeTbHO 00/1a1aTh HabopaMu
BHAUEHHHA €,—1[E, T — Tjnk(r, €)], j = 1,2, OpraHn30BaHIBIMI B BUIE BEKTOPOB TOI
ke pasmepHocTH, uro u Eg. [ljs sroro nmocrynum ciemayromum obpazom. CHadasa
COTJIACHO CTPYKType ciaaraeMbix B (20) 9T0 BeIpazkeHne OyJIeT CONEPKATH JIUIIb KO-
HEYHOe YHUCJI0 CIaraeMbIX Ipu Joobix r, &, 7. [losTomy nepenumenm (20) ciemyronmm
obpazom:

4 Nyg
gm—l(ra £a T) = Z Z(_l)k [H(£ - r)em—l(ga T — Tink (T, 5))]
k=1 n=0
+ZZ(71)]€ [H(T7§)em71(§a7—77_2nk(7’a§))]' (21)
k=1n=0

Bennmuunbr N]k OIIpeIeJIAI0TCA 3/IeCh U3 pelIeHsA HepaBEHCTB

sup (T — Tjnk f)) >0
r,¢€(l,r1], 7€[0,T]

ornocureabuo n. Hanpumep, muist N1 ¢ yaerom (13) mosydaem HepaBeHCTBO

sup (7'771”1(7’,5)) = sup (T* 2(n+ 1)h+§fr) =T —2nh—h >0,
rE€[L,r1] rE€[L,r1]
T€[0,T] T€[0,T]
13 KOTOporo BeiBojmM paseHctBo N1y = [(T' — h)/(2h)]. Baech n nanee dyHkiws [x]
O3HAYAET MEJIYI0 YaCTh INCIIA .
Ananornano naxozxsares ocraupuble ducia N

T—-2 T+ 2
el e[

2h 2h
T+ h T—h
Nop = N1y = [—2h ], Noy = N1 = [—Qh }

Janee dbopmupyeM BoceMb BCIOMOIaTeJLHLIX TpexMepHbIX MaccuBoB Tjy, j =
1,2, k=1,4, - npsaMoOyroabHLIX (1, X Nji)-MATPHII, 9T€MEHTHI KOTOPLIX SIBJITIOTCS
BEKTOPaMIU 3HAUEHHI BEJUTIUH Tjn (75, §) Ha MHOXKecTBe Ag:

Tjk = (Tin>nT><Njk; Tin = {Tjnk(ri7§l>: l= 17 25 BEREN73 + 1}
Hcnonbsyst 91 MaccuBbl, GOPMUPYEM BOCEMb TPEXMEPHBIX MACCHBOB PA3MEPHOCTH
Ny X Nji X N, KaxXKIbli 9JIEMEHT KOTODBIX $BJISIETCS BEKTOPOM HHIEKCOB 1jnk =

1 .
(451 Jne x1 PASMEPHOCTH Ng:

N . [Tjnk(rz‘@z)} . . [‘l’m

7 =1 Lipg =1— i={iln. 1.
57_ J 6T:|7 {}g

jnk —
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ITo marpurie €,,—1 = (€m—1,ig)n. xnrs Em—1,ig = eml_l(ri, Tq)s IS KazK 101 TPOii-

Ku 3HadeHuil (r;,n,7,) GOPMUPYEM BEKTODP &€j,5 = (ejkn)ngxl, 9JIEMEHTBI KOTOPO-
1

TO SABJISAIOTCA 3JIEMEHTAMH MATPHIBI €n,—1 ¢ ugexcamu (1,i5,,). Ilpn stom ecim

ié’nk <0, 1o é, =0.3arem popMEpPYEM BEKTOD

jkn
4 le 4 N2k
&= (next, = Y (“DFH(G —ri)ély, + DD (D) H(ri — &)éhy,.
k=1n=0 k=1n=0

OxoHnvaTe bHO 11 TPUOIMKEHHOTO BEIYNCICHTT HHTerpasia, Io,, NCIOIb3YEeM METO.T
IPSIMOYTOILHUKOB: o, (13, T4) = 0¢(Eo, &).

4. Borancsienne uarerpada I, B (18). Ilo ykasanHOil Bblille MATPUILIE €,,—1 DOP-
MUPYEM MaTPUILY €,,_1 = (ém_l,iq)nrx,h, €m—1,ig = €m—1,i,n, —q, KOTOPas IOJIyTa-
€TCsl U3 MATPHUIIBI €, _1 ILyTEM [IEPECTAHOBKY CTOJIOIOB: II€PBbIii CTOJIOEI] CTAHOBUTCS
MTOCTIETHAM, BTOPOIT — MPEAIOCTSTHAM U T. . 3aTeM I KaxKI0#W TMaphbl 3HadeHUit
(ri,7q) dopmupyem nse marpuipt My = (Mj))ncxq, €m—1 = (€m—1,,p)nexqs L€
Mfl COCTABJIEHA U3 IIEPBBIX ¢ JIEMEHTOB (BEKTOPOB) CTPOKHU ¢ HOMEPOM i MATPHU-
net M, a é,,_1 oOpa3oBana u3 MOCIEJIHUX ¢ CTOJOIOB MATPHUIILI €,,_1 C TOCJIEIy-
FOIIUM TPAHCIIOHUPOBaHUEM. B pesysibrare Jijisi CBEPTOK 10 BPEMEHU HUCIIOJIb3YeTCs
METOJI IIPSIMOYTOJIbHUKOB:

I, = / ' Gr(r, & t)em_1(&, 7 — t) dt ~ 6 diag(M}, &m_1),
0

rae diag(A) — BeKTOp pasMePHOCTBIO N¢ X 1, COCTABJICHHDIN U3 UATOHAIBHLIX JJIe-
MEHTOB MaTpPHUITHI A.
OKoHYATeIbHO IPUXOAUM K CIIEAYIOMEMY PABEHCTBY: 1., (i, T4) ~ 0¢(Eo, Iis).
5. PopMHpOBaHHe MATPHI] €y, U Uyy,. Ilocie Bhrmctenns nHTerpasioB Iy, (1;, 7q),
Iop (i, 7¢) Ha MHOKeCTBE A, X A, ¢ momopio dopmyist (18) dopmupyeM mMarpuiry
(W), xn.. - C9TOI 1EIBIO CHAYATIA CTPOUM BEKTOD Py = (Pe0.i)n, x1s Pe0,i = Pe0(T7)-

st BBI;{I/ICJIQHI/ISI ceeprku B (17) opranusyeM BEKTOD €y = (€yp)gx1, €yp =
—~e~ (4P g \eTOMOM IPSMOYTOMBHIKOB IPH KAXKIOM 3HAYCHNN Tq IHUCTIEHHO
HaXOJIMM CBEPTKY JJIs BCeX 3HadeHuit 1, ¢ = 1,2,...,n, + 1:

YU (T, 7g) ¥ €777 X 6 (U, €4).

ITpoxons Bee 3HAYEHUA T,, POPMHEPYEM MACCUB (USy,)n, xn,, ANIPOKCAMUDYIO-
it GYyHKIUIO — Yy, (v, 7) x €77 Ha MHOXKecTBe A, X A, .

Barem bopMuUpyeM MATPHILY €, ciemyonmM odopazom. Kaxkias ee cTpoka sABJIs-
eTcs IPOU3BEICHAEM CTPOKH MATPHIBI Uy, + USy, Ha 3JIEMEHT BEKTOPa P, B3ATHII
¢ 0OpATHBIM 3HAKOM U HOMEPOM, PABHBIM HOMEDPY CTPOKH.

3. IIpumepsr pacuyeToB

Amnasornuno [3| paceMoTpuM amoMuHEeBY0 ¢pepy ¢ BHYTPEHHUM DAIUycoM ro = 1 M
U BHEIIHUM pajauycoM 71 = 2 M 1upu E, = 1 B/M, 94T0 COOTBETCTBYET CJIEIYIONIUM
6e3pasmepHbiM apamerpam: o = 0.5, v = 0.566.

Hawanbabie XapaKTepUCTUKN 3JIEKTPOMATHUTHOTO TIOJIsT M BO3MYIIIEHNE Ha BHYT-
peHHell MOBEPXHOCTHU MPUHUMAIOTCS CJIE/TYIONTIMU:

2

peO(T) - W; EO = \/;7 UO(T) = H(T>a
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9TO COOTBETCTBYET M300PAXKEHUIO UOL (s) = s~!. T'pannna T BpeMeHHOr0 HHTEPBA-
Jla, IPUHUMAJIACH PaBHOH maTn. Ymc/o maros mo mpoCTPAHCTBEHHON TepeMeHHO
1 10 BpEMEHH BBIOMPAJIOCh COOTBETCTBEHHO N, = n¢ = 25 u n, = 50. B pacyerax
YUUTBIBAJIUCH II€PBBIE [ATh YWIEHOB PAIOB (7). Yder MIecToro wieHa IPUBOJUT K
OTHOCHATETHHOU MOTPENTHOCTH, He MPEBBIMIAIONIE OTHOTO TPOIIEHTa, [T0 CPABHEHUIO
C TIPEJICTABJICHHBIMY PE3YIHLTATAMU.

2
7T=138
T|=1.3
1
0
1.8 // \l
/T:): \\ 1
T =
2 —
0 B =05
1 1.5 T 1 1.5 r
Puc. 1. Pacmpenesnenne uepemerreHuit Puc. 2. Pacnpenenenne HanpsizKeHHOCTH
B Pa3JIMYHbIE MOMEHTHI BPEMEHH JIEKTPUIECKOTO TOJI B PA3JIUIHBIE MO-

MEHTBI BpeMeH!

Ha puc. 1, 2 npeacrapiieHbl pacipejieseHnsl IepeMeIeHnil 1 HalpsaKeHHOCTH
JIEKTPUYIECKOTO TOJIsI IO KOOP/JUHATE 7 B PA3JIMIHbIE MOMEHTHI BPEMEHU.

u

E
2
3
1
0
0
0 1.5 T 0 1.5 T
Puc. 3. 3aBucumocTb mepemMenieHuii or Puc. 4. 3asucumoctb HAIPSKEHHOCTH
BPEMEHU B Pa3/IMYHBIX TOYKAX BPEMEHU JIEKTPUYECKOI'0 II0JIsI OT BPEMEHU B pa3-

JIMYHBIX TOYKaX

Ha puc. 3, 4 npeicraBiieHbl 3aBUCUMOCTHY TIEPEMEIIEHUN U HATIPSZKEHHOCTH JI€K-
TPUYECKOTO TOJIg OT BPEMEHU B TOYKAX C Pa3audIHbIMU KoopamHartamu 1. Crror-
Hble KPUBBIE COOTBETCTBYIOT © = 1.2, MTPUXOBBIe — 1 = 1.5, MTPUXITYHKTUPHBIE —
r=18.
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Algorithm for the Numerical Laplace Transform Inversion in the Class
of Generalized Functions Forming an Algebra with Convolution

V. A. VEsTYaK, G.V. FEDOTENKOV

Abstract. The technique of obtaining solutions of non-stationary problems of mechanics
using numerical Laplace transform invertion, a method of small parameter and special
quadrature formulas for the calculation of integrals like a convolution integral is discussed.
The offered approach is applicable to the solution of the new actual non-stationary tasks
arising at the accounting of connectivity of fields of various nature at electromagnetoelastic,
mechanodiffusive processes, non-stationary connected tasks for bodies and elements of the
designs with nonclassical properties.

Keywords: non-stationary problems, numerical inversion of Laplace transform, small
parameter method, quadrature formulas.
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Elasticity Theory of Thin Plates and Active
Optics. Solutions for Generating Toroid Surfaces
with Vase Forms

GERARD R. LEMAITRE

Abstract. The elasticity theory of thin plates is applied to appropriate mirror thickness
distributions and external load configurations for generating optical aberration mode cor-
rections. From the analysis and an experiment, it has been shown that the formulation of
the net shearing force of this theory, as found in the classical literature, must be corrected as
presented in this paper. The new formulation was validated and applied to meniscus form
and vase form mirrors generating the correction of third-order astigmatism. Geometrical
designs based on vase form thickness distributions also allow obtaining diffraction-limited
deformations with a reduced set of four perimeter forces only. These active optics con-
figurations, which show two concentric zones of constant thickness, are useful solutions
to generate astigmatism corrections by a saddle-like flexure on flat or spherical surfaces —
with glass or metal substrates — providing hyperbolic-paraboloid or toroid shapes respec-
tively.

Keywords: elasticity theory, active optics, toroid surfaces, aspheric mirrors, optical ab-
errations.

MSC2010: 74-02, 74A99, 74B05, 7T8A05, 85-02

1. Introduction: elasticity and optics

Elasticity analyses and optical designs of mirrors for astronomy allow the optim-
ization of substrate geometry with appropriate boundary conditions for obtaining
an optical surface either by stress polishing or by in-situ stressing. For materials
having a linear stress-strain relationship, such as glass and some metal alloys, these
methods provide accurate optical deformation modes which fully satisfy diffraction-
limited criteria. The highly accurate and remarkably smooth surfaces obtained from
active optics methods allow to built new optical systems that use highly aspheric
and non-axisymmetric (sometime called freeform) surfaces. The elasticity theory
of thin plates is extremely useful for the research and optimization of obtaining as-
pheric surfaces with constant thickness distribution (CTD), this is mainly because
CTD is the only way for superposing many optical modes.

The text submitted by the author in English.

© Mockosckuit unancoBo-fopuanaecknii yansepcurer MO®IOA, 2015
© Moscow University of Finance and Law MFUA, 2015



78 GERARD R. LEMAITRE

Optimal elasticity configurations can be found by particular flexure of optical
modes such as the curvature mode Cvl, represented in cylindrical coordinates by
z = Asgr?, or the three 3"d-order aberration modes: spherical aberration, coma and
astigmatism — Sphe 3, Coma 3, Astm 3 — represented by z oc %, 73 cos 6, r2 cos(26),
respectively, or some optical mode of the general form

Zn.m = Apm1™ cos(mb), (1)

where n and m are integers such that m < n, n + m is even, and n +m > 2.
For n +m > 4, the aberration order of an optical mode is usually defined by
the value n +m — 1. The two first-order modes Tilt 1 and Cv 1 form the Gaussian
terms of optics, or the dioptrics modes. The set of all z,, ,,, optical modes belongs
to a triangle matrix called the Seidel modes.

Applying a non-uniform load over all the surface of a plate is difficult, so for
practical reasons we restrict here to cases of circular plates where only an external
uniform load (¢ = const), or nothing (¢ = 0) are applied all over the clear op-
tical aperture of a circular mirror. Generating by flexure a non-axisymmetric mode
leads to applying force distributions along the mirror contour — modulated in mé
azimuthal angle — in order to provide the requested shearing forces and bending
moments at the contour boundaries. Axisymmetric and non-axisymmetric flexural
modes of a circular plate where first derived by Poisson and Clebsch respectively.
These results are reduced to solve the bi-laplacian equation V2V?2z — q/D = 0,
where D is a constant (called rigidity) related to the plate thickness t by D o t3.
The flexural modes which are solutions of this equation are called Clebsch modes.

Investigations carried out with variable thickness distribution (VTID) circular
plates [1] for obtaining Seidel modes generally lead to configurations which do not
allow the superposition of the modes, or coadding modes, except for Cv 1 and Astm 1
which both have the same cycloid-like VID. In order to achieve a high degree of
aberration correction, the main goal of optics is to fully benefit from the coad-
dition capability of elastic modes, then to obtain aspheric optical mirrors which
could provide the best imaging quality. Compared to VIDs, the reason of coaddi-
tion capability leads us to investigate hereafter only the case of constant thickness
distributions (CTD).

Research of configurations where the flexural Clebsch modes have the same form
as optical Seidel modes is investigated for two configuration classes: single thickness
plates and double concentric zone plates, with one or two constant zonal thicknesses,
i.e., mirror plates belonging to CTDs. For mirrors having a moderate optical power,
these configurations are called meniscus forms and vase forms respectively.

2. Elasticity theory of thin plates with constant thickness distribu-
tions (CTDs)

Because of differences in the homogeneity of sign conventions found in books and lit-
erature on thin plate deformations, it seems useful to reformulate hereafter the clas-
sic theory of thin plates.
For further simplification in the notations, let’s denote the rigidity D of a plate
as related to its thickness t by
Et3

D=nu—ny @
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where the Young’s modulus E and Poisson’s ratio v are constants depending on
the material.

In the case of plates with a variable thickness distribution (VTD) the rigidity D
is not a constant. Theoretical investigations of axisymmetric thickness plates — i.e.,
rigidity of the form D(r) — lead to obtain flexural modes satisfying the Seidel modes
with very simple boundary conditions [1], [2]. Nevertheless, due to the extreme
difficulty to realize the superposition of these flexural mode, we restrict to the case
of constant thickness distributions (CTD), i.e., D is a constant.

Considering CTD plates and a cylindrical coordinate system, the radial and
tangential bending moments and the twisting moment, per unit length, can be
defined by

0%z 10z 1 0%z
10z 1 0%z 0%z
My D{FE 2 902 a_] (32)
10z 1 0%z
Mo = M = (=)D 558 = L5 . .

where a positive flexure entails a positive radial bending moment M, applied at

r = a for generating the fundamental Cv1 mode 200 = Aaor® (curvature mode).

For z,,,,, modes with m = n, we may also verify that M, is positive in the z, z section,

y = 6 = 0. This sign convention is natural and in agreement with the generally used

optics convention a curved surface zoq is of positive curvature if Y1, za0(r) > 220(0).
Since the Laplacian is

9%z 10z 1 9%z

2
s, 2=, 2= 4
vz 8T2+r87’+r2892’ )
the bending moments satisfy
M, + My = (1 +v)D(r,0)V?2. (5)

The determination of radial and tangential shearing forces, @, and @Q; respect-
ively, as functions of the flexural moments, is derived from the equilibrium of a seg-
ment element rdf dr around the tangential axis O7’ parallel to wr and around
the radial axis Ow respectively (Fig. 1).

For the radial shearing force ), the resulting components around O7’ are

aMrt

0
QTrder—i—a—(er)der—Mthdr— dfdr =0,

r
where the third term is the sum of two components tilted of +df/2 from the radial
axis Ow. After simplification and use of equations (3), the radial shearing force is
represented by

Qr%l<Mth

50 )= Par (V22). (6)

or

OM,; o
or r

The tangential shearing force Q; is derived from the moments around Ow. The

resulting components are

OM d
aet df dr — My df dr — = (rMyy) df dr =0,

Q¢rdfdr+
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aM’V‘t
06

{Mn + dO} dr

[TQ,. + % (r@Qr) dr} do

Fig. 1. Bending moments, twisting moment and shearing force providing the equilibrium
of plate element r df dr

and after simplification and use of equations (3) the tangential shearing force is
1 [(OM; OM 10 ,_,
S — —2M, =-D-— (V*2). 7
@ r(@@ t)+ ar rag (V) @
The net shearing force V., first derived by Kirchhoff [3], [4], takes into account

the variation of the twisting moment M,;. Accordingly to the sign convention for
the three flexural moments, the net shearing force |5] is*

B 1 M,
Vr - Qr - r 69 . (8)

The force V., which represents the axial resultant acting at a plate radius r, is
useful to define a boundary condition (known as Kirchhoff’s condition) at the edge:

IThe present positive sign convention for the bending moments M, and M; — cf. in detail below
equations (3) — provides a logical representation of the flexure. It was used independently by
Lubliner and Nelson [6] without comments. However, a negative sign convention has been used by
other authors. As shown here in Fig. 1, the variation of the bending moment M, along the radial
direction entails that a positive curvature mode z20 is generated by a positive bending moment
M, for increasing values of radius r.

There is an error in Theory of Plates and Shells by Timoshenko and Woinowsky-Krieger |7,
at Eq. (j), p. 284]: their convention uses a negative sign in the definition of the three moments
M., My and My, while the sign of their shearing forces @, and Q: with respect to the Laplacian
term is as in above equations (6) and (7). Hence the correctly associated representation of the net
shearing force should be V. = Qr + OM,¢/(r Or), with their notation.

Several other authors use negative sign convention from [7] or the present positive sign convention
in defining the two bending moments, but the torsion moment M, appears with an opposite sign
whatever convention used. In order to respect the equilibrium equations of statics, the sign before
M, is also changed in those equations, so the Poisson biharmonic equation is satisfied. However,
there is an error in the sign before OM;¢/(r Or). A similar error in the definition of V;. seems also
to appear in the article by E. Reissner [§].
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|:Qt ] de} dr

Fig. 2. External uniform load ¢ applied to a plate element and shearing forces providing
the equilibrium of a plate element in z-direction

if a plate has a free edge, then V. = 0 at its contour. Since D is a constant, after
substitution of @, and M,;, we obtain

Y 10 (10%
”DE(VZ)+(1”)D7«@T<T@92> (9)

The external uniform load ¢, applied per unit area onto the surface of the ele-
mentary segment, is in static equilibrium with the shearing forces (Fig. 2). After
dividing the terms of the equilibrium equation by element area r df dr we have

i { (rQr) + 8%} +¢=0. (10)

This partial derivative equation linking the shearing forces to a uniform load ¢ is
a general relation applying either to variable thickness plates (VID) or constant
thickness plates (CTD). Restricting to the case of constant thickness plates for
reasons of coaddition mode capability (see Section 1), i.e., D is a constant, we
obtain from equations (6) and (7)

22 q Et?
AV V4 Z(T, 9) — 5 = 0, D = m = COHSt7 (11)

which is the fundamental biharmonic equation of thin plate theory of circular
plate [7], [8], also called Poisson’s equation of elasticity.

Case 1. Null uniform load: ¢ = 0. The general solutions of equation (11) are of
the form

Z = Rpo + Z Ry cos(mb) Z R}, sin(mb), (12)
m=1
where R0, Rn1,...,Rl,... are function of the radial distance only. For simpli-

fication, we restrict this study to deformation terms with cosine azimuth only, as
proposed by equation (1), for obtaining optical modes z, ,, (also denoted zpp,).

Then we consider hereafter only terms where R/, vanish:

Rl .(r)=0.
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Quantities Ry, (r) are solutions of

( & 1d m2) (dQan 1dRpm m?

SRR — " Rum ) =0. 13
dr?2  rdr r? dr? r dr r2 ) (13)

For m = 0,m = 1 and m > 1, the functions R, of the general solutions (called
Clebsch’s polynomials [10]) have the following forms:

Rpo = Bpo + CnoInT + Dypor? + Enor? Inr, (144)
Rn1 = Bpir + Cpyir ™t + Dyr® + Epyrln, (142)
Rom = Bum?™ 4 Conr ™™ + Dyur™ 2 4 B ™™ 12, (143)

Case 2. Uniform load: ¢ = const. The general solution of the biharmonic equa-

tion (11) is unique and axisymmetric, i.e., Ry, = 0 for m # 0. It is then parented

to equation (141) but includes a fifth term in r?:

q

o = 51D

r* + Byo + Cholnr + Dyor? + Enor? Inr. (144)

NB The logarithm terms in equations (141) and (144), CpoInr and E,or? Inr, apply
to holed plates, whilst the E,or% In term alone relates to a concentrated load acting
at the center of the circular plate.

3. Solution families generating seidel optical modes

One usually characterizes the optical power of a mirror of curvature 1/R and clear
aperture d by its aperture-ratio f/d = R/(2d). For mirrors with relatively low
f-ratios, say, f/5 (ie., f/d =5), f/4, up to f/3, the sag due to its curvature is
relatively low, so the stresses induced in the middle surface of the meniscus plate
remain very low and do not require using the theory of shallow spherical shells [1].
Assuming that this condition is fulfilled, the thin plate theory is applied to either
CTD plane mirrors or CTD meniscus mirrors.

We research configurations able to generate flexure of a CTD circular plate
identical to the shape of a wavefront optical mode, also called Seidel mode. These
modes belong to a circular polynomial series. Each mode is represented by

2 = zZpm = Apmr" cos(m), m<n, m-+n>2, (15)

where m + n is even, n and m are integers. Given the condition m < n, the series
development of such optics modes generates the terms of a triangular matriz. For
low-order modes we use the simple suffix denotation nm instead of n,m. With
m + n = 4, the three terms coming after the dioptrics are the primary aberration
modes 249, 231 and 229, i.e., spherical aberration, coma and astigmatism respectively,
also denoted Sphe 3, Coma 3 and Astm 3.
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The following derivative elements:

822 n—2
52 = = 1) Apmr™ ™" cos(mé), (161)
10z 1 822 2 n—2
Som ot oy = (1= m?) A2 cos(mb), (162)
V2Z = [TL(TL - 1) + (TL - m2)]Anm7’n72 COS(WL@), (163)

allow determining of the bilaplacian V?V?z. After substitution in (11), we obtain

A (02 = m?)[(n — 2)% — m?]r" = cos(mb) — % =0, n>2. (17)

The Clebsch solutions — combinations of n and m for which the equation can be
solved for practicable applications (i.e., uniform load ¢ = 0 or ¢ = const) — are

Casel: ¢=0 — m=n, i.e., 299, 233, 244, . . . terms,
— m=mn-—2, i.e., 220,231, 242, ... terms,  (18)

Case 2: g=const — n=4, m=0, ie., the z49 term.

These solutions belong to a subclass of Seidel modes to be called Clebsch—Seidel
modes.

Except for z40 mode, the other modes belong to the two lower diagonals of
the optics triangular matrix (Fig. 3). The generation of z990 = Cv 1, z49 = Sphe 3,

Ao Agor? Agor? Agor® Asor®
Cvl Sphe 3 Sphe b Sphe 7
VO
Arircost As172 cos As17° cos 0 AzirT cos
Tilt 1 Coma 3 Coma 5 Coma 7

Agar? cos(20) | |Aar® cos(20) | Ae2r® cos(26)
Astm 3 Astm b Astm 7

Assr® cos(30)
Tri7

Azzr3 cos(36)
Trib

Do

Agar? cos(40)

Squa 7 D

Fig. 3. Triangular matrix of optical Seidel modes. Except for spherical aberration mode
Sphe 3, the subclass of Clebsch—Seidel modes (shown in boxes) is represented by the diag-
onal lines m =n and m =n — 2

z31 = Coma3d, z9o = Astm3, z40 = Astmb, 233 = Trib, z53 = Tri7, 244 =
Squa 7, ... modes is obtained, while it is found not possible to generate the two other
5*%_order modes z51 = Comab or zg) = Sphe5 by only using ¢ = 0 or ¢ = const.

Generating z51 would require a prismatic loading; generating zgg, a parabolic loading.
Due to extreme difficulties to achieve them in practice, such non-uniform loading
distributions are not considered hereafter.
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4. Meniscus form mirrors generating Clebsch—Seidel modes

The bending and twisting moments, as derived from equations (3), are

M, = D[n(n — 1) +v(n — m?)]Apmr™ 2 cos(m#), (191)
M; = D[n —m? 4+ vn(n — 1)]Ap,pr™ 2 cos(mb), (192)
M, = Dim(n — 1)(1 — v)] Ay r™ 2 sin(mb). (193)

By (6) and (9), the radial shearing force @, and the net shearing force V,. are
Q, = —D[(n — 2)(n* — m?)]Apnr™ 3 cos(md), (20)
V, = =D[(n —2)(n* = m?) + (1 = v)(n — 1)m?| Ay, 7™ 3 cos(m#). (21)

For each of the first flexural modes, the bending moment M, and shearing forces @,
and V,. at the mirror perimeter r = a and at # = 0 are following:

Mode n m M(a,0) Qr(a,0) V- (a,0)

Cvl 2 0 2(1+v)DAy 0 0 (221)
Sphe3* 4 0 4(3+v)Da*Ay —32DaAy — 32DaAy (222)
Coma3 3 1 2(3+v)Dads; —8DAsy —2(5 - v)DAs; (223)
Astm3 2 2 2(1—-v)DAxp 0 —4(1—v)Da 'As  (224)
Astm5 4 2 12Da’Ag —24DaAy  —12(3 — v)DaAys (225)
Tri 5 3 3 6(1—v)DaAss 0 —18(1 — v)D A3 (226)

* for Sphe 3 mode, the uniform loading is ¢ = 64D Ao.

For generating a non-axisymmetric mode, the required boundary conditions at
the contour r = a are defined from the associated bending moment M, (a, 0) and net
shearing force V,.(a, ). This requires use of K radial arms clamped to the mirror
contour (Fig. 4).

The total number K of implemented radial arms depends on the type of mode
and on the number of modes to be superposed. The rigidity of the meniscus must
be optimized for an admissible stress level of the material. The intensity of axial
forces F, 1, and F, ) to apply, at 7 = a and r = ¢ (at the end of radial arms clamped
onto the edge), are derived from static equilibrium relationships

r(2k—1)/ K
Fa,k +Fc,k =a / ‘/T(ave) dav (231)
7 (2k—3)/ K
r(2k—1)/K
(c—a)For —a / M, (a, 0) do, (23)
7 (2k—3)/ K

k=1,2,..., K for a mirror having K radial arms.
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r=c

t Fc,k >0

Fig. 4. Sign convention: meniscus form deformable mirror. By K we clamped arms are
angularly and uniformly distributed around the mirror. Axial forces F, , and F.j act
respectively at radii 7 = a and r = ¢ at the ends of radial arm number k. These forces are
derived from M, and V.. For the single curvature mode z = A20r2, if Agq is positive, then
the curvature is positive and the sign convention gives also M, > 0

Coaddition of various modes is obtained by summing the corresponding forces.
The resulting forces to apply, F, . and F, are

fa,k - Z Fa,k; fc,k - Z Fc,k- (24)

n,m modes n,m modes

The resulting mirror geometry with radial arms built-in along the contour and allow-
ing coaddition of various modes is called hereafter a multimode deformable mirror,

or MDM.

5. Meniscus form with special arm geometry for the astigmatism
mode

The 3"9-order astigmatism aberration, Astm 3, is an off-axis aberration which ap-
pears on any optical beams reflected by a convex or concave spherical mirror when
the principal ray of the beam is not reflected perpendicularly to the mirror surface,
i.e., when this beam is deviated by the mirror.

Generating the Astm 3 mode by active optics on a meniscus mirror requires use of
a minimum number of four radial arms, K = 4, angularly distributed at § = 0,7/2, 7
and 37/2. This would generally entail applying a set of four forces Fy, i, at the mirror
edge r = a and a set of four forces I, ;;, at the outer ends of the arms r = ¢. However,
a special design with only four F. j forces can be obtained by ensuring the convenient
distributions of M, (a, ) and V;(a,0). Stating that F,, = 0, we obtain from k = 1
to k =4, by equations (23),

m(2k—1)/4 1 m(2k—1)/4
/ Vi (a,0)do = / M, (a,0)do. (25)
w(2k—3)/4 a—C Jr(2k-3)/4

After substitution of M, and V,. by their values in (224) the radial value c of the arm
end is

c= g. (26)
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Fc,4

Fig. 5. Configuration of a four-arm meniscus-form mirror generating Astm 3 mode. It
uses only two pairs of opposite forces F.1=—F.2=F.3=—F_. 4 acting at radius ¢ = a/2 on
folded arm ends located in directions = and y. Since VF, =0, we avoid using eight forces
and call it a degenerated configuration. The boundaries are realized via arches linked to
the mirror edge by two thin tangential stripes, separated by 22.5°, providing a best azimuth
modulation in cos(26) for generating M, and V;

This very simple geometry reducing the number of forces from eight to four is called
degenerated configuration. The four arms must be folded towards the mirror center
(Fig. 5): a meniscus form of clear aperture 2a provides a pure 3" -order astigmatic
flezure Astm3 by requiring only four alternatively opposite forces F.j applied to
the ends of folded arms at radial distance ¢ = a/2.

The set of four forces F, j is by itself in equilibrium — or self-reacting. The force
intensities and directions are, by (23;),

F.p = (—1)"4(1 —v)DAg = (—1)F Ao, k=1,23,4. (27)

31+v)

NB One can show as a general result that Clebsch—Seidel modes with m = n,
such as Tri5 mode Az3r3 cos(360), can benefit from these simple degenerated config-
urations where Fy, , = 0 [1].

6. Vase form and multimode deformable mirrors (MDMs)

6.1. Saint-Venant’s principle of equivalence and vase form

In order to generate very smooth optical surfaces by active optics, one has to avoid
or minimize the effects of local deformations at the regions where the forces are
applied. These local deformations are well known from analyses using the thick plate
theory [7] which takes into account the shear stresses and shows that the amplitude
of the flexure varies along the thickness of the plate and is a maximum where
the forces are applied.

With the meniscus plate used in the previous section for correcting astigmatism,
the proximity of the forces applied at the mirror contour entails to build a mirror
somewhat larger than that of its clear aperture. Another alternative to avoid these
local deformations at the mirror surface is to develop a wvase form design. It is made
of two concentric zones, each of them of constant thickness, with the outer ring
thicker than the inner meniscus. The diameter of the meniscus corresponds to that
of the clear mirror aperture.
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Saint-Venant enounced a useful principle which introduced some flexibility for
practical applications of the boundary conditions?. We recall that a set of forces
define a torsor which, at any given point, is globally represented by a resultant
force and a resultant moment. An excellent statement of Saint-Venant’s principle of
equivalence has been given by Germain and Muller [12] as follows: if one substitutes
a first distribution of given surface forces ¥, acting on a part 0.Ag of a boundary
area, by a second one acting on the neighborhood and determining the same torsor,
whilst the other boundary conditions on the complementary parts of Ap relatively to
A remain unchanged, then in all regions of A sufficiently distant from Ap the stress
and strain components are practically unchanged.

The application of Saint-Venant’s principle allows determining equivalent loading
configurations at the contour of a solid (Fig. 6).

optical contour

Fig. 6. Saint-Venant’s principle of equivalence: example of two equivalent load config-
urations applied at the boundary of an axisymmetric vase form mirror. The optical clear
aperture is that of the junction zone. Configuration on right: local deformations at force
application zones will not affect the optical figure

6.2. Vase form and radial arms geometrical design

Let us consider a plane MDM with a clear aperture zone defined by 0 < r < a,
a built-in ring zone defined by a < r < b, where t1,t5 and Dy, Do are the thicknesses
and associated rigidities of the inner and outer zones, respectively. The axial forces
applied to the ring inner radius, » = a, are denoted by Fj, ; those applied to
the arm outer-end, at r» = ¢, by F, ;. With a total number of K arms, each arm is
numbered by k € [1,2,..., K] and k =1 < 6 = 0. In addition, positive or negative
uniform loads ¢ can be superposed into the vase inner zone by mean of air pressure
or depressure (Fig. 7).

e Inner and outer zone — Rigidity ratio. The constant rigidities of inner and outer
zones of the vase form can be denoted by D; and Ds, respectively, where

Bt}
Di=——1 __ 0<r<a,
YT 1201 02)
5 (28)
Et3
Dy = ——2— a <r<hb.
12(1— 12)

2Saint-Venant first enounced the equivalence principle in Sur la Torsion des Prismes [11, p. 298
299].
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ring

@ air

Fig. 7. Elasticity design of a vase form MDM based on two concentric rigidities and
radial arms. The clear aperture zone is built-in at » = a into a thicker ring. This holosteric
design allows generating and coadding the Clebsch—Seidel deformation modes, Cv 1, Sphe 3,
Coma 3, Astm 3, etc., by axial forces F,  and F. j applied at the ring inner radius r = a
and outer end r = ¢ of K arms

Let us introduce the rigidity ratio v between the two zones as

D,
= — == 29
=D, T (29)
where v < 1 for a vase form.

e Continuity conditions. The continuity conditions on z, 9z/9r, M, and V, at
the junction r = a, V0 after simplifications are, respectively,

Anman = Rum (a)a (301)

dR
Apmna™t = | —/= 30
=[5 )

1[d?R vdR vm?
2 n—2 __ nm nm
Apm[n(n —1) +v(n —m?)]a"* = S [ o2 P an] , (303)

Apm [(n = 2)(n® = m?) + (1 — v)(n — 1)m?|a" 3

1 PRy ld2an 1+ vm? dRpm n (1+v)m?
oy dr3 rdr? r2 dr r3

an} . (304)

r=a

The above set allows to determine the constants By, Crim, Dpm and E,,,, in equa-
tions (14) as functions of A,,,, and then the bending moment M, (b, ) and net
shearing force V,.(b, ) distributions to apply at the ring outer edge r = b.

e First Clebsch—Seidel modes. For the first Clebsch—Seidel modes, the substitution
of each z,,, mode into equations (30) and solving of the associate system set lead
to the following relation sets:
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Curvature 1%-order mode — Cv1 (n =2, m =0):
2A
By = (1 - 7)(1+)(1 —Ina?®) 22,

Cy=(1—7)(1+ V)(IQAQO,

Dap = 2 (1—7)(1 4 )220

2
E20 = 05
Cao (311)
M, (b,0) = Dy|—(1 — l/)b—2 +2(1+v)Dsy

—|— (3 —|— Z/)E20 + (1 + V)EQO ln b2 y

Spherical aberration 3"4-order mode — Sphe3 (n =4, m = 0, ¢ = 64D, Ayp):

By = {1/ +y6-v)—[1+v)+~v(1—-v)]ln a2}a4A40,
Cao = 2[(1 +v) +v(1 — v)]a* Ago,

Dy =[1 —v—7(5 —v+4Ina?)]a® Ay,

Ey0 = 8ya® Ay,

C
M, (b,0) = Do | —(1 — y)ﬁ +2(14v)Dyg (315)

+ (3 —|— Z/)E40 —|— (1 + V)E40 ln b2 ,

Coma 3'%-order mode — Coma3 (n = 3,m = 1):

a2A31
)

B3 =(1—%)[3+v—(1-v)na?] 5

4
A
Cyr = —(1—y)(1 + 1) =2

D31 = vAz1,
E31 = (1 — ’}/)(1 — I/)a2A31,

c B (313)
M, (b,0) = D, [2(1 - y)% +2(3+v)Da1b+ (1 + V)Tg} ,
E
Q. (b,0) = —2D, [4/331 - %}

V,(b,0) = —D, [2(1 - y)% +2(5 - v)Dy1 — (1 + y)b—Q] :
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Astigmatism 3'4-order mode — Astm3 (n =2, m = 2):

A
Bp=Md+1-71- V)]%,
a*A
Coo=—(1-7)(1-v) 1222,
a %A
Doz = —(1=m{~-v)—¢ 2,
Eqp =0,
E 1
MT(b, 0) =2Dy |:(1 — V)BQQ + 3(1 — V)% + 6D22b2 — 21/%:| ; (314)
E
Qr(b,0) = —8Dy |:3D22b + %} )
B C!
Vi0,0) = ~40a (1= 1) 52 30 - ) 2
E
+3(3 —v)Dagb+ (14 1/)%] )
Astigmatism 5%"-order mode — Astm5 (n =4, m = 2):
a’A
By =3(1—-7)(3 - V)TM,
abA
Cio=—(1-7)(1+v) 442,
A
Dp=hH—-(1-701- V)]%,
a*A
Ep = -3(1-7)(1 - V)TQ,
315)
. (315
MT(b, 0) =2Dy |:(1 — V)B42 + 3(1 — V)% + 6D42b2 _ 2V§:| ,
E
Q. (b,0) = —8D, [3D42b + %}
B
Vi(b,0) = 4D, [(1 0B g0
E
+ 33 —v)Dyab+ (14 1/)%] )
Triangle 5*-order mode — Tri5 (n = 3, m = 3):
A
Bygg=[2+(1-7)(1- V)]%a
a®A
Csz =—(1—7)(1- V)T%’
a~2A
D3z =-3(1-7)(1 —v) 3 3,

E33 =0,
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C
M,(b,0) = 2D, [3(1 — V) Bszb+ 6(1 — V)%
E
+2(5 — v)Da3b® + (1 — 5@%},
Q. (b,0) = —24D, |2D33b? a3 31
r(0,U) = 2 3307 + b | (316)
V;(b,0) = —6D4 | 3(1 Bss — 6(1 Css
T(?)__ 2 ( _V) 33 — ( _V)F
E
+2(7 — 3v)D33b® + (1 + 31/)%] .

e Monomode forces F, j and F.j. In order to generate the bending moments M,
and net shearing forces V,. at r = b for a given mode z,,,, we remark that the MDM
design gains in compactness by applying axial forces at » = a and r = ¢, not at
r = b and r = ¢. For each mode (n,m), the corresponding axial forces, denoted by
F, r and F_j, are determined from the statics equilibrium equations (see Fig. 7):

w(2k—1)/K
Fop+ Fop = b/ V. (b,6) b, (321)
n(2k—3)/K
w(2k—1)/K
(0= B)Fug+ (c— B)Fap = b / M, (b, 0) db, (32)
r(2k—3)/K

k=1,2,..., K for a MDM having K arms.

e Resultant multimode forces F,  and F. . The forces Fy, ;, and F, ) are determined
for each mode by solving the system (32). The coaddition of various modes is
obtained by summing the corresponding forces. The resultant forces F, , and F.
to apply to the MDM are

fa,k = Z Fa,k; fc,k = Z Fc,k- (33)

nm modes nm modes

7. Vase form MDM with 12 radial arms: experiment and results

A stainless steel MDM with 12 arms (K = 12) was designed and built in quenched
Fe87 Cr13 alloy [1] (Fig. 8). Its optical clear aperture is 2 = 160 mm. Table 1
displays the geometrical parameters of this MDM and the associated intensities of
forces Fy ) and F, ) applied at 7 = a and r = ¢ to generate deflections of 10um
peak-to-valley for some Clebsch—Seidel modes. A diagram showing the distribution
of Clebsch—Seidel modes of the optical triangular matrix and some He—Ne interfero-
grams obtained with this MDM are displayed by Fig. 9.
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Fig. 8. View of the twelve-arm vase form and plane MDM. Geometrical parameters
are a = 80 mm, b/a = 1.25, ¢/a = 1.8125, t; = 4mm, to/t; = 1/4*/% = 3. Elasticity
constants of quenched stainless steel Fe87 Cr13 are E = 2.05-10* daN- mm ™2 and v = 0.305.
Deformation modes are generated by rotation of differential screws at r = a and r = c.
Air pressure or depressure can be applied onto the rear side of clear aperture r < a for
generating the Sphe 3 mode

A20T2 A40T4 A607’6 Ag()'l“8
Cvl Sphe 3 Spheb Sphe 7
.
Aq17rcosd As17° cos 6 As17° cos Aqr” cos b
Tilt 1 Coma 3 Coma b Coma 7

Asar?cos(20)| |Asar? cos(QO)J Agar® cos(20)

Astm 3 Astm 5 Astm 7
Azar® cos(30)|  |Assr® cos(30)
Tri5 Tri7 Do

Fig. 9. Upper: Distribution of Clebsch—Seidel modes into the optical triangular matrix
(piston zgp not shown). When ¢ = 0, we obtain m = n modes and m = n — 2 modes (D
and D diagonal lines). When ¢ = const, we obtain m = 0, n = 4 mode (upper and second
from left).

Lower: He—Ne laser interferograms obtained with the 12-arm vase MDM displayed by
Fig. 8.

Upper diagonal boxes: Tilt 1 mode; Astm 3, Tri 5 and Squa 7 modes of D; line; lower boxes:
Cv 1 and Coma 3 modes of Ds line
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8. Vase form: solutions to generate Astm 3 mode with four forces
only

The 3'%-order astigmatism aberration, Astm 3, is caused by the reflection of a non-
focused beam on a spherical mirror when the principal ray of the incident beam
is not reflected perpendicularly to mirror surface but makes a deviation angle with
respect to this incident ray. As a characterization, the reflected beam shows two
different curvatures in orthogonal directions.

The correction of Astm3 can be achieved by use of a deformed plane mirror
or a deformed spherical mirror which shape is a hyperbolic-paraboloid or a toroid,
respectively.

Vase form configurations using four forces without arms instead of eight forces
with K = 4 arms (called degenerated configurations) are presented hereafter for
correcting the Astm3 mode. These configurations bring interesting solutions for
practical applications. These solutions, where all F¢ ;, = 0, use a vase form and only
four forces applied at the rear side of the outer ring.

8.1. Analysis and theoretical results: degenerated configurations

e [orces F, ) applied to the inner edge of the ring. Eliminating F,; in equa-
tions (32), we deduce Fg . After nulling these forces, we obtain for the quadrant
centered at 0 =0, i.e., k=1,

/4 /4
apqn/ Vob,0)do+ [ My(b,6)d6 = 0. (34)
—7/4 —m/4

Since V, and M, have the same modulation in cos(26), this condition leads, for
0 =0, to

(b —a)V,.(b,0) + M,(b,0) = 0. (35)
After substitution of Bas, Ca2, Dao and Eso coefficients expressed by equation
set (314), the net shearing force and radial bending moment at r = b are, re-
spectively,
a 1 a*
Vi(0,0) = =2(1 —v)DaAsa (1 — - | |24+ (1 =) 1 —v)[1— —
b 2 bt
b2
SRRk R

M, (b,0) = 2(1 — 1) Dy Agy [1 —(1- 7)2—2 + 3(1 — (=) (1 - Z—j)} (362)

The substitution in equation (35) leads to the condition

1 b2 1 a’
-t la-y(1-%
1_%_ 1—v a 4( )( b ) -0, (37)

= -B-E+i-v(1-%)
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Fig. 10. Vase form configurations generating Astm 3 (primary astigmatism mode) z22 =
Agor? cos(26) with only four forces: a — forces Fy x applied to the ring inner edge at r = a;
b — forces Fy 1, applied to the ring outer edge at » = b; ¢ — force Fy, i applied to the mid-
circle of the ring rear surface. This latter configuration is most convenient for practical
applications

where v = Dy /Do = (t1/t2)"/? < 1. Although the b/a ratio must be close to unity
for practicable reasons, solutions ¢2/t; can be found for a < b < 1.15a (Fig. 10;
Table 2).

Table 2. Solutions for vase form mirror geometries generating the Astm 3 mode z22 with
only four forces Fg i, i.e., VI, = 0, applied at the inner edge » = a of the ring. The
ratios b/a and t2/t, are given with respect to Poisson’s coefficient v

b/a ta/t1

v =0.15 v =0.20 v =10.30
1.050 2.21 2.22 2.23
1.075 1.96 1.96 1.97
1.100 1.80 1.80 1.81
1.125 1.69 1.69 1.70
1.150 1.60 1.61 1.62

e Forces Fy, j, applied to the outer edge of the ring. Assuming that the forces applied
to each end of radial arms at » = b and r = ¢ are denoted F;, ,, and F¢ 1, respectively,
the equations for statics equilibrium read, for k = 1,2, 3,4,

w(2k—1)/4

Forp+ Fep = b/ Vi (b,0) do, (381)
m(2k—3)/4
w(2k—1)/4

(c—b)Fup = b / M, (b, 0) db. (38)
m(2k—3)/4

Researching a condition for nulling F, j, from (31) and (143) we have for the outer

ring
0%z 10z 1 922
MTDQ{ﬁ”GE*ﬁW)]’ (39)

2 = Royc08(20) = (Bagr? 4 Caor ™% + Dagr* + Eas) cos(26), (40)
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where the rigidity Dy of the outer ring is a constant. This leads to
M, = 2D, [(1 — V) Bag + 3(1 — v)Cogr™* + 6D22r2} cos(26). (41)

The integration on 6 from —m/4 to w/4 of equation (382) is not necessary
since one searches to null M, for nulling F¢ ;. Then, using the analytical value
of coefficients Bag, Cag, Das and FEsy in (314), a necessary condition is given by
M,(r = 0,0 = 0) = 0. After substitution and simplification, we obtain the condi-
tion

4 at b?
m—f—l—y—(l—l/)b—zl—‘lﬁ:o, (42)
where v = D1 /Dy = (t1/t2)"/? < 1.

This equation allows solutions to/t; for b/a-ratios such as 1 < b/a < 1.15

(Fig. 10, b; Table 3).

Table 3. Solutions for vase form mirror geometries generating the Astm 3 mode z22 with
only four forces Fyy, ie., VF., = 0, applied at the outer edge r = b of the ring. The
ratios b/a and t2/t1 are given with respect to Poisson’s coefficient v

b/a ta/ta

v =0.15 v =0.20 v =0.30
1.050 2.54 2.52 2.47
1.075 2.21 2.19 2.15
1.100 2.00 1.98 1.95
1.125 1.85 1.84 1.82
1.150 1.74 1.73 1.71

e FLorces Fy, ), applied to the mid-circle of the ring rear area. For practical reas-
ons it has been found convenient to achieve the astigmatism deformation Astm 3
of a vase form mirror with four orthogonal forces F;,  applied at the mid-circle
r = 1(a+b) of the rear side of the outer ring (Fig. 10, ¢). The corresponding vase
form geometries with F,; = 0 can be deduced by adopting the mean values t3/t;
of previous Tables 2, 3 (Table 4).

Table 4. Solutions for vase form mirror geometries generating the Astm 3 mode z22 =
Agor? cos(26) with only four forces Fi, ;. applied at the mid-circle r = %(a + b) of the rear
surface of the ring. The ratios b/a and t2/t1 are given with respect to Poisson’s coefficient v

b/a ta/ts

v =_0.15 v =0.20 v =0.30
1.050 2.38 2.37 2.35
1.075 2.08 2.07 2.06
1.100 1.90 1.89 1.88
1.125 1.77 1.76 1.76
1.150 1.67 1.67 1.66
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8.2. Boundary conditions for practical applications

The above solutions for generating the Astm 3 mode provide a pure and accurate
parabolic flexure in radial directions, however obtaining an accurate cos(26) modu-
lation along the perimeter surface requires use of appropriate boundary conditions.
Since each of four F,, ; forces are discrete, as results from integrations of a continu-
ous force distribution f cos(26)df which should be applied all along the perimeter,
it is preferable not to apply the four forces directly to the outer ring but to adopt
one of the following alternative designs.

e Quter ring with variation of the axial thickness. The rear side of the ring departs
from a flat surface and shows four wedged shapes where each forces F;,, i are applied.
The variation of the axial thickness to along the ring distributes a smooth and
accurate flexure in cos(26) with only four forces applied at the wedges. The axial
thickness t2(6) in a quadrant, designed and optimized by Hugot et al. [13], [14], is

1/2 —20/x1"3
m(@m[ﬁ] . o0<o<l (43)

which satisfies t2(0) = t2(7/2 — 6) and leads to t2(0)/ta(w/4) = ¥/n/2 =1.162. ..,
and where A is a constant depending on b/a, v and E. In fact, the four wedges are
not made angularly sharp but show a square flat area to allow sealing a removable
metal part used for the force applications with springs (Fig. 11). This alternative
vase form has been designed and built for three spherical concave mirrors in Zerodur
(v =0.24) and it is bring to various toroid shapes by stress figuring. These off-axis

mirrors belong to the main optical train of SPHERE, the new planet finder instrument
of ESO’s VLT.

F

//

—

removable
sealed pad

a b c

Fig. 11. a — alternative design for obtaining a pure cos(20) modulation of the flexure
with four discrete axial forces F,, ; applied to a four-wedged outer ring of thickness t2(0);
b — view of one of three Zerodur toroid mirrors of the SPHERE planet finder optical train
installed at ESO’s VLT; ¢ — He—Ne interferogram of the Astm 3 saddle-like aspherisation
after stress polishing and elastic relaxation

e Quter ring with forces acting on angular bridges. In this alternative design one still
has a ring of constant thickness o, but instead of directly applying the external force
F, 1 in a direction where the angular modulations are at maximum amplitude, one

4 TIMuM®, 1.1 Nel
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removable
sealed bridge

a b c

Fig. 12. a — alternative design for obtaining a pure cos(20) modulated flexure by keeping
the ring axial thickness t2 = const, the four forces Fj, ; are subdivided into eight forces
via orthogonal bridges with Af = 22.5° angular arch separation; b — view of the one-piece
stainless steel matrix for making concave toroid gratings, via replicas, for the single surface
spectrographs CDS and UVCS of the SOHO Mission; ¢ — He—Ne fringes of the Astm 3
saddle-like aspherisation

subdivides each forces into two equal force components via bridges linked to the ring.
Each of four forces acts at the center of a bridge. The two arch feet are linked to
the ring by tangentially thin ends that are equivalent to articulations. These bridges
can be made of metal and removable for glass mirror substrates. A smooth and
accurate cos(260) modulation of the flexure is achieved when the angular separation
of the two arch ends is A0 = 7/16 = 22.5°.

Deformable active matrices with four bridges (Fig. 12) were first designed and
built for making (via replications process) the toroid gratings of single surface spec-
trographs CDS and UVCS of the SOHO Mission (ESA/NASA) for solar studies
at Lagrange point L;. In this case, the thickness ¢; was not a constant but of
the cycloid-like form (1 — 72/a?)'/3 simply supported by thin collar to the outer
ring [1].

For applications, a detailed geometry of each above vase form alternatives can
be optimized with finite element analysis. Besides, we make a design under the max-
imum admissible stress o,y of the material substrate, so it is useful to determine
the bending force intensities. Starting from equation (387), using equation set (314),
and assuming that b and a are about similar, i.e., Fy,, >~ F} i, we obtain as a first
approximation for k = 1

4 2

C 23— 0) L | Dydss. (44)

4
mel’\‘Fbyl(11/)(1’}/)|:m+1l/+(11/)b—4 a2

From condition given by equation (42), for the four forces we have

b2 4
Fox = —(—1)"2(1 —v)%(1 — 7)<ﬁ - Z—4)D2A22, k=1,2,3,4. (45)

This set of forces is by itself in static equilibrium, i.e., self-reacting.
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9. Conclusions

Deformable vase form substrates can provide a highly accurate flexure for correcting
the primary astigmatism aberration Astm 3 within diffraction limited criteria. Two
alternative boundary configurations applied to this design allow use of four self-
reacting forces only if they are located far from the optical surface in agreement
with Saint-Venant’s principle.

The substrate material can be either a vitro-ceram glass such as Zerodur or
a metal alloy with linear stress—strain relationship as chromium stainless steel in
a quenched state. Vase form designs will find many applications for large telescope
mirror segments used off-axis and also in astronomical optics as off-axis mirrors
of unobstructed planet finder instruments and for obtaining saddle-shaped concave
gratings used in spectrographs [1], [15].

More generally, other Clebsch—Seidel modes 7™ cos(mf), such as those with
m =mn, can be also accurately generated from vase form geometries and by use
of four forces only.

The author is grateful to Patrice Joulié for the execution of drawings in the fi-
gures.
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HexkoTropbie BapuanThl ypaBHEHUIA
MHKPOIIOJISPHBIX Teopuii 000109eK

M. V. HUKABA3E

IIpedcmasaeno /1. B. Teopeuescrum

AnHoTamusa. PaccMoTpeHbl HEKOTOPbBIE BOITPOCHI TAPAMETPU3AIUN 00/IaCTH 0O0JTIOYKHU ITPU
MMPOU3BOJIbLHON 6a30B0i MOBEpXHOCTHU. VICX0/1s1 U3 TPEXMEPHBIX YPaBHEHUI MUKPOIOJISAPHO-
ro 1edopMUpyEMOro TBEPJIOTO TeJjia, TMOJYYeHbl COOTBETCTBYIOIINE YPaBHEHUSI MUKPOIIO-
JIAPHBIX TeOpuil 000I09eK, 0001049eK Kaacca 1'S n mpusmarndecknx obosiouek. B gactro-
CTH, BbIBEJIEHBI yPABHEHMsI MUKDOIOJISIPHO (paciInpeHHON MUKDOIIOJISIPHOI) Teopun 060-
JIOYEK OTHOCHUTENLHO TEH30POB YCHJIWI M MOMEHTOB (TE€H30POB yCUJIMH, MOMEHTOB M MO-
MEHTOB BTOPOTO TOPsIJIKA). DTU yPaBHEHMUsl, & TAK¥Ke yPaBHEHUsI MUKDPOIIOJISIPHBIX TEOPUit
obostouek kitacca T'S m mpuaMaTHIecKux 000JI0YEK IOy I€HbI OTHOCUTEIHFHO KOHTPaBapH-
AHTHBIX KOMITOHEHT yKA3aHHBIX BBIIE TEH30POB. BbIBEIEHBI I'DAHUYHBIE YCJIOBUS (DU3NIE-
CKOI'O COZIeP>KaHUs.

KuaroueBbie cjioBa: MUKPOIOJSIpHAsT TeOpusi 000JI0UEK, PACIIMPEHHAsT MUKPOIIOJsIPHAST
Teopusi 000JIOYEK, TEH30D YCUJIHil, TEH30D MOMEHTOB, TEH30P MOMEHTOB BTOPOI'O TOPS/IKA.

1. K nmapamerpusaiuu objiactTu 0060JI09YKU

Paccmarpusaercs Kiaccudeckas napamerpusanus [1]-[3] obractu o6onouku. ITpu-
MEHSIOTCsT 0003HAYEHNS, NCIIOIb30BAHHBIE B paboTe [4] 1 06bIdHbIe TpaBuiIa TEH30D-
Horo ucancienns 1], [3], [5]-[10]. B kauecTBe 6a30B0i paccMaTpUBAETCs pery IspHast
IOBEPXHOCTH S, OTHOCUTEIBHO KOTOPOIT 006/1aCTh 000I0UKN PACIIOIOKEHA HECUMMET-
puuno [2]. B TakoM ciydae pajamyc-BeKTOD HPOU3BOJILHON TOUKN OGOIOUKI MOKHO
3a/1aTh COOTHOIIEHNEM

) &)

a1 23 1,2 301 2 1,2 3 1,2

vz, 2 2’) =r(z',2°) + ’n(x",2%), —h(z,2°) <z° < h(x,z%), (1)
rie r(zt, 2%) — pajmyc-BekTOp TOUKH 6a30BOil MOBEPXHOCTH S, KOTOpast He ABJIfeT-
sl Cpe/IMHHOI TOBePXHOCTBIO; N(x!, 1?) — eIMHIYIHBI BeKTOp HOPMAIN K 6a30BOif
nosepxuoct S; ', x? — rayccosel KoopamHATHI Ha S; z° — HomepedHas KOOpIH-

) &
mata. Ogesnmmo, h(x!',z%) = h (2!, 2?) + h (2!, 2?) npencrasnger Tommumy 06o-
)

noukn B Touke (x!,x?) € S. B nanbmeitmem Gygaem mpenonarats, uto h (zl, z?)

© Mockosckuit unancoBo-fopuantecknii yamsepcurer MO®FOA, 2015
© Moscow University of Finance and Law MFUA, 2015
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)
u h(z!,2?) — Kycouno rIajKne HeOTpHUIATE bHbIE (BDYHKIMHE TayCCOBLIX KOOD/IH-
mar xt, 22
(=
Ilpu 23 = — h (z!,2?) mepsoe coornomenne B (1) ompeesseT MOBEPXHOCTD,

(=)
KOTOpPYIO 0003HATIM qepes S u HazoBeM 6Hymp€HH€’l'1 NOBEPITHOCIMDBIO O6O.J'IO‘IKI/I7

)
a TOBEPXHOCTH, OIPeIe/IAeMyI0 TeM ke cooTHomenneM npu 3 = h (!, 2?) u obo-
+) [ )
3HavaeMylo yepes S, HazoBeM 6newneti noseprrocmuvio. Ilosepxuoctn S u S Tax-

7K€ HA3bIBAIOTCA AUUELEDIMU NOBEPTHOCTNAMU 000JIOUK. BBe,ILeM 0003HATEHUS

_ (=) (+)
(r)(xl,:c2) = f‘(zl,z?’, —h), (F)(zl,zQ) = f‘(xl,x3, h);

(=) (+)
TOrJia BEKTOPHBIE IIapaMeTpUYeCKne ypaBHEHUA HOBerHOCTefI S u S coorser-
CTBEHHO IIPEACTAaBATCA B BUIEC

) o
r (1‘1,1'2) = r(zlva) —h (xlva)n(xlva)a

o1 2 1.2 W12 1.2
r(z,2%) =r(x",2%)+ h(z",2%)n(z", 7). (2)
B manpmeiimem O6yayT paccMOTpPEHBI TPAHUYIHBIE YCIOBUS (DU3MTIECKOTO COIEP-
JKaHUsI HA JTUIEBBIX TOBEPXHOCTAX. J[J1sT 9TOT0 HEOOXOUMO ONPEIeTUTh €IMHIIHbIE

BEKTOPBI HOPMAJIE!l B TOYKAX JIMIEBBIX MOBepxHOCTeH. Haiinem BhIpaskeHUs BEKTO-
POB KOBapHMaHTHBLIX 6a3MCOB HA ITUX MOBEpXHOCTAX. [IycTh

(=) )
r *8(5)*81. r *8(?*81-'
= = L= -2
1 I oxl’ T I oxl’

(=) (+)
TOT'Ta JIJId BEKTOPOB KOBaPpUAHTHBIX 0a31coB BHyTpeHHefI S u Buemueii S IIOBEPX-

HocTeli u3 ypaBHeHHit (2) CIeayoT COOTHOIEHMUSI

;O ) ;@ o)
r}:(gl—i—hbl)rJ—thn, r?:(gl—hbj)r.]—i—alhn. (3)

Ipn zamucu dopmyst (3) 6b1 yuTensr dhopmyabr Beitnraprena n, = fbir 75 bi -

KOMIIOHEHTBI BTOPOI'o TeH30pa b nmosepxnoctn S. JIerko mokas3aTh, 4TO KOMIOHEHTHI

[ePEeHOCa eJIMHITHOIO TEH30Pa BTOPOro panra g7 = rf-rJ u 95 =rlr e r, =0,
i

I _ g—lelJ

r g

I, X 1, IPESICTABIIAIOTCA B B [4]

gt =071 AL =971 - 2Ha®) g + 2°b), (4)

Al = TEg IL(: (1 72H$3)g§+z3b§,

(5)
; 1
V=gt =geep 9797 =1 2Ha® + K(a®)*.

3raech /G = (ri ><ré)-n7 V9= (v, xry)n, H=2""1(b) =271 (ki +kz) — cpennss
kpususHa, a K = det(b) = kjks — rayccoBa KpuBmsHa 6a30Boil moBepxHOCTH S,
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ki u ky — TIaBHBIe KPUBH3HBI 0a30Boil oBepxuocTH, e/ 1 € — CuMBOJIBL JleBu-
Yueurer. B cuny mepsoro coorHormenust B (4) nmeem
) -+
J J J J J J J
9- =9 =g, + hby,  gil=g @ =g, hb}. (6)
1 olgs=—p I 1 R § PP 4 4
3 & +)
Hamnee, BBosst obosnavennst g° = —0d, h, g\ = 0, h u yunrbisag (6), sanmrmem
I I
coorHorenud (3) B KpaTkoii hopme:
k k
r.=g-r r.=gir r, =n. 7
7 raLs t R 3 (7)

. L (D)
Tenepsr HETpY/IHO HANTH BBIpAYKEHUS JJIS €IMHUYHBIX BEKTOPOB HODMAJIEll N
) GO
7 N K moBepxHOCTAM S U S, KOTOPBIE ONPEIEIIIOTCS (DOPMyIaMu

) _ * _
|71, n = (r, x r+)|rT X r§| L (8)

2 1 2

n=—(r_xr_)|r_ xr_
(1 2)|1

HeficTBurenbHO, Ha 0cHOBaHNHY (7) BEKTOPHOE IPOU3BE/ICHHE B IHCINTEIAX (8) MOXK-
HO [PEJICTABUTH CJIEIYIONTIM 00pa30M:

1
1J 3 K_L IJ K L
r- Xr_=./gle’€.,9°9g-r " + =g "¢ ggn),
i 5 \/_< k9.9 B Krd7 95

1
IJ 3 K_L IJ K L
Yy Xry=./gle €L, 979, v + =€, 9, 9g/n|.
1 2 Vo KL 2 KLIT 5

W3 Broporo coorHomenus B (4) n dopmysnst (5) HAXOUM

} [ (179)_114} JIr f’ (;9)_1/14}
9, =9, I o L 9;, = 9, oD L
- . + .
AI — AI — EIJE K AI — AI — EIJE K (10)
(=) g-, (+) 9%
r3=— LK J L L 3= h LK J
) . ) .
—1 19 IJ K L 1 IJ K L
= () = 58 "Eg9- 9" 07 =90 =587k 9:09
wd=—h 2 KL77 757 w=h 2 KL 75

Yuantesas (10), uz (9) nosydaem

() T ) )
rfxrfzx/g(n*gﬁgﬁr']), Vg =vav,
1 2 I -

OTKYIa UMeeM

(=) 7 g
e xr_=1/yg \/1 +929%9, 979" ",
J

1

oo x| =1/'9'4 /1 + gl g7 g,
1 2 TR
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B cuy (11) u (12) u3 (8) nmosydaem OKOHYATETBHBIC BHIPAKCHUS JIJIst (ﬁ), W
1
) 2
n = ( gsg[r‘]) (1 +g‘°’g3g§{gi9“) :
g 2
n = (n — gigj ") (1 + gigigf(gig”) :

Bamernm, 9To M0106HBIE HOPMYIIBI GBLIN TIOIYIEHB B [2].

-

2. ¥YpaBHeHUsI MUKPOIIOJITPHON Teopuu 000JI0YeK

YpaBHeHnst MEKPOIOJISIPHON TEOPUA 0O0JIOTEK MOYKHO TIOJTyIaTh PASHBIMU CIIOCOOa-
MU, HAIIPUMEP U3 OOLIUX OCTY/JIATOB MEXaHUKHU WJIM TPEXMEPHDLIX ypaBHeHuil. Boc-
[OJIb3YeMCsl BTOPBIM CIIOCOOOM aHAJOTHYHO TOMY, KaK 3TO CIeJaHo B [2] B ciaydae
KJIACCHIECKOH TEOPUH, ¢ T€M OTJIIMIHEM, U9TO B PACCMATPUBAEMOM CJIYUA€ TOJIINHA
He II0CTOsiHHA U 6a30Basi IIOBEPXHOCTh HE COBLAJAET CO cpejuHHoi (cM. Takxke [1]).

Kak wussecrno [11]-[15], TpexmepHble ypaBHEHUS IBUXKEHUS MUKPOIIOJISIPHOIO
J1ebOPMUPYEMOr0 TBEPJIOTO TEJIA, OTHECEHHBIE K aKTYaAJIbHON KOH(MDUIYPAIMH, [TPE/T-
CTABJIAIOTCS B BUJIE

2

2
V-B+pF=pgz, V-pt+tCoP+pm=pl —5 (14)

a ypaBHEHUSsI JIBUYKEHUs, OTHECEHHBIE K OTCUETHON KOH(UTYPAIMK, MOXKHO 3aIIUCaTh
B hopme
P%p

(e} 1) 2 o o OO
. P J- . 15
Vop+CoP+ pm=pJ 2 (15)

RO)o

3necs P — Tenzop nanpsizkenwmit, M — TEH30P MOMEHTHBIX HAIIPAKEHU, KpOMe TOro,
© o o o o o
P = ggflvrT Pup= gg*1VrT © 4 — TEH30Pbl HAIIPAXKCHUII W MOMEHT-

HBIX HAIIPSKEHHH, OTHECEHHbIe K OTCUeTHOI KoHburypammu, /g = (r; x r2) T

1 37

\/g = (?1 X §2) . ;3, Vuv - onepaTopbl [aMWIBTOHA B OTCUETHON M aKTyaJlb-
HOfT KOH(MUIYypanusx COOTBETCTBEHHO, p — ILNIOTHOCTH Tesa, F — maccosasi cuia,
m — MacCCOBBIl MOMEHT, U — BEKTOD I[IEPEMEIIEHNIT, ¢ — BEKTOD BHYTPEHHEIO Bpa-
menns, J — BHyTpennslii Tenzop uneprun, C — IMCKPIMUHAHTHBIA TEH30D TPETHEro
panra. BeJlmunHbl, IOMEYeHHbIE CBEPXY KPY?KKOM, OTHOCATCHA K OTCYETHOH KOH(pU-
[y paIii.

VYpasuenusi (14) u (15) uMe0T OAMHAKOBBII BHJ, MOTOMY Jajee, B OCHOBHOM
C TIEJIBIO COKDAINEHUsI 3alMCH, PACCMOTPUM YPaBHEHHsl aKTyasbHOI KOHMUIrypa-
mn (14), a coorHomenust, noxydaemblie u3 (15), npu HEOGXOIMMOCTH BBINIAIIEM 110
AHAJIOIMH WK COOBIIIM CII0CO6 X 1oy deHnst. HeTpy/JHO 3aMeTUTh, UYTO BEKTOPHBIE
ypasHeHust (14) mpu paccMaTpuBaeMOil BBIIIE HapaMETPH3aIUN MOXKHO 3aIlfcaTh
CJTEITYFOIIIM 0OPa30M:

1 ; , 0%
8,(v/giPT) + 8,(0P%) + pIF = pi—,
\/_ ot (16)
Lo, (vaiid) + 0,(0%) + © & 0B + pi — 93 - 22
\/g I g ll’ 3 p’ ~ ~ p - = atQa
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rje Op, = 0/0x™, a “Kpelmka” HaJ| BEJMIUMHAMN U WHJIEKCAMH O3HAYAET, ITO OHU

pPacCMOTPEHDBI B HpOHSBOJ’IbHOﬁ TOYKEe 00JIaCTH TOHKOI'O TeJia, T. €. IIPU IIPOU3BOJIbHOM
3Ha4YCHUU HOHepe‘JHOﬁ KOOPJUHATBI .’L'3 "3 ee IpoMeKyTKa U3MEHEHN .

(=) (+
Unterpupys ypasnerns (16) ot — h (21, 2%) mo h (x!, 2?) u yaursisasg dopmyity

(+) ()

h = 5 HE @ (D ()

o, 0,AKdx® = al/(,) ARde® — A9 h — AKX, h, (17)
— h — h

[I0CJIe TIPOCTBIX IIPe0OpPa30BaAHN HAIEM

\/_ I(\/_T )+ X(zt, 2% t) = a(z!, 2% t),

(18)
) 2 1,2 1,2
\/_ 0;(vgN") 9®I*+Z($,x,t):c(ac,x,t),
rJie BBeJIEHDI CJielylone 0603HATCHHSI:
&) )
heoo heoo
T! :/H 9P da?, p(zt, 22 1) :/(,)de:ﬁ,
—h —h
W
~ 0%
1 A 3
a(z,z%t) [(h) pY BT dz”,
) /() +() =) /(=) )
X = p(zt, 2%, t) + 0 (P3 —-g; gﬁPJ) — (Pg—gingJ),
b I
(19)
) o5
h h X
I DA
T*f/ Pde®, N :/? Opt da?,
- -+
h . h 6240
r(z!, 22 t) = /(7)pA191’/fld$3, c(zt, 2 t) = /H 9 - —= da®,
— h _h ot?

) 1 ) (D /() (=)
2t = a0+ 0 (30— g 7) 9 (- 201 )

Vunuoxkast 06e gactu nepsoro ypasuenus u3 (16) cieBa BekTopHO Ha 2°n U yun-

TBIBast paBeHCTBa °n = r; — 17, T X VPP = C @ YP, mocite Hec0KHBIX IIpeobpa-

30BaHUM Oy IUM

igalwgn x (0PT2%)) + 1, x (IPT)

A~ A A A A A 2A
-C é) 9P +n x 63(19P3$3) +1n x (pFz?) =n x (pﬂ?‘jﬂ ) (20)
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=)
Hasee, narerpupyst ypasaerue (20) or — h no h, B cuny dopmyssr (17) momy-
YHIM elle OJTHO MCKOMOE BEKTOPHOe ypaBHeHHe

0,(VgM") +r, x T' - CoT +Y (2! 2% t) = bz, 2%, t) (21)
\/— I ~ ~* ) ) ) ) )

TJIe BBEJIEHDI CJICIYIONTIE 0003HAYCHUS:

(+) (+)

ho . h aQﬁ
MI:nx/HﬁPI:pgdﬁ, b:nx/( )pﬂat2 ?da?,
—h
(+)
o 22
q:nx/(f)ﬁﬂFlexg, (22)
— h
() (+) /() +(+) (=)(=) s(=) (=)
Y:q(zl,zQ,tan{hﬂ(w IPJ) hﬂ(Ptg%ngJ)]
I

Herpyauo 3amerutn, uro ypasuenus (18) u (21) MOXKHO 3ammcaTh CJIELYONIAM
obpazom:

VIT! + X (2,22, t) = a(2!, 27, 1),
2
V?MIJrrI XT179®I*+Y($1,IE2,t):b(xl,SCQ,t), (23)
2
VONT + CoT,+ Z(z', 2% t) = c(at, 22, 1),

ryie V9 — 10BepXHOCTHBII OllepaTop KoBapuaHTHOro JuddepeHmposanus.

Vpasuenus (23) ABAAIOTCS HCKOMBIMU BEKTOPHBIME Y PABHEHUAMYI MUKPOIOJIAD-
HO#t Teopun obosiouek. OHM TOJTyUeHBI 0€3 WCIIOIH30BAHNS KAKUX-JTUO0 THIOTES.
OTMmeTnM, ITO IIEPBBIE /1B BEKTOPHBIX YPABHEHNUSI [IPECTABIISIOT YPABHEHUS KJIAC-
CHUYIECKON TEOPUH 000JIOUEK.

BBojsi B paccMOTpeHHe MOBEPXHOCTHBIH Habsa-oneparop lammiprona VO =
r’0;, a TakKe yunTHIBAs PABEHCTBO

2
r, xT'+C®T.=r, x (T'=T.)—r, x T,

BEKTODHbIE YDPABHEHUsI MUKDOIOJSIPHON Teopun 060s10uek (23) MOMXKHO 3aIncaTh
B BUJIE

VO'I+X(SC1,:L'27t):a(l'l,:L'Q,t)’
VO-M+r, x (T = T) —ry x T2 + Y(a', 2%, t) = b(z', 2% 1), (24)
0 2 1 2 _ 1 2
VIN+C® T, +Z(x,2°,t) =c(a,2°,t),

rae TEH30D yCI/IJIl/If/'I I, TEH30P CUJIOBBIX MOMCHTHBIX yCI/IJII/Iﬁ M 1 TeH30Pp MOMEHTHBIX
yCI/IJII/If'I N UMEIOT IIpeacTaBJICHUA
T = I‘KTK = TKII‘KI‘I,

25
M*I‘KMK ]\4KLI‘KI‘L7 N:I‘KNK :NKHKrl. ( )
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Samerum, uro T u M — T€H30PBI yCHINN U CHIIOBBIX MOMEHTHBIX YCHJIA, KOTO-
pblé COBIAJIAIOT C KJIACCUYECKMME aHajoramu, a IN — TeH30p MOMEHTHBIX YCUJIUA,
KOTOPBIN OIIPeJIeJIsieTCs TIOCPEJICTBOM TeH30Pa MOMEHTHBIX HAIIPsI?KeHUIT. 3aMeTuM
raxske, a0 TK = THlp, ME = MELy, u NK = NXly, naspsatorca xonmpa-
B8APUAHMHVLMU COCMABAAOUL UMY TEH30POB YCUIHNHA, CUTOBBIX MOMEHTHBIX yCUJIAN
U MOMEHTHBIX YCHJINII COOTBETCTBEHHO.

TakumM 06pa3oM, B pacCMaTpUBACMOIl MHKPOIIOJISPHON T€OPHH 000JI0YEK MMEEM
TPH OCHOBHBIX TeH30pa (OHM HaXomaTcs HoJ JuddepeHnnaabHbIME OlepATOPAMI
B ypaBHeHUsIX (24) 1 yUacTBYIOT B 'DAHUYHBIX YCIOBUSIX ): TeH30p ycuauii T, TeH3op
CHJIOBBIX MOMeHTHBIX yemsmit M u rensop momenTHbix yemsnit N. B nasnbHeitem
rer3zopsl M u N Gyziem Takzke Ha3bIBATH KOPOTKO TEH30PAMHU MOMEHTOB MHUKDOIIO-
JIpHOI Teopun 06os04eK (cM. (25)).

2.1. YpaBHeHUs MUKPOMOJISIPDHOI Teopuu 060JI0YeK B KOHTPABAPUAHTHBIX
KOMITIOHEHTaX T€H30POB YCUJIUI 1 MOMEHTOB

Yuurbisasg

VIT! = (V9T — b TP ; + (V9T + b1, )m, )
26
ViM! = VIM" ey + by M n,

a TaKkyKe aHaJOrM4Hylo nepsoii dbopmyie B (26) dopmyny mia VIN! | ypasnenus
MUKDOIOJISPHOI Teopun o6ostouek (23) mwin (24) B KOHTpaBapUAHTHBIX KOMIIOHEH-
Tax TEH30POB yCWJINT 1 MOMEHTHBIX YCHJINN MOYXKHO MPEJCTABUTH B (hOpMe
V(I)TIJ o b{TIB +X] _ 0,'], V?TIB +b]JTIJ +X3 _ 0,37
VIMY + G - TP + 1) + Y7 =7,
brgM" + Cry (T - T =0, (27)
VONT BN OIS - T 1 77 = o,

V?NIB + bIJNIJ + C]JT*IJ + Z3 _ 037
rie

vt = 0,17 + TRT  + TR,
V?TI3 = 81T13 + TKBF%I, C]J = C[Jg = (I’] X I‘J) -1,

BBIpaYKEeHUSI JIJIsI V?NU u V?MU AHAJIOTUIHBI BIPAYKEHUIO JIJIsT V?TU, a V?MI3
nMeeT TaKoe K€ BbIparkKeHue, 4To U V(}TI 3, Fﬁ( ;, — HOBEPXHOCTHBIE cCHMBOJIBI Kpu-
croddesnss BToporo poja.

B cucreme (27) neBsiTh ypaBHEHU, CpeJll KOTOPBIX CYIIECTBYET OJHO Hemudb-
depennmanbaoe ypaBHerue. HeTpyaHo 10Ka3aTh, YTO MeCTOe HeAn(EePEeHIINATIHLHOE
ypaBuenue u3 (27) aBjgercs TOxIeCTBOM. TakuMm 00pa3oM, B paccMaTpUBAeMOil
MUKPOIIOJIAPHOI Teopun 000JI09eK B 00IIEM CJIyUae MMEEM BOCEMb YPABHEHUI B KOH-
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TpaBapuaHTHBIX KOMIIOHEHTaX TeH30POB yCI/IﬂI/Iﬁ u MoMmenToB. OHI UMEIOT BU T
V?TI.] o b}]TIB +X] _ 0,'], V?TIB +b]JTIJ +X3 _ 0,37

V?MIJ+C.Jj(T13—T*I3+TEI)+YJ :b'], ( )
28
VONT /N o/jrl3 — 130+ 77 = ¢,

VONT by NI - CryT! 4 73 = &3,

2.2. YpaBHeHUsI MUKPONIOJIIPHOU Teopuu o6oi04ueK Kiacca TS B KOHTpa-
BApPUAHTHBIX KOMIIOHEHTAX TE€H30POB YCUJIUII 1 MOMEHTOB

B ciaryuae o6osouek knacca T'S IPUHIMAIOTCS CIIeIyoIne OCHOBHBIE OMYIIeHus! [2]:

1—kaz~1, 1—koad ~ 1, v, g%~ gt (29)

NN

B CHJIy KOTOPBIX ’II = 'Ii, a dopmysst (19) u (22) mosaydaT COOTBETCTBYONMI BUJT
(/7151 KPATKOCTH BBINUCHIBATH UX He OyJieM). YIuThIBask H3JI0KEHHOE BhIIe, 13 (28)
[TOJTY9IMM CJIeIYIONINE YPABHEHU [IJIsi MUKPOIIOJIsIPHO Teopun 000s1049€eK Kiaacca 1T'S
B KOHTPaBapUAHTHBIX KOMIIOHEHTAX TEH30POB YCUJINN U MOMEHTOB:

V(I)TIJ 7b{T13 +X] _ 0,'], v?TI3+bIJTI.]+X3 _ 0,37

viM! - CHTH v YT =0,
(30)
v?NIJ _ b{NI3 4 CJI(TIB _ TEI) + ZJ _ CJ,

v?NIB +b[JNIJ +C]‘]TIJ +Z3 _ 03.

2.3. YpaBHeHUsT MUKPOIOJIIPHON TeopuM NPU3MATUYECKUX O000JI0UYeK
B KOHTPABAPUAHTHBIX KOMIIOHEHTAX TE€H30POB YCHUJINII 1 MOMEHTOB
B sTrom citywae B KadecTBe 6a30B0I TOBEPXHOCTH MOYKHO PACCMATPUBATH IIJIOCKOCTD,
T.e. by = 0, crenoBaresnbHo, yeaoBust (29) B TOYHOCTH BBIOJHSOTCS. 11o9TOMY
u3 (30) Oyuem UMeTh CJIe/LyoNue yPaBHeHsl MUKPOIIOJISIPHON T€OpUH IPU3MaTHYIe-
CKUX 000JI09€K B KOHTPABAPUAHTHBIX KOMIIOHEHTAX T€H30POB YCUJINN M MOMEHTOB:

V?TIJ +X] _ a.], V?TIB +X3 _ (IB, V(I)MIJ + C]IT*BI +Y] _ bJ7

VINY welir?® -1+ 727 =/, VINB o1l + 78 = ¢

(31)

3 ypassennit (31) mosydaroTcsi COOTBETCTBYIOIINE YPABHEHNUS JIJIsS OTCUETHOMN
KOHQUTYPAIINN, €CJTH BXOJAIINE B HUX BEJTMIUHDBI TOMETATH CBEPXY KPYKKOM TaK,
Kak 910 caenano B (15). B 910ii ¢BA3M ¢ 111610 COKPAIIEHNS TEKCTA BBIIUCHIBATD UX
ue OygeM. OIHAKO CjIelyer OTMETHUTh, YTO BLIOOD THUIIA HapaMeTpu3anuu (KJIaccu-
9ecKOi, HOBOI, IIpK IPOU3BOJILHON 0a30BOI MOBEPXHOCTH U gp.) 00J1aCTH TOHKOI'O
TeJia He 3aBUCHUT OT BBIOOPA MCXOJIHOIN KOoHMUrypanun. pyrumu cioBamu, ecian B
KavdecTBe MCXOJHON BBIOpaHa OTCUeTHasi KOH(PUIYpaIus, TO MapaMeTpusauo (13
[IEPEYUCICHHBIX BBIIIE) 06IACTH TOHKOIO TeJIa MOYKHO BbIOPATH IIPOU3BOJILHO, a Iia-
paMeTpu3aIms aKTyaabHOl KOHPUTYpaId yKe ompeaenserca aedopmarmeii Tesa,
u Ha0OOPOT, €CJIM B KadeCTBE MCXOJIHON BBhIOpaHA aKTyajbHas KOHMUTypaIlus, TO
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HapaMeTPHU3aINIo 00JACTH TOHKOTO Tea MOYKHO BLIODAThH IIPOM3BOJLHO, & Hapa-
MeTpH3alus OTCIeTHOH KOHMUrypanun onpeensercs aedopmanueit resa [16], [17].

Ormerum TaK}Ke aro X u Y B ypaBHeHI/IHX (24) BbIpazKaIOTCA Yepe3 HEU3BECT-
(=) + ey
uete P™ n P” a Z — 1epe3 HEem3BECTHDIE ,u u " (eM. coorsercTByIonme Gop-

myist (19) u (22)). Jyis uxX HAXOXKIAEHUS aHAJIOIHYIHO KJIACCHYECKOMY CJIydaio [2],
[18] BOCHOMIB3yeMCsI TPAHNIHBIMEI YCIOBUSME (PU3UTECKOTO CONEPIKAMHSI

_ (=) (=) (+) (+)
W.P=P@lat), 0 P=P@ld), )
(ﬁ) ) (ﬁ) _ H(xl,wg,t)’ @) G <+>( 1,:52,1&),

(=) G
rie P (2, 2%t) u P (2}, 2% t) — 3a/anHble BEKTOPHI HANIPSAYKEHHUs BHENTHUX CHL,

(<), 1 9 +), 1 9
a p(zh, 2, t) m p(z', 2%, t) — 3a7aHHBIE BEKTOPHI MOMEHTHOT'O HAIIPSIYKEHUs BHEIII-
(=) ()
HAX MOMEHTOB Ha BHyTpeHHeit S u BHemHeil S MOBEPXHOCTSX COOTBETCTBEHHO.

B cuny (13) u3 (32) nomyuaem

— T (=) (=)
P®—g'g; P’ = \/1+g3g3gIngKL P,

(+) +(+> (+)
P?—glg, P’ = \/1 +gigigfg]g“ P,

(=) 1) =)
n-glg n’ = \/1+g3g3gfgjg W,

) ) +)
p— iquZ\/lJrgigig’g]g W
Yunreisast (33), u3 coorBercrByomux coorHomenuit (19) u (22) vHaxomum

) =
X = p(z!, 2%, t) + C (a2, 2, t) P (2!, 2 t)—l—C(:I: 2 t)P(x 2 t),
) )
Y = q(z!, 2? t)JrC(z z? t)hnxP(:c z? t)+C’(z z? t)h(ﬁ) x P, (34)
) - )
Z=r(z', 2% t) + C(xl,xQ,t)(u)(xl,x2,t) + C($1,$2,t)(ﬁ)(x1,x2,t).

31ech BBEIEHBI CIEAYIONNE OO03HATEHUSA:

(=) (=) (+) (+)
C(z', 2% t) =9 \/1 +9393919"9 C(z!, 2 t)= 1 \/1 +gigigl ng

Vpasuenust (24), B Koropbix X n Y ONpPeesIFOTCs ¢ TTOMOIIBIO (34), npescras-
JIAIOT COOOM ypaBHEHNsT MUKPOTIOJIPHON TeOpUn 000JI0MEK B aKTYAJIbHON KOHPUTY-
pannn ¢ yIeToM 33 IaHHbIX 00beMHBIX HATPY30K U HATPY30K Ha JIUIEBBLIX TTOBEPXHO-
cTeX. AHAJIOTMYHO IPUBEAEHHBIM BBIIIE YPABHEHUAM MOYKHO IOy YUTh U Y PABHEHN
B OTCYETHON KOH(MUTYPAIUN.
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3. BekTop ycunus (ycusime) u BEKTOpbl MOMEHTHbIX ycuimii. O rpa-
HUYHBIX yCJIOBUSIX MUKPOIOJISTPHOUN Teopuu 000JI0YeK

OcHoBHas runore3a Teopun 000JIOUEK 3aKJIIOIACTCH B TOM, YTO BMECTO TOYETHOTO
HaXOXKJIEHUsI HEIIPEPBIBHBIX I10JIefl BEKTOPOB HAMPSAKEHUS U MOMEHTHOT'O HAIPs-
JKeHUsI B 000JI0YKe Ha IOMEPEYHBIX ILIOIIAJIKAX ONPEIEISIIOT UX IJIaBHbIE BEKTOPbI
(HEIPEPBIBHBIX TI0JIell BEKTOPOB HATIPSIYKEHUs] 1 MOMEHTHOI'O HATIPSI?KEHUsI) U TJIaB-
HBIl MOMEHT II0JIsi BEKTOpa Hallpsi2KeHUsi. TakuMm 00pasoM, IPeo/iaraercs, 4To
000/109Ka TpeCTaBIgeT co0O# B JIOCTATOYHON Mepe KECTKYI0 MEXaHUIECKYIO CH-
CTeMy, ITO3TOMY €CJIM Ha BCSKOU MOMEPETHON ILIONIAIKe CUCTEMY IEHCTBYIOMNX Ha
Hee HEIPEPBIBHO PACIPEIEJIEHHBIX CHJI M MOMEHTOB 3aMEHUTH CTATUICCKU IKBUBA~
JIEHTHOH CcHiioif m mapoif (MOMEHT 3TOf mapel — cyMMa ITJIAaBHOIO MOMEHTa PacIpe-
JIEJIEHHBIX CHUJI U Pe3YJIbTUPYIONIEr0 MOMEHTA, PACIIPEIEIEHHBIX MOMEHTOB), TO 3TUM
CYIIECTBEHHO HE MCKA3UTCsI KAPTUHA HAIPIKEHHO-Ie(DOPMUPOBAHHOIO COCTOSHUS
000JI09IKN.

IIycte 1- OPT TaHTEHIUAJIBLHON HOpMAJHU JIyTd dS KOOPAWHATHON MOBEPXHOCTH
S: 23 = const. O6o3HAUNM Hepe3 Y IMHEUATYIO TOBEPXHOCTE, 0OPA30BAHHYIO HOP-
Mmassivu K S (6a30Boii moBepxHOCTH), TpoxojsimmMu depe3 d§. CoOTBETCTBYIONLY O
ds na 6a30BOit MOBepxXHOCTH S Ayry 0003HAYNM dS, & OPT TAHTEHITNAILHON HOPMAJIN
K meit — gepes 1. Torma nmeem

ii: \/Ezsfﬂjdx]dﬁ, dXl=d¥; :\/Esurldx]dm?’,

_ (35)
— |dSy| = |df x n|de® = dida®,  d¥; = dsda.

—

YMHOKast 06 JaCTH EPBOTO PaBeHCTBA B (35) CKAJISPHO Ha I'z, & BTOPOrO PaBEH-

CTBa HA T'f¢, HOJLYIAM
A%l = geryda? da®,  dXyl; = \Jgers da’ da®. (36)
Ha ocuosanmn dopmys (35) u (36) Haxomum

d¥l; _ dslp _
lelj dSl[

g9~ =0 = (1 — k1 2®)(1 — koa®). (37)

IIycte P( pu N (i) ~ BEKTODDI HAPSKEHUS I MOMEHTHOTO HAIIDSIAKCHHUS, JefCTBYIO-

IIze Ha IIOmAIKy d ii = d3da® ¢ nopmabio 1 B mexoropoit rouke (21, 22, 23) € d f][.
Torma nmeem opmysTbr

(38)

riae P u N — TeH30pbI HATIPSAYKEHNTit 1 MOMEHTHBIX Hanpsbkenuit B Touxe (b, 22, 23),

aP=Pls_ouN =N
BBezsiem B paceMmoTpenue TIaBHBI BeKTOD (ycuiue) U TJIaBHbI MOMEHT paciipe-
JIEJIEHHBIX CUJI HAIIPSIXKEHU, a TaKyKe IVIaBHBI MOMEHT paCIIpeJleJIeHHbIX T1ap, Jeli-
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CTBYIOIIUX Ha, X

(Z) (Z)
~ . 3 ~ ~
T(l) ds = /_(E) P([)ds dx® = /_(ﬁ) P(i)d2i7
+) +)
"B "B s (39)
378 3 3
M(l) ds =n x [(ﬁ) P(Z):L' dsdx® =n x /7(2) P(Z):L' dEi’

+) +)

h
~ ~ 3 ~ S
Na ds:/_<ﬁ>“<i>d5dx :/_<}—L>“(i)dzi-

B cuny (19) u (22), a Takke ¢ yaerom (37) u (38) u3 coorrommenuii (39) HaxommmM

(Z) (J};)
Ty ds = /H [ Pldsda® = [ 01, P ds da®
—h —h
(+)
h

=

—nx /H D1, Pl aPds da® = 1, M ds = dsl- M,
—h

(+) (+)
h . B
N ds = / o Lt ds da® = / o, O’ ds dz® = dsl;NT = dsl- N.
—h —h

Orcrona umeem anajorudusie (38) dopmyIibl
Ty=1-T=,T, My=1-M=;M', Ng=1.N=[N" (40)

Bekroper T(;), M(;) u N(;) KOpOoTKO Ha30BeM 6€KMOpaMUu YCUAUA, CUNOEO20 MO-
MENMHO20 YCUAUA T MOMEHTHO20 YcusuA, & Ter3opsl T, M u N — mensopamu ycu-
AU, CUAOBLLT MOMEHTMHBIL YCUAUT T MOMERTHOIT YCUAUT COOTBETCTBEHHO. Jlerko
BHUJETh, YTO KOMIIOHEHTBHI TE€H30POB YCHUJIUNA, CUJIOBBIX MOMEHTHBIX YCUJIUI U MO-
MEHTHBIX YCUJINA UMEIOT BH/JL

h L ho N
T = / D¢t P da®, M = / Vgl O P72 da?,
h h

. (41)

NIk — ﬁgfﬂlk da.

U3 (41) BupmMm, 4TO TEH30D YCWIMH M TEH30D MOMEHTHBIX YCUJIMHA UMEIOT IIeCThb
KOMIIOHEHT, & TE€H30D CUJIOBBIX MOMEHTHBIX YCHUJINNA — YeThIPE.
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y‘II/ITBIBaH, 9TO B JIMHUAX KPUBUSHbI BBITIOJITHEHBI COOTHOIICHM A

9

(1 ki2®)1 - koa®), ¢°=0, a#5
9, =1 —=ka®)™", gl =1 —kp®)™!,

KOHTpaBapuaHTHBIE COCTABJIAIONINE TEH30POB YCUIN, CUJIOBBIX MOMEHTHBIX YCUJIMIT
I MOMEHTHBIX YCHUNil B JIHHUAX KPUBU3HLI IPEACTABIAIOTC B opne’

h

1= 1%, = [l gt + gg)o P
h ~

M® = MaJrJ = /h[gg‘ — (kog® + k199)2%) Ol P 23 darp,

h
N = N = [l gt +hug)ella et (o= 1.2)
—h

Bexrop ycumus (ycumue) Ty u BeKTOPBI CHIIOBOrO MOMEHTHOrO ycmmus M ;)
1 MomenTHOro ycumus N ;) (MOMEHTEI) IIPejICTaBIAoT cob0lt BEKTOPBI, PACCINTaH-
Hble Ha eauHuily jaymabl. [lycTs s — opT KacarensHoit gyru ds. Ilpemamosmoxkmm, aro
opTHI 1, S8, n cocTaBigOT TpPUIAP HpaBoit opueHTanuu, T.e. N X 1 = s, 1 X s = n,
s x n = 1. Torga ycumme T(;) u momentsr M) n N(jy MoKHO TIpeicTaBUTH B BH/IE

T(l) = T(ll)l + T(ls)S + T(ln)n, M(l) = M(ll)l + M(ls)s, (42)
N(l) = N(”)l + N(lS)S + N(ln)n.

N3 (42) BugHO, UTO yCHIME T(;) umeer Tpu kommonentsl: T{;;) — HOpMaJbHOE
yeumue, T(;5) — Kacarenbnoe yeunue u 1(;,) — TonepevdHoe KacaTebHoe yCUue, Ko-
TOpOe TaKKe HasblBaeTcs nepepesvisarouieti cuaoti. Cumosoit moment M) umeer
JIBe KOMIIOHEHTBI: My — cunoBoit KpyTammit Mmoment, M,y — cuioBoii usrubaro-
muit moment. MomenT N(;) umeer Tpu kommoneHTsr: N(j) — KPYTAIMil MOMEHT,
N5y — nsrubatomuit MoMeHT, N(j,) — HONEPeYHbIil KPYTAIUI MOMEHT.

TakumM 06pa3oM, CHCTEMa CHJI HANPSKEHUi 1 cucreMa map (MOMEHTORB), Helpe-
PBIBHO DACIIpe/IeIeHHbIE Ha MOTepeHOil momake Y, ¢ HopMadsio 1 (1 — Tanrennu-
aJibHas HOpMaJib K jiyre ds 6a30BOil HOBEPXHOCTH ), CTATUIECKU SKBUBAJICHTHBI COBO-
kynuaocty ycums Ty u momenros My u N ;). IIpu nocrpoenustx Teopun 06os1ouex
NPHHAMAIOT JIOIyHIEHHe, ITO 3ajianue copokynnoctu ycums T ;) n momenTos M ;)
u N(;) Ha KaxK/101t TIOTepevHoil MIoIaIKe Y, Kak y’Ke 0TMeYasioch BbIle, ¢ BIIOJIHEe
JIOCTATOYHON TOIHOCTHIO JIAET KAPTUHY PACIIPEIEJIEHNs CIII HAPSTZKeHN#t 1 ap (Mo-
MeHTOB) B 06os10uKe. [Toaromy ocHoBHOI 3asa4eii Teopun 060JI0UEK CUUTACTCS OIIPe-
JleJICHIe YCUJIAI CIJI HAIIPAZKEHUIT, MOMEHTOB CIJI HAIIPAZKEHU 1 ITap, AeHCTBYIOMNX
Ha TOMIEPEYHBIX IIOIMIAIKAX. DTU BeJIMINHBI IMEIOT BayKHBII MEXAaHUIECKUI CMBICIT.
Ecim mMbr Harpyxaem OG0OKOBbIE MTOBEPXHOCTU ODOJIOYKH IIOBEPXHOCTHBIMU CHJIAMU
u mapaMu (MOMEHTAMH), TO MBI IIPUJAraeM K OTJEJbHBIM yUACTKAM ITOBEPXHOCTH
CTATUIEeCKN SKBUBAJIEHTHBIE M CyMMAPHBIE CUJIBI U MOMEHTHI (TJIABHBIE BEKTODBI) —
yCHIHSA ¥ MOMEHTHI. [109TOMYy BMeCTO HENMPEPBIBHOTO PACIIPEIEICHIS HAIPIKEHUN

13amucn (a =1, 2) o3HauaeT, 9TO HET CYMMHPOBAHUS IO (.



HEKOTOPBIE BAPUAHTHI YPABHEHUI MUKPOITIOJISIPHBIX TEOPUIN OBOJIOYEK 113

7 TIap HaiIeM COOTBETCTBYIOININE UM YCHIUS U MOMEHTHI. pyrumu ciioBamu, B pac-
CMAaTPUBAEMON MUKPOTIOJIPHON TEOPUHU 000J0UEK B KAXK 101 (DUKCUPOBAHHON TOUKE
(ml, x2) 6a30B0i1 TOBEPXHOCTH S U JIJIsT BCIKOTO KacaTeabHoro opra 1 B aToit Touke
onpeJiesIMM BOCeMb BemHuH: 1{;;) — HOpMasbHoe ycumme, T(;,) — KacaTeslbHoe yCu-
mae u T(;,) — MOTepeTHoe KacaTelbHOe YCUIHe (LepepesbIBAIOILYIO CHILY ), May —
CUJIOBOI KPYTAIIUNA MOMEHT, M(ls) — CUJIOBOI M3rUOAIONINIT MOMEHT, N(”) — KpyT4-
muit MOMeHT, IV, (Is) — n3rudaromuit MoMeHT, N, (In) — HOLIEPEIHBIN KDY TAIIMNE MOMEHT.
CiieioBaTe/ibHO, IDAHUYHBIE YCJIOBUSI Ha KOHTYpe [ 6a30B0il MOBEpXHOCTH S B CHIIY
dopmyi (42) upepcraBiagoTcs B Bue

1.T= T(l) = T(ll)l + T(IS)S + T(ln)l’l =f,
1-M =M = Mgyl + Mg = g, (43)
1-N = N(l) = N(”)l + N(IS)S + N(ln)l’l =h,

rae | — ranrenmuanbaas HopMasb K KOHTYPY ' 6a3oBoit moBepxuoctu S, a f, g mw h
BBIparKaroTCsl Yepes 3aJaHHble Ha KoHType I dpyHKImm.

CornacHO M3I02KEHHOMY BBIIIE 10 YPABHEHUAM PACCMATPUBAEMON MUKPOIIOJISP-
HOIT Teopun 060J104€K (IJIACTHH) MOYKHO OILIPEIEJUTh He 60J1ee BOCbMU HEeU3BECTHBIX
dyHKIuii, Tak Kak B 0011eM cIydae uMeeM BOCeMb He3aBUCUMBbIX YPaBHEHUH OTHOCH-
TeJIbHO KOHTPABaPUAHTHBIX KOMIIOHEHT TEH30POB YCUJINI 1 MOMEHTOB (CM. ypaBHe-
Hust (28)—(31)) 1 BoceMb rpaHUIHBIX yeaoBuii (43). Jjst 3aMbIKaHUsT, HATIPIMED, CHC-
TeMbl ypasHenuii (28) ¢ rpanudHbiMU yesoBugMu (43) cielyer KOHKPeTU3UPOBATD
CpeJly M PACCMATPUBATE COOTBETCTBYIOMNINE ONPEIEIAIONINE COOTHOIIEHNS, COJEPKa-
mue He 60JIee BOCHMI HEM3BeCTHLIX (byHKImit. JIpyruMu crioBammu, Jy1s MaTeMaTha Ie-
CKM KOPPEKTHOI MOCTAaHOBKM KpaeBbIX 3aJad B MUKPOIOJSPHOI Teopun 060I09eK
(MTaCTUH) YUCJI0 HEM3BECTHBIX (DYHKIMI HE JOJKHO OBITH GOJIbIIe BOCKMU (MaKCh-
MAaJIbHOE THCJI0 HEM3BECTHBIX (DYHKIMI 3aBUCAT OT YHCJIA YPABHEHWNA OTHOCHTEb-
HO KOHTPABAPUAHTHBIX KOMIIOHEHT TE€H30POB yeusuil u MomenToB). Ciie[oBaTebHo,
JUISL PElenust 3TOi mpobIeMbl AHAJOIMIHO KJIACCHIECKOMY CJIyYalo MOYKHO chOop-
MYJIIPOBATD TIOXOJSIINEe KHHEMATHIECKAe WM CTATUIEeCKIe MUIIOTe3bl (MM U Te,
u apyrue [11], [13], [19]-[24]) Takum o6pazom, 4TOOBI UNCJIO HEU3BECTHBIX (DYHK-
Uil B ONpeJIeIAIONNX COOTHONICHUAX HE HMPEBOCXOINIO0 BOChMHU. XOTs, UCIOIb3Ys
METOJI KJIACCUYECKUX OPTOIOHAJBHBIX MOJUHOMOB (MM KAKOW-HUOYIb aHAJUTHIE-
CKuil MeToJ), MOZKHO OBOHTHCH 6€3 MUIIOTe3 U MOCTPOUTH TAKUE TEOPUH TOHKUX TeJl
(a HE 060JIOUEK), B KOTOPBIX YHCJIO YDABHEHUH U, CJIEJIOBATENBHO, YUCIO HEM3BECT-
HBIX (DYHKIUE MOTYT GBITH 3HAIMTENBHO Gosbilie BocbMu (cM. [25]-[28] u ap.), uro
BIIOJIHE €CTeCTBEHHO IIPU HBIHENTHEM Pa3BUTUU BLIYUCIUTEILHON TEXHUKH.

4. YpaBHeHUsI PACIHUPEHHOl MHUKPOMOJISIPHOU Teopun 060JI0YeK

VpasHeHMsI MUKPOTIOJISIPHOI Teopun 060s104eK (23) u (28) 6bum 1moJIyIeHbl 6e3 ytue-
Ta MOMEHTOB BTOPOT0 OPSIKA. 3/1eCh MOy IUM yPABHEHUS MUKPOIIOJISIPHOI Teopun
0060j1049€K ¢ yaeroM 3TuxX MOMeHTOB. C 3TOil Ie/bio, yMHOXKasd 00€ JacTU BTOPOTrO

ypasrernsa (16) ciesa BeKTOPHO Ha 2°N U yIUTHIBasg PaBEHCTBA

3. 9P —
rn=r; —ry, rp x 9P =

RCY

éﬂgg, nx@éf:’:(ﬁlg—ﬁgl)rl,
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II0CJIe HECJIOYKHBIX IIPEOOPA3OBAHMI TIOJIYINM

f 9, (van x (9p'z%)) +r, x ( pf)—(;jéémrnxag(ﬁﬂ%s)

(=)
Hasee, uarerpupys ypassenue (44) or — h 110 h B cuuty opmyaier (17) Hadigem

I I 2 3 31 1.2
O IR +ry X N = QEN + (M M)y G = d, (49
IJIe BBEJCHBI CJICIYIONTHE 0O03HAYCHNUS:

(+) (+) (+)

h . h . h .
R! =n x /(7)19[/953 de®, N, = /(7)19,11%3 de®, MB = /(7)191313:53 dx?,
—h —h —h
) 2
h N h 62A
M3 = /(7)19P3I:r3 daz3, d(z', 2% t)=n x/ (19.] — )dﬁ,
—h h ot
(+)

() (=) /e o
H=n x {h 9 (%3 ol §(ﬁ”) ho ((;23 g’ j(;}’) /(,)wﬁlﬁ dxg}.
— h
Herpyauo Buzgers, uro ypasaenue (45) MOXKHO 3allUCaTh B BUIE
2
VIR +1, x N' = CoN, + (M — M}")r; + H(z', 2% t) = d(2',2°,t). (46)

Yuaursipasga

2
rIxNI—g®1)I*:rlx(NI—Ni)—rngi’,

ypasuenue (46) MOXKHO npeacTaBuTh B hopme
VORA41, x (N'=NI)—rgx N+ (M - M2+ H(z', 2%, t) = d(a', 2%, 1), (47)

rie R = rxR¥ = RElryr; — Ten30p MOMEHTOB BTOPOTrO IIOPSIKA.

Vpasuenusi (24) Bmecte ¢ ypaBHeHHeM (47) COCTABIISIIOT BEKTOPHBIE YDABHEHHsI
pacCIInpEeHHO! MUKPOIIOJISIPHOI Teopuu 060JI0YeK.

SamMeTnM, 9TO B PACIIUPEHHON MUKPOIIOJSPHON Teopur 0DOJIOYEK AHAJIOTUIHO
Bropoii dopmysie (39) HaL0 BBOAUTH B PACCMOTPEHIE MOMEHT (MOMEHTHOE yCHJIUE)
BTOpOro MopsA/Ka R (p), onpenensiemprit popmytoit

+) +)
h R oo
R(yds=n x/ o L' dsda® = n x/ o Vlrpta® ds da® = ;R ds = ds1- R,
—h —h

Ry =1 R,
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KOTODBINT paCIUTaH HA €IUHUILY JTHHBI. TOT/a, €CTECTBEHHO, K TPAHUIHBIM YCIOBU-
sim (43) HaI0 M0GABUTD CJIE/IYIOIEe IPAHIIHOE YCJIOBHE:

1-R =R = Rupyl+ Rusys = t, (48)

rae Ry — KpyTdamuit MOMEHT BTOpOro nopsijika, R,y — m3rubaomuii MOMEHT BTO-
poro mopsifKa, a t ornpeeaseTcs ¢ MOMOIIbIO 33 IaHHON (DYHKIIUN.

Wrak, B pacmupenHoil MUKPOIIOJISPHONR TeOpUN 000JI0UEK NMEEM YeThIPE OCHOB-
HBIX TeH30pa (OHM HaxoaaTcs 10 auddepeHIIanbHBIMA OIePATOPAMU B ypaBHE-
HUSIX U yYACTBYIOT B IPAHUYHBIX YCJOBHsIX): TeH30p ycuiauit T, T€H30p CHIIOBBIX
MOMEHTHBIX ycusuit M, Ten3op MoMeHTHBIX ycmymit N U T€H30p MOMEHTHBIX yCH-
suit Broporo nopsiika R. B pasnbueiiimem tensopst M, N u R Oynem nasbiarh
KOPOTKO T€H30PaMU MOMEHTOB PACIIUPEHHON MUKPOIIOJISIPHON Teopuu 0060I09eK.

Buiso, uro sektop H B (47) anasornano (34) MOXKHO TIpeJICTABUTH B BUJIE

-+
) e) )

. =) ey (-
H=nx /(ﬁ) poma® de® + C (x', 2%, t) h 0 x (,u) + C(z', 221 hR x "

Jlerko ycmorpers, 9o (47) B KOMIIOHEHTAX MOYKHO IIPEJICTABUTH B (hopMe

v?RIJ+CJI(NI3 7N*{3+NEI)+M*{3*MEI+HJ :dJ, ( )
49
b[JRIJ + C[J(NIJ — N*I‘]) =0,

e nocennee HepuddepennuaabHoe ypaBHEHNE aHAJOTUIHO MecToMy Hendde-
PEHIMAJILHOMY yPaBHEHUIO B (27) ABJISIETCH TOXKIECTBOM.

4.1. YpaBHeHUsI pacCHINPEHHON MUKPOIOJISIPHOII Teopuu 060JI09€K B KOH-
TpaBapUAHTHBIX KOMIOHEHTAX T€H30POB yCWJIMII U MOMEHTOB

Eciin x cucreme ypasaeruii (28) 106aBuTh 1epsoe cooTHoIenne u3 (49), To mosyanm

UCKOMbI€ YPaBHEHUsI B BUJIE

V?TU _ b{TIB + X7 =a’, V?TIB + b T + X3 = a3,
V?MIJ + C,Jj(TIB _ T*I3 + T*31) + YJ _ va
VINY b N+ /(TP -T2+ 27 = ¢/, (50)
V?NIB + by N+ Cp T + 73 = 63,
V?RIJ + C_JI-(NIB B N*IB + Nf[) JerB - Mfl + ol — a4’

Ha ocuosanun (50) anamormasao (30) u (31) mpu HEOOXOIUMOCTH JIETKO IOJTY-
YUTh ypPaBHEHMS PACIINPEHHBIX MUKPOIOJISPHBIX Teopuil obosovek kiacca TS n
IPU3MATHIECKIX 000J109€eK. I[I09TOMY € IeIbI0 COKPAIIEHHsI TEKCTa BBINUCHIBATD UX
He Oyzem. 13 (50) BUIHO, YTO B PACHIMPEHHON MUKPOIOJSPHON Teopun 060JI0ueK
(mractun) B 061IeM cayuae umeeM 10 ypaBHeHHI B KOHTpABAPMAHTHBIX KOMIIOHEH-
Tax TeH30pOB ycumymit 1 MoMeHTOB 1 10 rpanmdubix yesosuit (em. (43) u (48)). Ilo-
9TOMY B 9TOIl Teopun 060J109€K (MJIACTHH) B OOIIEM CIy9ae MOXKHO OIPE/IC/UTh HE
Gostee necsiti Hem3BeCTHBIX GyHKIWA. Cile0BATENBHO, JJIs 3aMBIKAHWS CHCTEMbI
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ypasaenuit (50) ¢ rparnanbiME yeousivu (43) u (48) cieyerT KOHKPETH3UPOBATH
Cpejly ¥ pacCMaTPUBATE COOTBETCTBYIOIINE OIIPEIEIISAIONIIE COOTHOIIEHNUSI, COJIePIKa-
e He 60J1ee JIecsTU HeM3BeCTHBIX (pyHKIui. JpyruMu ciioBamu, J1jisi MaTeMaTHde-
CKU KOPPEKTHOIN MOCTAHOBKHU KPAEBbIX 3a/a9 B PACIIUPEHHON MUKPOIOJISIPHOI Teo-
pun 060s109eK (IJIACTUH) YUCJIO HEU3BECTHBIX (DYHKIMI He JHOJZKHO ObITh GOJIbIIe
JlecsaTh (MaKCUMAJIBHOE IHCJIO0 HEM3BECTHBIX (DYHKIMIT 3aBUCHT OT HHCIA ypDaBHE-
HUI OTHOCUTEJNHHO KOHTPABAPUAHTHBIX KOMIIOHEHT TEH30POB YCUJINI 1 MOMEHTOB).
C 1nesipio periennst 3Toil mpobIeMbl, Kak OBbLIO M3JI0KEHO BBIIIE B CIydae MAKDPOIO-
JIAPHO#T Teopun 060J1049eK (IUIACTHUH), AHAJOTUIHO KJIACCUYECKOMY CJIYYar0 MOYKHO
chOpMYIUPOBATH MOIXOAININE KHHEMATHIECKIE U CTATHIECKUE TUIOTE3bl, WU
7 Te U Jpyrue Tak, YTOOBI YNCJI0 HEM3BECTHBIX (DYHKIUI He OBLIO OOJIbINEe HeCATH.
O 1HaKo, Kak OBLIO M3JI0KEHO BBIIIE, UCIOJIB3YsI METOJ KIACCUIECKIX OPTOTOHAIb-
HBIX [OJIMHOMOB (MJIM KaKOi-HUOY (b AHAJIUTUIECKIH METOJL), MOYKHO [IOCTPOUTD Ta-
KH€e TeOpUU TOHKHUX TeJ (& He 000JI0YeK), B KOTOPHIX YUCJIO CHCTEM yDAaBHEHUl u,
CJIEJIOBATENIHHO, YUCJI0 HEU3BECTHBIX (DYHKITHI MOTYT OBITH 3HAYUTEIHHO HOJIBIIIE Jie-
CATH, YTO BIOJIHE JOITYCTUMO IPY HBIHEITHEM PA3BUTHU BBHIYUCIUTEIHHON TEXHUKN.
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Some Variants of Micropolar Shell Theory Equations

M. U. NIKABADZE

Abstract. Some questions of parameterization of a shell region for an arbitrary base
surface are considered. Due to the three-dimensional equations of micropolar deformable
solid, the corresponding equations of the micropolar theories of shells, TS class shells and
prismatic shells are obtained. In particular, the equations of the micropolar (extended
micropolar) theory of shells with respect to the force tensor and moment tensor (tensors of
forces, moments and second order moments) are derived. In addition, these equations and
equations of micropolar shell theories of TS class and prismatic shells are obtained with
respect to the contravariant components of the above tensors. The boundary conditions of
the physical content are derived.

Keywords: micropolar shell theory, extended micropolar shell theory, force tensor, mo-
ment tensor, second order moment tensor.
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0-Gaps on 3D Digital Curves

ANGELO MAIMONE, GIORGIO NORDO

Abstract. In digital geometry, gaps are some basic portion of a digital object that a dis-
crete ray can cross without intersecting any voxel of the object itself. Such a notion is quite
important in combinatorial image analysis and is strictly connected with some applications
in fields as CAD and computer graphics. In this paper we prove that the number of 0-gaps
of a 3D digital curve can be expressed as a linear combination of the number of its i-cells
(i=0,...,3).

Keywords: digital geometry, digital curve, 0-gap, i-tandem, i-hub, adjacency relation,
grid cell model, free cell.

MSC2010: Primary: 52C35; Secondary: 52C99

1. Introduction

By the word “gap” in digital geometry we mean some basic portion of a digital
object that a discrete ray can cross without intersecting any voxel of the object
itself. Since such a notion is strictly connected with some applications in the field of
Computer graphics (e.g., the rendering of a 3D image by the ray-tracing technique),
many papers (see, for example, [1]-[4]) concern the study of 0- and 1-gaps of 3-di-
mensional objects.

More recently, in [5] and [6] two formulas which express, respectively, the number
of 1-gaps of a generic 3D object of dimension o = 1,2 and the number of (n — 2)-
gaps of a generic digital n-object by means of a few simple intrinsic parameters of
the object itself were found. Furtermore, in [7] the relationship existing between the
dimension of a 2D digital object equipped with an adjacency relation A,, a € {0,1},
and the number of its gaps were investigated.

In the next section we recall and formalize some basic definitions and properties
of the general n-dimensional digital spaces with particular regard to the notions of
block, tandem and gap.

In Section 3, we restrict our attention to digital curves in 3D digital spaces,
deriving some particular cases of the propositions above recalled in order to prove
our main result which states that the number gy of 0-gaps of a 3D digital curve ~y
can be expressed as a linear combination of the number ¢ — i of its i-cells, with
i=0,...,3, and, more precisely, that gy = 2?20(71)”121'01-.

This research was supported by Italian P.R.LLN., P.R.A. and LN.D.A.M. (G.N.S.A.G.A.).
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2. Preliminaries

Throughout this paper we use the grid cell model for representing digital objects,
and we adopt the terminology from [8] and [9].

Let © = (z1,...,2,) be a point of Z", § € {—1,0,1}" be an n-word over the
alphabet {—1,0,1}, and ¢ € {1,...,n}. We define i-cell related to = and 6 and
denote it by e = (x,0), the Cartesian product in a certain fixed order of n — i
singletons {:cj + %} by i closed sets [zj — %, x; + %}, i.e., we set

n

1 1 1 1

€ = (1‘,9) ]_1_[1|:SCJ + §9j — E[Qj = 0],SCj + 59] + 5[9] = 0] y

where [o] denotes the Iverson bracket [10]. The word 6 is called the direction of the
cell (z,0) related to the point .

Let us note that an i-cell can be related to different point x € Z™ and, once
we have fixed it, can be related to different direction. So, when we talk generically
about i-cell, we mean one of its possible representation.

The dimension of a cell e = (x, 8), denoted by dim(e) = 4, is the number of non-
trivial interval of its product representation, i.e., the number of null components of
its direction ¢. Thus, dim(e) = >°7_,[0; = 0] or, equivalently, dim(e) =n — - .
So, e is an i-cell if and only if it has dimension i.

We denote by (CS ) the set of all i-cells of R” and by C,, the set of all cells defined
in R”, i.e., we set C,, = U?:o (Cgf). An n-cell of C,, is also called an n-voxel. So,
for convenience, an n-voxel is denoted by v, while we use other lower case letter
(usually e) to denote cells of lower dimension. A finite collection D of n-voxels is
a digital n-object. For any ¢ = 0,...,n, we denote by C;(D) the set of all i-cells of
the object D, that is, DN (Cgf), and by ¢;(D) (or simply by ¢; if no confusion arises)
its cardinality |C;(D)].

We say that two n-cells v1, vo are i-adjacent, i =0,1,...,n — 1, if v1 # vy and
there exists at least one i-cell € such that € C vy Nwa, that is if they are distinct
and share at least one i-cell. Two n-cells vy, vo are strictly i-adjacent, if they are
i-adjacent but not j-adjacent, for any j > i, that is, if v1 Nwvy € (Csf). The set of all
n-cells that are i-adjacent to a given n-voxel v is denoted by A;(v) and called the
i-adjacent neighborhoods of v. Two cells vy,v9 € C,, are incident to each other, and
we write eyles, if 1 C eg or eg C €.

Definition 1. Let ej,es € C,,. We say that e; bounds es (or that ey is bounded
by e1), and we write e; < ey if eyles and dim(e;) < dim(ez). The relation < is
called bounding relation.

Definition 2. An incidence structure (see [11]) is a triple (V,B,Z) where V and
B are any two disjoint sets and Z is a binary relation between V and B, that is,
7T C V x B. The elements of V' are called points, those of B blocks. Instead of
(p, B) € Z, we simply write pZB and say that the point p lies on the block B or p
and B are incident.

If p is any point of V, we denote by (p) the set of all blocks incident to p, i.e.,
(p) = {B € B: pZB}. Similarly, if B is any block of B, we denote by (B) the set
of all points incident to each other B, i.e., (B) = {p € V: pZB}. For a point p, the
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number 7, = |(p)] is called the degree of p, and similarly, for a block B, kg = |(B)]
is the degree of B.
Let us remind the following fundamental proposition of incidence structures.

Proposition 1. Let (V,B,Z) be an incidence structure. We have

ZTP:ZkBa (1)

peV BeB
where r, and kp are the degrees of any point p € V' and any block B € B, respectively.

Definition 3. Let e be an i-cell, 0 < 7 < n — 1, of C,,. Then an i-block centered
on e, denoted by B;(e), is the union of all the n-voxels bounded by e, i.e., B;(e) =

U{v e cM:e< v}.

Remark 1. Let us note that, for any i-cell e, B;(e) is the union of exactly 27~¢
n-voxels and e € B;(e).

Definition 4. Let vy, v2 be two n-voxels of a digital object D and e be an i-cell,
1=0,...,n—1. We say that {v1,va2} forms an i-tandem of D over e and denote it
by t;(e) if DN B;(e) = {v1,v2}, v1 and vy are strictly i-adjacent and vq Nwvy = e.

Definition 5. Let D be a digital n-object and e be an i-cell, i = 0,...,n — 2. We
say that D has an i-gap over e if there exists an i-block B;(e) such that B;(e) \ D
is an i-tandem over e. The cell e is called i-hub of the related i-gap. Moreover, we
denote by g¢;(D) (or simply by g; if no confusion arises) the number of i-gap of D.

Fig. 1. Configurations of 1- and 0-gaps in Cs

Notation 1. For any i =0,...,n — 1, we denote by H;(D) (or simply by H; if no
confusion arises) the sets of all i-hubs of D. Clearly, we have |H;| = g;.
Definition 6. An i-cell e (i = 0,...,n — 1) of a digital n-object D is free if
Notation 2. For any i =0,...,n—1, we denote by C; (D) (respectively, by Ci(D))
the set of all free (respectively, non-free) i-cells of the object D. Moreover, we
denote by ¢ (D) (or simply by cf) the number of free i-cells of D and by c}(D)
(or simply by c}) the number of non-free cells.

Remark 2. It is evident that {C} (D), C/(D)} forms a partition of C;(D) and that
¢ =cf+d.
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Proposition 2. Let D be a digital n-object. Then co = 6c3 — cb.

Proof. Let us consider the set F' = |J,cc. (py{(e;v): e € Cpi(D),e < v} It is
evident that

|F| = [{(e,v): e € Cp_1(D),e <0} |Cp(D)| = cpo1—n - cn = 20y

Let us set
F* = F 0 (Ciy(D) % Cu(D),  F' = F(Cl_y(D) x Cu(D)),

The map ¢: F* — Cj:_, (D), defined by ¢(e,v) = e, is a bijection. In fact, besides
being evidently surjective, it is also injective, since if by contradiction there were two
distinct pairs (e, v1) and (e, va) € F™* associated to e, then B,,_1(e) = {v1,v2} should
be an (n — 1)-block contained in D. This contradicts the fact that the (n — 1)-cell
e is free. Thus |F*| = |C}:_,(D)| = ¢ _;.

On the other hand, it results that

Fl=| U {ev):eeC) (D)e<uv}
veCr (D)
= U {lev):veCuD)e<wv}
ceCy_,(D)

= |{(e,v): v € Cu(D),e <v}||C),_,(D)]

/

U
= Cp—1enCp_1 = 2¢,_1.

Since {F*,F'} is a partition of F, we finally have that |F| = |[F*| + |F'|, ie.,

— a* / . / / . / .
2ne, = ¢y, +2¢, 1 =cCp_1 —C),_1 +2¢,_1 = cp—1 +¢;,_q, and then the thesis.

Notation 3. Let i, be two natural numbers such that 0 < ¢ < j. We denote
by ci—; the mazimum number of i-cells of C,, that bound a j-cell. Moreover, we
denote by c;—; the mazimum number of j-cell of C,, that are bounded by an i-cell.

The following three propositions were proved in [6].

Proposition 3. For any i,j € N such that 0 < i < j, we have

Cimj =277 (Z)

Proposition 4. For any i,j € N such that 0 < i < j, we have

Cij = 2ji<T.L B Z>
j—i

Proposition 5. Let D be a digital n-object. Then c¢,—1 = 2nc, — ¢

/
n—1-

Notation 4. Let e be an i-cell of a digital n-object D and 0 < i < j. We denote
by bj(e,D) (or simply by bj(e) if no confusion arises) the number of j-cells of bd(D)
that are bounded by e.

Let us note that if e is a non-free i-cell, then b;(e) = 0.
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Proposition 6. Let v be an n-voxel and e be one of its i-cells, i = 0,...,n — 1.
Then, for any i < j < n, it results that

Ci—jCj—n
bi(e) = ===
3. Gaps and curves in 3D digital space

Throughout the rest of the paper we consider the 3-dimensional digital space Z3
with the corresponding grid cell model Cs.

Definition 7. A digital object v of Cs is called a digital k-curve if it satisfies the
following two condition:

eVu e yitis 1< |Ap(v)| <2,
o for any v € v, if v1,v2 € Ag(v), then {vy,v2} & Ag(v),

that is, for any voxel v € 7 there exist at most two voxels k-adjacent to v, and every
pair of voxels k-adjacent to a voxel of v can not be k-adjacent to each other.

The voxels in v which have only one k-adjacent voxel are called the extreme
points of the curve.

Fig. 2. An example of a digital 0-curve in Cs

We are interested only in a digital 0-curve and, if no confusion arises, we will
briefly call it a digital curve.

The following propositions derive from some general ones proved in [6] for the
n-dimensional case.

Proposition 7. Let v be a vozel and e be one of its i-cell, i = 0,...,2. Then, for

any 1 < j < 2, we have
3—1
bj(e) = (]Z)

Proposition 8. Let e be a 2-cell of C3. Then the number of i-cells, 1 =0,...,2, of

the 2-block centered on e is
9+1
Ci(BQ(E)) = TCiﬁg.

In order to obtain our main result, we need to prove the following result.
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Proposition 9. The number of i-cells, i = 0,1, of an 1-tandem t1(e) is

424547

Ci(tl) 24

Ci—3.

Proof. By definition, ¢(e) is composed of two strictly 1-adjacent voxels. Each of
such voxels has exactly ¢;_,3 i-cells. But some of these cells are repeated onto t;(e).
The number of these repeated i-cells coincides with the number of i-cells of the

1-hub e. Since N (h—i)n—i=1)(n
(o) === ()

Ci (tn72(e)) =2Ci—n — Cin—2

. . —2
—9.9n—t <7’L> o 271—2—1 (n ' >
4 2

_ ™2 —Tn+2in—1i%—i
4dn(n —1)

we have

Ci—n-

The following useful proposition was proved in [5].
Proposition 10. The number of 1-gaps of a digital object D of C3 is given by
g1 =2¢; —cl. (2)

Proposition 11. Let e be a free vertex that bounds the center €’ of a 2-block Ba(e).
Then by(e) = 4.

Proof. Let us consider the incidence structure (Co(Bz(€’)), C1(Bz2(€')), <). By Pro-

position 1, we have
S o= Y ok
a€Co(Ba(e")) a€C1(Bale'))

Let us note that, by Proposition 8, we have |C(Bz(€’))| = 20 and |Cy(B2(e'))| = 12.
Since, for any a € C1(Ba(e’)) we have k, = o1 = 2, it follows that

> ke =2|Ci(Ba(e))| = 40. (3)

a€Cq(Ba(e))
Let us now consider the sets
F ={a€Cy(Bzc)): a<el}, G ={a€ Cy(Ba2(c)): a £ €}

Since {F, G} forms a partition of Cy(Bsz(e’)), we can write

Z ra:Zra—i—Zra.

a€Co(Ba(e)) acl aeG

For any a € F, let us set 1, = bi(e). We obtain

Z Ta = |F|b1 (6) = CQ_,gbl (6) = 4b1 (6) (4)

aclF
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Instead, by Proposition 7, for any a € G, we have
3-0
re =b1(a) = <1 _0) =3,

and so,

> ra =3|G| = 3(|Co(Ba(€))| — co2) = 3(12 — 4) = 24. (5)
aceG

To sum up, by using Equations (3)—(5), we can write 4b;(e) + 24 = 40, from which
we get the thesis.

Proposition 12. Let v be a digital curve of C3. Then the number of 0-cells that
bound some non-free 2-cell is 4ch.

Proof. Since c,(7) coincides with the number of 2-block of v, and since any non-
free 2-cell is bounded by cy—2 = 4 0-cells, the number of 0-cells that bounds some
non-free 2-cell is exactly 4c5.

Proposition 13. For any i,j € N such that 0 < i < j, we have

iy — 21 (7? - ?).
j—l

Proposition 14. Let D be a digital object of C3 and e € Hy. Then by(e) = 6.

Proof. Since the number by (e) of 1-cells of D bounded by e coincides with the maxi-
mum number of 1-cells bounded by a 0-cell, by Proposition 13, we have

_o(3—0
bi(e) = coq =21 0(1 B 0) = 6.
We have the following lemma.

Lemma 1. The number of 0-cells and 1-cells of a 1-tandem t1(e) is co(t1(e)) = 14
and c1(t1(e)) = 23, respectively.

Proof. 1t directly follows from Proposition 9 for n = 3 and i = 0 or ¢ = 1, respect-
ively.

Proposition 15. Let e be a 0-cell that bounds a 1-hub. Then bi(e) = 5.

Proof. Let ¢’ a 1-hub that is bounded by e and t;(¢’) the related 1-tandem.
Moreover, let us consider the incidence structure (Cy(t1(e’)),Ci(t1(¢')),<). By
Proposition 1, we can write

2. ra= ) ke
a€Co(t1(e')) a€Ch(t1(e'))
By Lemma 1, we have |Cy(t1(e’))| = 14 and |Cy(¢1(e’))| = 23. Moreover, since for
any a € C1(t1(€")), ko = com2 = 2, it follows that

Z ka = 2|Cl(ﬁ1(€l))| = 46.

aeCy(ti(e"))



126 ANGELO MAIMONE, GIORGIO NORDO

Now, let us set
F={a€Cyti(e')): a<e},
G={a€Cy(ti(e'): a £ €'}
Since {F, G} is a partition of Cy(t1(€’)), we have

Z ra:Zra+Zra.

acCy(ti(e’)) a€F acG

Let us calculate ) 7. If we set r, = bi(e), we have

D ra =|Fbi(e) = coibi(e) = 2bi(e).

acF

Now, let us calculate ), 74. By Proposition 7, for any a € G, we have
rq = b1(a) = 3.

Hence, we get

> ra =3|G| = 3(|Co(ta ()| — co-1) = 36.

acG
To sum up, we have 2b;(e) + 36 = 46, from which we get bi(e) = 5.

Proposition 16. Let v be a digital curve of C3. Then the number of 0-cells that
bounds some 1-hub of v is 2¢;.

Proof. Since any 1-hub is bounded by ¢y_1 0-cell, the number of 0-cells that bounds
some 1-hub is exactly 2¢;.

By applying Proposition 7 with ¢ = 0 and j = 1, we can easily prove the following
proposition.

Proposition 17. Let e be a 0-cell of a voxel v € C3. Then bi(e) = 3.

Theorem 1. Let v be a digital curve of C3. Then the number of its 0-gaps is
given by
3

gO — Z(_l)i+12ici-

i=0
Proof. Let us consider the incidence structure (Co(7y), C1(¥), <). By Proposition 1,
we have
DI S
a€Co(7) aeCi(y)
Evidently, for any a € Cy(7), we have that k, = 2. So,

> ke =2|Ci()] =201 (6)

aeC1(y)
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Let us denote by H;(v), i =0, 1, and by C%() the sets of 0- and 1-hubs and the
set of non-free 2-cells of v, respectively. Let us now calculate Eaecg(—y) rq. In order
to do that, let us consider the following sets of 0-cells:

A={ceCo(v): c € Hy(7)},
B={ceCy(y):c<e, ec Hi(y)},
C={ceCo(y): c<e, e€Cy(n)},

D =Cyo(y)\(ANBNC).

Since {A, B, C, D} forms a partition of Cy(7), we have

Z ra:Zra—i—Zra—l—Zra—i—Zra.

acCo(y) acA a€B acC a€D

Let us calculate ), ,7,. By Proposition 14, for any a € A it is r, = 6.
Evidently |A| = go. Hence

S ra = ralAl = 60. (7)

a€A

Let us calculate ZGGB rq. By Proposition 15, for any a € B, we have r, = 5.
Moreover, by Proposition 16, |B| = 2g;. So,

Z ra = rq|B| = 10g;. (8)
acA

Let us calculate ), 7. By Proposition 11, for any a € C, we have r, = 4, and
by Proposition 12, |C| = 4¢}. It follows that

Z re = 74|C| = 16¢}. (9)
acA
Finally, let us calculate ZGGD rq. By Proposition 17, for any a € D, we have r, = 3.
Moreover, |D| = ¢o — 4ch, — 291 — go- So,
ZTa =74|D] = 3(co — go — 291 — 4c3). (10)
acA

Combining the Equations (7)-(10), we obtain 6go + 1091 + 16¢5 + 3co — 3g0 —
691 — 12¢,, = 2¢;, that is,

3co + 4ch + 4g1 + 390 = 2¢y. (11)

Using Proposition 10, we get 3co +4ch + 8¢ —4c1 +3go = 2¢1, since ¢o = ¢+ ¢,
3co + 4ea + 45 + 3go = 6¢1. Moreover, by Proposition 2, we get —ch = ¢o — 6¢3. So,
we can write

ch=cy—ch=co+cy— 63 = 2cy — bes.
Substituting the last expression in Equation (11), we have
360 + 462 + 862 - 2462 + 3go == 661,

that is,
3co + 12¢9 — 24¢3 + 390 = 6,

from which we finally get go = >0 (—1)"12%¢;.
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Teopust maTEMEPHOIT TOPOMTATIHHOIM
I'umiepBceennoit

P.B. XAYATYPOB

IIpedcmasaero owc. Hopdo

Awnnoranus. [Ipeuiorkena MmareMaTudeckasi MOJIe/Ib, KOTOpasi 00bsiCHsIeT HaOIIIOaeMbIil
MIPOIIECC YCKOPEHHOTO pacmmupenus Bcemennoit 6e3 MOMOIMM TaKUX MTOHATHI, KaK ‘TeM-
Hag sueprus’ u “remuas Mmarepusa’. Oupepeseno nousrue ['mnepscesennoii. O6ocHoBaHO
IIpeIoIozKeHne, 9To Hama Beegennas npeacrasiager coboil pacmmpsiontyocs (B HACTOA-
Ui MOMEHT C yCKOPEHHMEM) TPEXMEPHYIO THIIEPIIOBEPXHOCTD YETBIPEXMEPHOrO mapa (ru-
nepcdepy) paguycom okoso 10 mupx cs. jer u oobemom okosto 20000 (mupx cB. JIeT)37
a ['mnepscesiennasi — Bpamaonuiics naTuMepHbiii Top. losydensr nepuoguaeckue 3aKo-
HBl U3MEHEHUsI CKOPOCTH, YCKODEHUsSI M pajnyca Halneil BceJeHHO Ipu ee JIBUKEHNUN 110
[MOBEPXHOCTH IATHMepPHOro Topa I'unepscenennoii. O6bsicHeHo siBieHne rpapuranun. B co-
OTBETCTBHU C Teopueil ['unepBcesieHHoi, ONMMCaHHO B TaHHOI paboTe, HUKaKoro Bosbioro
B3PBIBA He ObLIO, Beesrennas He BOZHUKJIA U3 CHHTYJISPHOCTH U HUKOT/IA B HEE He COKMETCH,
HO U HE PACIIUPUTCS JI0 OECKOHEYHOCTH, & OYAEeT IMUKINIECKN PACITUPATHCA U CZKUMATHCS
B IIPOIIECCE €€ JBUKEHUS BJIOJIb IOBEPXHOCTHU IMSTUMEPHOrO TOpa [ niiepBcesieHHOMN.

KutroueBble ciioBa: KOCMOJIOrUs, acCTPOMU3NKa, MATEMATHIECKOEe MOJIEJINPOBAHNE, CTPO-
enue Bcenennoii, ['unepscesiennas.

1. BBenenune

Cospemennbie acTpodusndecKne HAOIIONCHNS U U3MEPEHNs [TOKA3LIBAIOT, YTO CKO-
pPOCTBb yHaJieHus JIOOBIX JBYX JOCTATOYHO OTHAJEHHBIX JIPYT OT JApyra OOBEKTOB
B Hareii BecesieHHO# ¢ BBICOKO# TOYHOCTDHIO MPSIMO ITPOIMOPIINOHAILHA, PACCTOSTHUIO

Puc. 1. Unnocrpanust apdexra Jomrepa

MEXK/y HUMH. DTO ObLIO OOHAPYZKEHO M MHOTO Pa3 IPOBEPEHO ¢ HOMOIIBIO 3¢ derTa
Hormiepa — U3MeHEHHsT JIIMHBL 9JIEKTPOMAIHUTHON BOJIHBI, BBI3BAHHOI'O JBUXKCHUEM
HCTOYHNKA OTHOCHUTEJIBHO MpHEMHHKa (prc. 1).

© MockoBckuii unancoso-fopuaudeckuii yausepcurer MOIOA, 2015
© Moscow University of Finance and Law MFUA, 2015

5 IIMuM®, 1.1 Nel
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|

Puc. 2. Kpynnomacmrabnas crpykrypa Beenennoii [1]

Habmmromaembrit 3akon pacmmpenusi BeelleHHOI TakKe O3HAYAET, YTO B KAKOM
OBl TOUKe Halleil BcejleHHON MBI HE OKa3aJIMCh, CO3JIACTCsI BIEYaT/IEHUE, 9TO MbI
HaXonUMCst B 1ieHTpe Beesennoit (puc. 2), a Bce ocTajbHBIE ee 00bEKThI YIAISIFOTCS
ot Hac. [Ipuuem ueMm asbiie OHM HAXOMATCS OT HAC, TeM OBICTPee YIAIAIOTC. JHas
paccTosiHue JI0 HUX, MOXKHO IPUOJIMXKEHHO OIPEJIEIUTh CKOPOCTh UX Y/AJIEHUs] C

IIOMOIIIHIO 3aKOHa, Xab0J1a

dD
V=—=HyD
dt o+,

rae V — ckopocThb ymasenus oobekra, D — paccrosinue 1m0 mero, Hy — mocTosiHHasd
XabbJjta B HACTOSIIIUM MOMEHT. BOJIBIIMHCTBO HE3aBUCUMBIX OIEHOK Hg MaroT Jijist
9TOro napaMerpa 3uaderne 65+ 75 km/c na Meranapcek (~ 3.26 MuH CB. J€T), uin
20 =+ 23 KM/c Ha MIJIJIHOH CBETOBBIX JieT [1]-[16].

ITpocrast JinHelHAST SKCTPAIOJIANNMS ITOrO 3aKOHA IPUBe/ia K BO3HUKHOBEHUIO

Teopun BoJIBIIOrO B3pbIBa, COJIACHO KOTOPOIi Halla BcejleHHasi BOSHUKJIA U3 CHH-
TYJISIPHOCTU U HAYAJIA PACIIAPATHCS B PE3YJIbTaTe HEKOrO IIEPBOHAYAIBLHOTO B3PhI-
Ba. Cosjlaresieil u mocjegoBare/eil Toil TeopuK He CMyIIAeT JaxkKe TOT (PaxKT, 4To
B OKPYXKAaOIeM HaC MUpe Hu4ero JjimHeiHoro #Her. OTMeTUM Tak:Ke, YTO HU OJIUH
13 M3BECTHBIX HAM B3PBIBOB HE PACIPOCTPAHSAETCS M0 TakoMmy 3akoHy. Haobopor,
B JIFOG0OM B3pbIBe (OT ITHEBMATHYECKOTO JI0 TEPMOSIJIEPHOIO) UM JAJIbIIe OCKOJIKI
(MM gacTUIBI B3PbIBA) OT SIUIEHTPA, TEM MEHBIE WX CKOPOCTb, UTO MOJHOCTHIO
COOTBETCTBYET U3BECTHBIM HaM 3akoHaM ¢usuku. Kpome Toro, ecim Ob1 Hamra Bee-
JIEHHAS PACIINPIACH [0 3aKOHAM JII0O0T0 OOBITHOTO B3PbIBa, TO MOXKHO OBLIO OBI
JIOBOJIBHO JIET'KO OIIPEJIE/INTh U HAIIPABJIEHHE K [EHTPY 9TOr0 B3PhIBA, T. €. K IIEHTPY
Bceenennoit. Orako B HaIleM cjIydae 9TO HEBO3MOXKHO, TaK KaK BCE HAIIPABJICHUST
paBHOIPAaBHBL, a Beesiennag uMeer oiHOPOAHYIO (B 6OJILIIOM MacHITade) ssaenucTyio
CTPYKTYDPY (CM. puc. 2), 9TO TakyKe 09YeHb IUIOXO COrIacyeTcst ¢ Teopueil Bosbioro
B3pbIBa. Bojiee TOro, caMbie COBpEMEHHbBIE PE3Y/IbTaThl ACTPOMUINICCKIX HADIIIOIE-
HUU 1 M3MEPEHUIT TO3BOJISIOT TOHATD, ITO Halla BeesleHHast He TPOCTO PACIIUPIETCH
110 3aKOHY XabbJia, COXpaHsisi CBOIO PErYJISPHYIO CTPYKTYPY, HO PACIIUPSIETCS C J10-
[TOJTHUTEJIbHBIM TI0JIOXKUTEIbHBIM yCKOpeHueM. J[jisi 00bsicHeHUs 5TOro haKkTa cpas-
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HUTEJIbHO HeJIABHO ObLiIa BBIIBUHYTA I'MIIOTE3a O CYIIECTBOBAHUU HEKOI 3aral09HOM
“TeMHOI SHEPIUu’, KOTOPAasi HEe JaeT TPABUTAIINOHHBIM CHJIAM OOBITHON MaTepun 3a-
MEJIJIITh CKOPOCTh pacinupenusi Beesennoit. I3 9Toro, B CBOIO 0vepeib, JeraeTcs
BecbMa €J1abo 060CHOBAHHBIN BBIBOI, UTO BeeslenHast Oy/1eT pacimpsaThcs OeCKOHe -
HO C BO3PACTAIOIIEH CKOPOCTHIO.

[Ipemraraemas B HACTOSIIEH U IPEABIIYIMNX paboTax aBTOpPa MaTeMaTUIeCKast
Mogzienib ['mnepseesierHoii [2]-[7] ofbsicHsier HaBIIOMAEMBIH TPONECC YCKOPEHHOTO
pacmupenusi BeeseHHoit 6€3 MOMOIIM TaKUX MOHATHI, KaK ‘TeMHas SHeprus’ u
“remuasi marepusi’. OOOCHOBAHO IPEMIOJIOXKEHIE, ITO Halla BeeneHnast mpeacras-
JsieT co0ON PACIITUPSIONIYocsi (B HACTOSIINN MOMEHT € YCKODEHHEM) TPEXMEPHYIO
[UIEPIIOBEPXHOCTD YeThIPEXMepHOro mmapa (runepedepy) pajuycom okoso 10 Miapsy
¢B. Jiet 1 obbemoM 0kos10 20000 (Maps cB. jet)?, a ['unepseesenHast — BpaIAIOIHii-
sl ISITUMEpPHBIH Top (eM. nasee puc. 4). TloyueHbl epruomaecKue 3aKOHbI H3MeHe-
HUsI CKOPOCTH, YCKOPEHUST U paJinyca BceleHHOI 1pu ee JIBUXKEHUN 110 IOBEPXHOCTH
nsaruMepHoro topa ['mnepscesiennoit. Haunnas ¢ 2010 r. pe3yapTaTbl 3THX HUCCTIE-
noBaHuit 6osee 10 pa3 ObLIN JIOJIOXKEHBI Ha PA3JINIHBIX KOH(MEPEHINAX, OPraHu30-
BaHHBIX Poccufickoil akagemuneit kocmonasTuku uM. K. 9. Iuonkosckoro (PAKIT)
u Poccuiickoii akanemueit nayk (PAH), u ony6imukoBanbl B Tpyax U T€3UCAX ITUX
KOHQEPEHITHIA.

2. O0BbsicHeHne HAOJIOJAaeMOro 3aKOHa pacHiMpeHusi Haireir Bce-
JIEHHOU, OIleHKa ee JIMHEMHbIX pa3MepoB U o0beMa

IIpencraBum cebe 0ObIIHY IO Chepy € YBETUIUBAIONINMCS PAINYCOM U IIEHTPOM B TOU-
ke O. Ecim Mbr ormeruM Ha Heit Touku A, B, C' Takue, 910

48| = |Bc| = 290

2
TO YyBHJMM, UTO NIPU yBEJIWIEHUH ¢ HEKOTOPOH cKopocThio Vi pammyca R(t) sroit
cdepbl CKOpoCTh yianerus Touku B o Toukn A (B1osb nosepxuHocTn cdepsl) Gyaer
paBHa ckopocTu ynajerus Toukn C' or Touku B U B IBa pa3a MEHBIIE CKOPOCTH
yaanenust Toukn C' or toukn A (pue. 3). 3a paccrosiHEe MeXKIy JIFOOBIMA JIBYMsI

Puc. 3. Myuniocrparnus 3akona pacmmupenus Beesennoit

5*
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TOYKAMU Ha cpepe MbI 3/IeCh TPUHUMAEM JJTUHY KpaTJdaiieil Tyru, coeTuHIONeit
ux. B camom reste, B TaKOM cirydae OyIyT BBIIOTHATHCS CJIEIYIONIIE YDABHEHIS:

|AB| = pR(t) = ¢Vrt,  |BC|=@R(t) = ¢Vrt,  [AC|=2pR(t) = 2¢Vrt,

rJie ¢ — COOTBETCTBYIOINIT IIEHTPAJIbHBII yTOJI.

DTO0 MOJHOCTHIO COOTBETCTBYET HAOJIIOIAEMOMY 3aKOHY, 110 KOTOPOMY PACIIUPsI-
ercsi Hamra Beejiennasi. [loaroMy B ciiydae JIByMEPHOIO IIPOCTPAHCTBA JOCTATOY-
HO TIPEJIIOJIOKUTE, YTO BceejleHHass — 3T0 He GeCKOHEUYHasl ILJIOCKOCTb, a cdepa ¢
OYeHb OOJIBIIIMM PaJINyCOM KPUBHU3HBI. 1Orjia Ipu yBeJIMYeHUN pajuyca 3Toil cde-
PBI ¢ HEKOTOPOH CKOPOCTBIO JIFO0BIE JIB€ TOUKN Ha Hell (Kak ObLIO TTOKA3aHO BBIIIE)
OYIyT yIAIAThCS APYT OT ApyTa TeM ObICTpee, UeM HaJIbIe IPYT OT JAPYyra HAXOMAT-
cs, T. €. B JiI000it ee TOUKe OyJIeT BBIMOTHATHC 3aKOH Xab0a. [Ipu srom ¢ mepBhix
JKe MTHOBeHHil mocjie Bosbimoro B3pbiBa, ecym ObI TAKOBOI OBLI, TIEHTD 3TOi Bee-
JIEHHOI OKazaJicst Obl BHE ee, a UMEHHO — B IEHTpe pacimpsiomnieiics cdepbl. Ana-
JIOTHYHO, B CJIydae TPEXMEPHOrO IIPOCTPAHCTBA Halla BceleHHas MOYXKET SBJISITHCH
TPEXMEPHOIl I'MIIEPIOBEPXHOCTHIO YeTHIPEXMEPHOIO IIapa ¢ OYeHb OOJIBIIUM paJiu-
ycoM KpubusHbl. Torja ee paciimpeHue ¢ yBeJIUYeHUEM Payca OyJeT IPOXO/UTh
10 TOMY K€ 3aKOHY, 9YTO U B JBYMEPHOM CJIydae, a IIeHTP OyJIeT BCEerjia OCTABATHCS
BHE ee — B IIEHTPE COOTBETCTBYIOIIEr0 YeThIPEXMEPHOIO Mapa. B TakoMm cirydae, uc-
KaTh IEHTP HAYaJIbHOTO B3pbiBa BceejleHHOI BHYTPH Hee DECIIOIE3HO — er0 TaM HET.
Opnrako oH MOTr OBl “OpPOXKIATh’ HOBBIE BeesleHHbIE — MTapaJulejbHbIe HAIlel. JTO
[IPOIIIE MPEJICTABUTH B JIBYMEPHOM CJIydae — KaK BJIOKEHHBbIE IPYT B Apyra cdepbl
pPa3HOrO pajimyca ¢ OOIIIM IIEHTPOM.

C maBHUX TIOp JIIO/IEll MHTEPECYeT BOIPOC: OECKOHEYHA JIM Hala BceesreHHasd !
Tenmnanbubiit npesrerpeveckuit pumocod ApucToTesb ere JI0 TOro, Kak B HayKe Mo-
SIBUJIOCH TTOHSITHE HYyJIsI, 8 MaTeMaTHKa CTaja OT/Ae/IbHOI HAyKOii, OTBedas Ha 9TOT
BOIIPOC C TIOMOIIBIO CJIEJIYIOMNX JIOTUIEeCKNX paccyzxkaenuit: “IIpemamosoxxum, ITo
Bceenennast korneuna. Torja ¢ KOHEUHOI CKOPOCTBIO 33 KOHEYHOE BPEMSsI Mbl MOYKEM
J106paThest 10 ee KoHIa. Ho HUYTO He momernaeT HaM (pUIOCOMCKUM YCUIMEM IIPO-
TSHYTH BIepe.l pyKy. Ul Ipo/IBUHYThCsI €1lle BIIepe ] Ha PACCTOSIHIE ITON BBITSHY TOM
pyku. Tak MBI MOXKEM IMOBTOPSATH Je/IaTh CKOJBKO yromaHo pa3. CiregoBaTesbHO,
Bceenennas 6eckoneuna’. 9To, HECOMHEHHO, O9€Hb CHJIbHBIE U 00PAa3HbIE JIOTHIECKIEe
paccyzKieHns Jjis BPEMEHHU, KOrIa JIaXKe MaTeMAaTUKN KaK OTIeJIbHON HAYKN y te-
JioBedecTBa erme He Obuto. OmgHAKO TpejmaraeMasi MOJeb Halreil Bceemennoit Kak
TPEXMEPHOIl IUIIEPIOBEPXHOCTH IETHIPEXMEPHOIO ITapa MOKA3bIBAET, ITO €CJI Obl
Apucroresib OUY€Hb MHOI'O pa3 IPOJIBUTAJICS HA PACCTOSIHUE €r0 BBITSIHYTON pyKu
mji ecjid ObI €ro pyKa ObLjIa OYeHb JJIMHHOM, TO OH IIPOCTO BEPHYJICSI OBl B TOUKY, U3
KOTOPOI HAUAJI CBOE Iy TenecTBre (Tak Kak ero TpexMepHasi PyKa BMeCTe ¢ MCKPHB-
JIEBHHBIM TPEXMEPHBIM IIPOCTPAHCTBOM Hallleil BcejleHHON HelpepbIBHO U3rubaJiach
OBl 110 HAIIPABJIEHWIO K TIEHTPY YeTHIPEXMEPHOIO IIapa).

B coorBercTBUM ¢ mpemgmaraemoil Moenbio Harra Beesennas 6€CKOHETHA B TOM
CMBICJIE, 9TO y Hee HeT KOHIIA, TAK KAaK OHa 3aMKHyTa caMma Ha cebs, aHAJOTTIHO
aBymepHO cdepe. OgHAKO OHA UMEET KOHEUIHBI 00beM, XOTs U O9eHb OOJIBINOIA.
DTOT 06bEM MOXKHO TPUOIUIUTETHLHO MOACINTATE. JIIsT 9TOTO HEOOXOMIMMO OTIEHUTH
BEeJIMUMHY paJmyca KpuBuU3HbI Hareit Beesrennoit. Camble qajibHIE BUAMMBIE 00b-
€KThl HAXOJSTCS Ha PACCTOSTHUU OKOoJio 12—15 muipjr ¢B. jier or Hameil [ajakru-
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ku [1], [10]—[17]. M0KHO IPEIOIOKUTH, YTO ITO PACCTOSIHEE, Ha KOTOPOM Iiepece-
KatoTcst (B CUITy KPUBU3HBI Harell BeesleHHOI) TapasuiesibHble JIyIHl CBeTa, UCXOJIsl-
mue ot Hameil [amakruku. COOTBETCTBEHHO, MApAJIENbHBIE JIyIH CBETA, MCXOIs-
e OTTyIa, OyAyT mepecekaThest (HOKyCcHpoBaThCs) B HAIEH TOUKEe HAGIIONEHNS.
DTUM MOKHO 00bSICHUTH TO, ITO MbI HABIIOaEM TaKne sipkue (yUIuThIBas OTPOMHBIE
DPACCTOSIHUS) U II€PEMEHYNBbIe 0ObEKThI (HAIIPUMED, MaMMa-BCILIECKN) Ha IDAHULE
BuuMOit BeesteHHoii.

Mcxonst U3 9TOr0 4eTBepTh JIMHBI OKPYZKHOCTH IJIABHOT'O CedeHUs BeesieHHOi
OyJeT COCTABJIATH OKOJIO 15 MJIp, CB. JIET, & BEJIMYUHY COOTBETCTBYIOIIEIO PAJIIYCa
KPUBHU3HbI R MOYKHO TPHOJIU3UTEIBHO ONEHNTh Kak 10 Mups cB. Jjier (9ra Besw-
YMHA COOTBETCTBYET M JPYyTUM HE3aBUCHMBIM OICHKAM JIMHEHHOrO pasMepa Harmeit
Bceesennoii [17]). Bocnosbzosasuiucs hbopmysioii 06beMa TPeXMEPHOi TUIIePIIOBEPX-
HOCTH YeThIpexMepHoro mapa Wgs = 272 R, MOYKHO BBIMHCINTH TPUOIN3ATETHHBII
0bbeM narreit Beenennoii B KyOU4ecKux MUJLIMAPIAX CBETOBBIX JIET:

Wy = 20000 (muipz cB. JIeT)3

Ara onenounasi esmunHa [3]-[7] nokasbiBaet, uTo o6beM Harmel BcesenHoil orpo-
MEH, HO BCe-TaK/ KOHEUEH.

B coorBercTBUE ¢ KiIaccuueckoil Teopneit Bombimoro B3phIBa mepno pacimpe-
Hust BeesleHHOM JI0/2KEeH CMEHNUTBCST IEPUOJIOM €€ CXKATHsI, KOTJIa KPACHOE CMEIEeHNe
cvenuTcest puosieroBbiM. OJIHAKO HeJIABHO OOHApYy»KEeHHOe B pe3dyJibrare acTpodu-
3UYecKuX HabIIoIeHnit yeckopenue pacimpenns Beesennoit [10]-[16] gamo Bo3amMok-
HOCTB IIPeJIoJIaraTh, YTo BeeieHHast MOYKeT pacIiupsiThest beckoreuHo. Kakoii crie-
Hapuii siByisiercst BepubiM? U eciin BeesleHHast Bee ke COXKMETCsI 0OPATHO B TOUKY,
TO BO3POJIUTCS JI OHA B TAKOM CJIyUae BHOBb WM ncde3HeT HaBcerma! A ecam Bee-
JIeHHas1 6YJIET TIEPUOMIECKN CKUMATBCS U PACIIUPSITHCS, TO HE GyJIyT JIU IPU 3TOM
CTAJKUBATHCSI TIapasulesbHble (BJIOXKeHHbIe) BeesenHble? [Ipeiaraemast B 910l pa-
60Te MaTeMaTHIeCKast MOJIETh [ MIIePBCEICHHOMN TA€T OTBETHI Ha 9TH BOIPOCHL.

3. IlarumepHass MaTeMaTuvecKasi MoJieJib ['unepBcesieHHOI

i1st Toro 9To0bI OBLIO JIerde MPEeCTABUTH OMICHIBAEMYIO MOJIE/b, yOepeM IBe IMpo-
CTpaHCTBeHHbIe KoopauHaThl. Torma Haina BcejieHnasi mpejicraHeT B BHJie OKPYK-
HOCTH C PaJINyCOM KPUBHU3HBI OKOJIO 10 MJIDJL CB. JieT. PaciosioxKum 3Ty OKpYKHOCTH
ua nosepxuoctu Topa (puc. 4). Cam sror Top HazoBeMm lunepscenenioi.

[TpemosozKuM, 9T0 MOBEPXHOCTH 9TOI'0 TOPA BPAIAETCs, BBIBOPAUMBASCH W3-
HyTpH HapyKy U 0o0paTHO, KakK IoKa3aHO Ha puc. 4. iu cama 3Ta OKpy>KHOCTH
“CKOJIB3UT 110 TTOBEPXHOCTU TOPA, MUKJNIECKU yBEJUYINBAasi U yMEHBIAs CBOU pa-
nuyc. B rakoMm citydae, mepuos ee paciiupenns OyIeT IIaBHO TEPEXOIUTD B IEPUOT,
cKaThd U T. ). BayXHO OTMETHTB, 9TO IIPU ITOM IapaJiiesbHble BcejieHHble 6OJIb-
IIIEr0 Pa/Inyca, y2Ke HAUABIINE C2KIMATHCS, He Oy/IyT CTAJKHBATHCS ¢ BeesreHHbIMET
MEHBIIIEr0 PAJUYCa, POIOJIKAIOIIUMU PAcIUpaThed (M. puc. 4). D1o obbacHser
BO3MOXKHOCTB CYIIIeCTBOBAHUS BJIO?KEHHBIX [MapaJuie/IbHbIX MUPOB. Pajnyc KpuBus-
bl BeestenHoit HUKOT1a HE CTAHET PABHBIM HYJIIO: MEHIMAJIBHOE €r0 3HAYEHUE OyIeT
PaBHO BHYTPEHHEMY PAJIMYCy TOPA, & MAKCUMAJIbHOE — BHEIITHEMY.

ITpu mocTosIHHBIX yIJI0BOH wr U JuHeHON Ut CKOPOCTSIX BpAIlEeHUs II0BEPXHO-
¢t Topa (WM JIBUKEHHsI OKPYZKHOCTH BCeseHHOM 10 ero moBepXHOCTH) CKOPOCTh
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Puc. 4. Tpexmepras cxema nIaTUMepPHOro Topa | nnepBceseHHOM

YBEJIMYEHUs pamyca 9TOH OKPYyKHOCTU VR He OyIer MOCTOSHHOM, a OyIeT ompee-
JISITBCS CJIEIYIOIIAM yPABHEHUEM:

Vr = Ursinq,

rjie (v — yroJi I0BOPOTa MOBEPXHOCTH TOpa (puc. 5). Dra (opmysia He TOJLKO 00bAC-
HSIET, TI0YEeMY CKOPOCTH PACHIUPEHUsI U Oy/IyIIero cxKaTusi BeejleHHON HEITOCTOsIHHA,
HO U OTHCHIBAET 3aKOH €€ N3MEHEHUS.

Puc. 5. Tpexmepras cxema nsaTuMmepHOro Topa ['nmepscesenHoit B pa3pese

Bousee Toro, ecim mpeamnosokuTh, 9TO JIMHENHHAS CKOPOCTH BpamieHus U mo-
BepxHOCTH TOpa ['mmepBceserHHolt O/M3Ka K CKOPOCTH CBETA €, TO MOYKHO OIIpeIIe-
JINTH MECTOTIOJIOYKEHHUE Ha HeM Halel BceseHHOM B TAHHBINT MOMEHT BpeMEHU, 3HA
CKOPOCTDb VJIAJEHUSI OT HAC KOCMUYIECKNX OOBEKTOB, HAXOJSIINXCS Ha PACCTOSHUN,
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paBHOM paJinycy KpuBu3HbI Hatleil Beeytennoit R ~ 10 muipy cB. jier. O4eBUIHO, 9TO
CKOPOCTD yIaJeHNs OT HAC TaKUX 00BHEKTOB OyaeT paBHa VR — CKOPOCTHU yBeIUTIe-
nus R. Vlcxojis u3 9TOro, Mbl MOYKEM BBIMHCIUTH CHHYC YT O

Vo Ve
UTN C.

sina =

CorytacHO COBPEMEHHBIM aCTPOHOMIYeCKUM JaHHbIM [1], [8]-[16] ckopocTs yiateHns
00HEKTOB, HAXOAINXCA Ha paccTognnn 10 MIIPJL CB. JIET, COCTAB/IAET IIPUOIU3UTE b=
Ho 2/3 ot ckopocru csera c. ITosromy sina & 2/3, caemosarennro, o ~ 0.73 pas
~~ 42°.

Kpowme Toro, 310 03Ha4YaeT, 9TO 3a BpEMs OT HAYAJIa PACIIUPEHUS BceseHHoi
(T ~ 14 + 15 x 10° net) Top ['mmepBcenenHoil yces TOBEPHYTHCA Ha Hail IeHHBIIH
YTOJI (v TIpU JIMHEHHON CKOPOCTH JIBUKEHUsI ero noepxHoctu Ur = ¢ (oTMmeTnm,
9TO ¢ = 1, €C/iu M3MEpATh CKOPOCTH CBETa B CIUHUIAX “CBETOBBIE Toja B TOJ,
YTO B JAHHOM ciiyudae yzo6Ho). COrjIacHO 9TOMY MOXKHO BBIYUC/IUTH PAJUYC TEJIa

Topa Rr: .
Ur =c=1=wrRr, wT:%éRT:C—.
Q@

TaxkuMm 06pazoM, MbI IOy rI (hOPMYJTy st BBIYUCICHUS pajinyca Teaa Topa ['u-
NEPBCEICHHON B 3aBUCHMOCTH OT BpeMeHH 1 OT Hadasa pacmmpenust BeeseHHoi
U yria <, Ha KOTODBI OH YCIEJ 3a 9TO BpeMs IOBEPHYThC:A. llojcraBias B 3Ty
dopmyny snavenus ¢, T 1 «, OKOHYATEIBHO TIOJIyYIUM R & 20 MJIpJ CB. JIeT.

Teneph MOKHO BBIMMCJHUTH BHYTpeHHWI Ri m BHemmmit Ry pagmycsr Topa ['n-
nepseesienHoit [3|-[7] (em. puc. 5):

Ry = R— Rr(1 —cosa) ~ 4.7 (Mipz cB. Jier),
Ry = Ry + 2Rt ~ 44.7 (Mmupx cB. Jer).

Kaxk yxke 6bL10 OTMEUYEHO BBIIIE, MpejiaracMas MOJIe/Th TaKKe OO0bICHSET, TJIe
1 KaK MOTYT PacIoJiaraTbCs coceHue, rmapaJsenbabie Beenmennble. Kak mokazano
Ha puc. 4, OHI MOTYT OBITH TPEICTABICHBI B BHUJIE MapaIeIbHLIX OKPYKHOCTEH Ha
IIOBEPXHOCTH TOPA, CJACIYIONINX 3a U IEpeJi OKPYKHOCTBhIO Hareit Beemennoit mo
yray «. Iepuos obpamennst cocrasiaser okosao 125 mups aer (2w Rr/c). Ocraer-
Csl TOJIBKO BEPHYTD PeJLylIUPOBAaHHbIE HAMU (JJ1s OBJIerdeHnsi BOCIPUATHS MOJIEIH)
JIBE€ TPOCTPAHCTBEHHBIE KOOPAUHATHI, 9TOOBI OKOHYATEIHLHO MOJYINTH MaTeMaTH-
9eCKYI0 MOJIesTh Haleit ['umepBce/ieHHOl B BUJIE MSITUMEPHOTO TOPA C IMUKJIHICCKU
JBUTAIONNMHICS 110 HEMY TapaJlIeTbHBIMA BCeTeHHBIMI — TPEXMEPHBIMI THIIEPITO-
BEPXHOCTSIMHI COOTBETCTBYIOIMINX YETHIPEXMEPHBIX ITAPOB PA3HOTO PaImyca.

4. MaremaTn4ieckoe onucaHue naTuMepHoro Topa 'mnepBcesieHHO

IIatmveprstii Top I'mmepscerenmoit T° € E° MOKHO HOJHOCTBIO OIPEIETINTH TIapa-
Mmerpamu Ry, Rt u yrioum spamennst « € [0, 27| (em. puc. 5). st 9TOro B 4e€ThIpex-
MEPHOM €BKJINJIOBOM IIPOCTPAHCTBEe F* NEpBBIX YeThIpeX KOODPJUHAT I1,T2,T3,Tq
onpesieam rutepedepy S? (TpexMepHyIo IHTIepIoBepXHOCTH COOTBETCTBYIOIIEro Te-
TBIPEXMEPHOIro mapa) ¢ paguycom R(«) = R+ Rp(1 —cosa) ciemyiomum o6pa3om:

S*(R(a)) = {(w1, 22,23, 24) | 27 + 25 + 2§ + 2] = R*(a)}.
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Bamernm, uTo 3TH THNEpcdepbl COOTBETCTBYIOT HapaJlieJbHbIM BeegennsiM Ha
ngaruMepHom Tope [mnepscenienHoii ¢ pajumycamMu KpUBH3HbBI, paBHbIME R(«)
(cm. puce. 4, 5).

HenTpsl Takux runepcdep Jexkar B Pas3JUdHbLIX TOYKAX MATONH KOODPIUHATHOIM
ocu (O, r5) MATEMEPHOrO eBKJIUIOBAa MPOCTPaHcTBa E° B 3aBUCHMOCTH OT yTiia
BpAIleHnsT (v. 3HAYEHUE IIATOH KOODMHATHI OIPEIEISETCS CJELyIONIM 00paszoM
(cm. puce. 5):

r5 = Rrsina.

Taxmm 0O6pa3oM, TEHTP KaXKI0W 13 TaKuX runepcdep JIeXKUT B TOUKE
(21, 22,23, 24,25) = (0,0,0,0, Rrsina)

HATHIMEPHOTO eBKJIII0BA IpocTpancTBa F°. MHOKeCTBO BCeX TaKuX rumepcdep s
BCex 3HadeHuil yrua spamienus « € [0, 27] obpazoBbiBaeT ngaTuMepHbIil Top 'uiep-
BCEJICHHOI1, KOTOPBIM MOXKHO OIPEJICINTh KaK MHOXKECTBO

5 2 2 2 2 2 .
T° = {(x1, 22,23, 24, 25) | 2] + 25 + 25 + 25 = R*(a), 5 = Rrsina, a € [0,27]}
WJIM OIIMCATH CJIe/LyIONIel CuCTeMOl ypaBHeHUI:

R(a) = R1 + R7(1 — cosa),
o+ 23+ 23+ 2t = R*(a),

x5 = Rrsina, a € [0, 2.

OTMmeTnM, 9TO aHAJIOTTIHBIM 00PA30M MOYKHO OIUCATH TOP JIIOOOH pa3sMepHOC-
n N > 2:

TV ={(z1,...,2n) | 2} +... + ¥ _, = R*(a), 2y = Rrsina, a € [0, 27]}.

5. O0bsicHeHUe sIBJIEHUS TPABUTAIINU

B nacrosiiiee Bpemst HauboJiee 1MoJIHOM 1 OOIIEIPUHSITON Teopreil IPABUTAIINH SIBJIsI-
ercst o6mast Teopust orHocuresnsHocTr (OTO) 1 HeKoTOpBIE €e MomduKanum. B oc-
HOBE 9TOl TEOPHU JIEKUT [PeJIIoJIozKeHre (YTBEPKIEHHE), 9T0 BCe TeJa, 00Jaa-
FOIIE MACCOIi, BBI3BIBAIOT UCKPUBJIEHUE IIPOCTPAHCTBEHHO-BPEMEHHOT'O KOHTUHYYMa
Bceenennoit u Bce rpapuranuonibie 3¢ (EKTH 00yCJIOBJIEHb HE CHUJIOBBIM B3anUMO-
JeficTBHeM TeJT W TOJIell, HAXOJAIMMXCS B MPOCTPAHCTBE-BpeMeHn, a aedopMmarinei
€aMoro IMpoCTpaHCTBa-BpeMeHu. Kcji rpaBuTalinoHHasi Macca TOYHO paBHA WHEPIH-
OHHOH (Ha CEroJHSINIHUI JIEHb 9TO MOJTBEPKIEHO IKCIEPUMEHTAIBHO C TOTHOCTHIO
10 1071 mopsiika BeIMIHHBI), TO B BLIPAYKEHHUN JJIsT YCKOPEHHs Tejla, Ha KOTOPOe
JefCTBYIOT JIUIIH TPABUTAIIMOHHDIE CHJIBI, 00€ MacChl cokparnaiorcs. [Tlosromy ycko-
peHue Tesia (CJIeI0BATENBHO, U €10 TPAEKTOPHsI ) He 3aBUCUT OT MACCHI U BHY TPEHHETO
cTpoeHms Tema. Ecam Bece Tema ¢ pa3anaHbIMI MACCAMU, IJIOTHOCTIME U (POPMaMI
B OJIHOIl U TOH K€ TOYKEe IPOCTPAHCTBA II0JIyYalOT OJUHAKOBOE YCKOpeHue (Kak 910
U IPOUCXOJUT B PEAIHLHOCTH), TO 3TO YCKOPEHHNE MOYKHO O0bsICHUTH HE CBOWCTBAMUI
TeJI, & CBOMCTBAMH CaMOTO IIPOCTPAHCTBA B 9TOI TOUKE.

Takum obpazom, ommcanne TPABUTAIIMOHHOTO B3aWMOJIECHCTBAA MEXKIY TeJIaMI
MOXKHO CBECTH K OIMCAHUIO IIPOCTPAHCTBA-BPEMEHM, B KOTOPOM JIBUTAIOTCS TEJIA.
EcrecrBerno npeanonoxuTh (Kak 3ro jenaercs B OTO), uro Tena JABUKYTCS 110
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WHEPINH, T.€. TaK, YTO UX YCKOPEHWEe B COOCTBEHHON CHCTEMe OTCUYeTa PABHO HY-
go. Tpaekropun Tes Torga OyIyT reoIe3MIECKUME JTUHUSIMUI, T€OPUsi KOTOPBIX ObI-
Jla, pazpaboTtana mateMmarukamu emnte B XIX B. Ecian 3amyctuTh u3 AByX OJU3KUX
TOYEK JIBa TeJa MapAJUIEIBLHO JIPYT JIPYTY, TO B T'PABUTAIIMOHHOM II0JI€ OHH ITOCTEe-
[IEHHO HAYHYT JUOO COMUKATHCS, JTUOO YIAISATHCS JIPYT OT Apyra. DToT 3dderT
HA3bIBAETCsl deguayuell 2eodesuveckur Aunud. AHamornaubii 3 deKT MOXKHO Ha-
OJII0/IATH HEIIOCPEJICTBEHHO, €CJIN 3aIlyCTUTD JBa IapUKa MapalIeJIbHO JIPYT JPYTy
10 PE3MHOBOI MeMOpaHe, B IIEHTP KOTOPOil T0JI02KeH MaccuBHbBIM mpeamet. [Tlapukn
pa30iiyTCs: TOT, KOTOPBII OBLI OJIMKe K IIPEIMETY, IIPOIABINBAIONIEMY MEMOPAaHY,
Oy/leT CTPEMUTHCS K IEHTPY CUJIbHEe, UeM 0oJiee yJIAJICHHBIA MapUK. JTO PACXOXK-
nenue (neBuanys) 00yCcJI0BJICHO KPUBU3HOM MeMOpaHbl. AHAJIOIMYHO, B IPOCTPAHCT-
Be-BPEMEHHU JIeBUAIMs TeOJIE3UIECKUX JIMHUI (PACXOkKIEHUEe TPACKTOPUil Tes) CBsl-
3aHa ¢ ero KpusnsHoii (puc. 6). CoBpeMeHHBIE SKCIIEPUMEHTHI [OITBEPKIAIOT J[BH-
JKeHUe TeJl B IPOCTPAHCTBE Hallel BeesleHHOI 110 Te0/1e3MIecKiM JTHHISAM C TOH Ke
TOYHOCTDHIO, YTO ¥ PABEHCTBO I'PABUTAIMOHHON U WHEPIIHOHHONW MACC.

Puc. 6. Tpaexkropun Tes B HCKPUBIEHHOM ITPOCTPAHCTBE

B OTO paccmarpuBaeTcst 00001IEHIE TICEBIOEBKIIMIOBOTO TPOCTPAHCTBA CIIEIIN-
aspHOI Teopun orHocuresnsHocTH (CTO) Ha cotyuail mpocTpaHcTBa, 06JATAMOIIETO
JIOKAQJIbHOIN KPUBU3HO, 9TO MO3BOJIAET 00bACHUTD OYeHb MHOTUE (XOTs U He BCe) Ha-
GutroaeMble acTpou3NIECcKHe ¥ KOCMOJIOTHYeCKUe siBIeHnst 1 porieccsl 1], [8]-[17].
Opnaxko un OTO, HE Apyrue Teopun rpaBUTAIMN HE JAIOT OTBET HA OCHOBHOI BO-
poc: movemy Jroboe Tesi0, 06JIaIatolee MacCoi, BEI3bIBAET JIOKAJTHHOE NCKPUBJIEHUE
MIPOCTPAHCTBA W, CJIEIOBATEIBHO, “IPUTATHBACT JIIOO0E APYyroe Teso, 00JIaIalee
Maccoit?

IIpenmaraemass B HacTosmelr paboTe AUHAMNTIECKAs MOJEIbL | UIepBCETeHHOMN
JlaeT OTBET Ha 3TOT BOIIPOC.

Paccemorpum 1i06y10 TOUKY B IIPOCTPAHCTBE OMHON M3 HapaJuiesbHbIX Bceesren-
HBIX, JBUZKYIUXCA 110 HaTHMepHOMY Topy ['unepscesennoit (cm. puc. 4, 5). Ilpen-
[TOJIOZKUM, 9TO OHA HE JIBUYKETCsI OTHOCUTEIHHO ITPOCTPAHCTBA BeesreHHoi, KoTOpoit
npuHa IekuT. [Ipu 9T7oM TpaekTopus ee JBUKEHUSI 110 IIPOCTPAHCTBY l'unepsce-
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JIEHHO# OyJIeT IIPeICTaB/IsATh cODOI OKPYKHOCTD C PaJllyCOM, PABHBIM PaJUyCy Te-
ma Topa I'unepscestennoit (Rt ~ 20 x 10° cB. jier). 3Has BeJMYHHY 9TOTO PajIyca
U CKOPOCTbD JIBUYKEHUSI ITapaJuie/IbHbIX BeesleHHbIX 110 Topy | niiepBcesieHHO#, MOXKHO
BBIYKMC/IUTD IEHTPOCTPEMUTE/IBHOE YCKOpPeHe Aq JAHHON TOYKM:
2
Ag = — ~5x10°10 (f)
RT c2
Ecin B mammoit Touke mHaxoaurcst Teao Macchl M, To Ha Hero Oymer JeficTBO-
BaTh 1eHTpobekHas cuia Fog = M Ag. Hazoem yckopenue Ag abcoarommvim 2pa-
BUMAUUOHHBIM Yckoperuem, a cuity Fg — abcomommoli 2pasumayuonnoti cusot
tena. VImeHHOo ¢ 9TOit cusoil maHHOE Teso “HaBUT’ HA MPOCTPAHCTBO BceseHHOI,
BBI3bIBasi €0 UCKPUBJIEHNE, AHAJIOTUYHO IIPEJMETY, IIPO/IAB/IMBAIOIIEMY MeMOPaHy
(cm. puce. 6).
Hamnpumep, abcosroTHast rpaBUTAIMOHHAS CHUJIA, ILIAHETHI 3eMJjisd Oy/IeT MMEeTh
CJIeJTyIOIIee 3HAUEHHE:
Fo = MzAg ~ 3 x 10*° (H).

YT00bI OIEHUTD BEJIMYUHY ITOU CHUJIBI, BOCIOJIb3YEMCHA KIACCHIECKUM 3aKOHOM BCE-
MHUPHOT'O TSTOTEHUsI U OIPEJIENM MAaKCUMAJbHBIA PaJInyC g, /IO KOTOPOTO HYYKHO
CXKATh 3eMJTI0, YTOOBI OHA MPUTITUBAJIA C TAKOHN YK€ CHJION MpPeIMeT MAacChl 1:

GM GM
F= ij —Fg =1 = sz ~ /0.1333m (u1).
0 G

Ecu npuraruBaembrii mpeaMer UMeeT eIMHUIHYIO Maccy, To 7o ~ 1/0.1333 =~
0.365 (M). D10 Beero mumtb npuMepHo B 40 pas Gosblie IPABUTAIIMOHHOTO PAJAYCa
Bemmu (rg ~ 0.9 cM), mpu xkotopoMm coracHo OTO maumHaeTcs rpaBUTAIIMOHHBII
KoJatic. M3 3Toft oneHKn MOYXKHO ¢/1e/TaTh BBIBOJI, YITO CUJIA JIABJCHUS JTarKe TaKuX
CPaBHUTEJIBHO HEDOJIBIINX aCTPOHOMUYECKNX OOBEKTOB, KaK 3eMJisl, Ha IIPOCTPaH-
crBO Beesrenmnoit 1ocTaTovHO BEIUKA.

Eme pa3 ormernm, 9T0 abCOMIOTHAS TPABATAIIMOHHAS CHJIA TEJIa BBITUC/IACTCS
UCXOJIsT U3 TOTO, YITO ITO TEJTO HAXOJUTCS B COCTOSHUU TOKOS OTHOCUTEJTBHO ITPO-
crpaHcTBa TOI Bceesennoil, KOTOpoit OHO MPUHAIEKUT, JTUOO CKOPOCTH €r0 JIBU-
JKEHUs B HEHl MHOTO MEHBIIIE CKOPOCTH cBeTa. [Ipu yBesmdennn cKOpOCTH TeJsia OT-
HOCHTEJILHO IIPOCTPAHCTBA ero BceesleHHO! rpaBUTAIIMOHHAS CHJIa 3TOTO TeJia OyIeT
pPACTH, TaK KakK K IEHTPOCTPEMUTEILHOMY YCKOPEHUIO A, BBIZBAHHOMY JIBUYKEHUEM
Bceit Beestennoit o Topy ['unepBcestertoii, Oymer 100aBIATHCs IIEHTPOCTPEMUTE b
HOe YCKOPEHWe, BbI3BAHHOE JBUYKEHUEM JTOrO TeJjia 110 MCKPUBJIEHHOMY IIPOCTPAH-
cTBy camoit Beenennoit (em. puc. 4, 5). JTobaBiieHHe 3TOr0 YCKOPEHUs] OObSICHSIET
BBIBO/IbI CTC 0 peIaTHBUCTCKOM yBEJIMIEHNN MACCHI IBUKYIIETOCS TEJIa:

I Mo )
V1= (V/e)?

Opnako, Kak cjie/lyeT u3 IpeJCTaBIeHHON B 9T0il pabore Momesn ['unepBcesieHHoil,
Ha CaMOM JleJie yBEJIMINBAETCS HE Macca TeJia, a ero TPABUTAIMOHHAS CUJIa BCJIE-
CTBUE TOsIBJIEHNS JIOIIOJTHIUTEIBHOI'O IEHTPOCTPEMUTEILHOTO YCKOPEHUST, ITO BbI3bI-
BaeT yBeJUUIEHUE JIOKAJBHOIO NCKPUBJICHUS [TPOCTPAHCTBA.

Baxno ormerursb, 9T0 OCHOBHBIM OTimuneM mnpoctpancrBa-spemern OTO or
npocrparcrBa-spemern CTO siBjisieTcst ero KpUBU3HA, KOTOPAasi BbIPAYKAETCs] TEH-
30PHOIl BEJIMYMHON — TEH30pOoM KpuBu3HbI. B mpocrpancree-pemern CTO srtor
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TEH30P TOXKJIECTBEHHO PABEH HYJIIO, M [IPOCTPAHCTBO-BPEMSI sIBJISIETCS IIJIOCKUM, 9TO,
BOODIIE TOBOPs, HE BEPHO U MPUMEHUMO TOJBKO TIPU CJIAOBIX TPABUTAIIMOHHBIX O~
JISIX W HA MAJIBIX PACCTOSIHUSIX (XOPOIIO MOJIXOJUT JIJisl YCKOPUTEIeil 9IeMeHTAPHBIX
vacru). JTazxxke 8 OTO paceMaTpuBaeTcst UMb JTOKAJIBHO HCKPUBJIEHHOE TIPOCTPAH-
CTBO B 00JIACTSX KOHIEHTPAIUU MacChl. [JiobajbHas yKe KPUBU3HA MTPOCTPAHCTBA
Beestennoit u ['unepBeesieHHol B 9TUX TEOPUAX MPAKTUICCKN HE YIUTHIBaeTCsl. Bo3-
MOXKHO, uMeHHO 1mo3Tomy B pamkax OTO He mMoryT ObITH OObSICHEHBI HEKOTOPBIE
apienus. Hanpumep, adpdexr (wim anomasnus) “Iluonepa” — nabiogaeMble 0OTKJIO-
HEHUS TPACKTOPWIl IBUKEHUS PA3JIMIHBIX KOCMUYECKUAX AIMAPATOB OT OYKUIACMBIX
(Bbruncienssix ¢ omornpio CTO u OTO). Ddderr 6bu1 06HADYKEH TIpH HABIIOIE-
HuM 3a 1epBbiMu Kocmudeckumu armaparamu (“Iuonep-10” u “Tluonep-117), noctur-
mmmu BHemHuX 1pesesnos Cosnednoit cucrembl (peoposieuinx opoury Iliyrona).
O6a “Ilnonepa” 3aMeIsIOTCA 1O/, JieiicTBrHeM cuiabl Ipapuranun CoIHIA, OTHAKO
[PU OY€Hb TOYHOM BBIUHCJIEHUH YCKOPeHHUsl (3aMeJIeHNsl) allllapaToB OOHAPYKIUBa~
€T JIOTIOJTHUTEIbHAST OYeHDb CIadast CUJIa HEM3BECTHOM MPUPOIbI, OTJIMIHAST OT BCEX
JIPYTUX U3BECTHBIX CHUJI, BJUAIONUX Ha annaparbl. /laHHas cujia BbI3bIBAET IIOCTO-
sHHOe ycKopeHue arnmapata B cropory Cosmna, pasnoe (8 4+ 3) x 10710 (m/c?) [9].
OHAKO 5Ta BEJUYMHA MPAKTUIECKU COBIAJACT ¢ BHIYUCICHHBIM BBIIIE aOCOJIOT-
HBIM TPABHTAIMOHHBIM ycKopenuem Ag = /Rt ~ 5 x 10710 (m/c?), 1em MozkHO
00bscHuTb 3 dexT “Tlnonepa’.

Taxmm oOpazom, nperaraemMasi MOJEJIb | UITepBCeIeHHOM TT03BOJIsIET O0bICHUTH
CB$I3b MEXKJIy MacCCOil, ICKPUBJIEHHEM IIPOCTPAHCTBA U I'paBuTalueil. 113 sroro cie-
JIyeT, B 9aCTHOCTH, YTO ecju Obl Halla BcesleHHasi He M3MeHsiIa CBOH pa3Mep miin
Jie1aia Obl 3TO IPSIMOJIMHEHO, & He [0 3aMKHYTOM TPAEKTOPUHU BJIOJIb TIOBEPXHOCTH
topa ['uniepBcesieHHoOI, TO Tesa, 06JaIaT0NINe MACCO, He HCKPUBJISIN OB TPOCTPAH-
crBO BeestenHoil 1, cjieioBaTe/IbHO, CAMOIO sIBJIEHUsI TPABUTAIIUN IIPOCTO HE OBLIO.

6. CkopocTb u yckopeHue pacinupeHusi BcejieHHOIA.
O “remHoii sHeprun’, “remMHoii marepumn’ u “peJIUKTOBOM
usJrydenun’

Camble coBpeMeHHbIe Pe3y/IbTaThl acTPOMU3NIECKIX HADJIIONCHHIT 1 U3MepeHuil ro-
BOPAT O TOM, UTO Hallla BceleHHast He IPOCTO PacCHIUPSIeTCs, a PACHIUPSIETCs C 0-
JIOXKUTEJIbHBIM yeKopenueM [9]-[16] (uro coorBeTcrByer mosyueHHOMY B JAHHON pa-
GoTe 3aKOHY JJIsl CKOPOCTHU IUKJIMYIECKOTO M3MEHeHusl pajmyca Bcesennoit). st
00bsicHeHns 3Toro hakTa CpaBHUTEIHHO HEeJIaBHO Oblla BBIIBUHYTa THIOTE3a O Cy-
IMEeCTBOBAHNN HEKOH 3araJovHoil “TeMHO# sHeprum’, KOTopas He JaeT IPABUTAII-
OHHBIM CHJIaM OOBIYHO MaTepuu 3aMe/IsITh CKOPOCTh pacinupenust Beenennoit. Vs
9TOr0, B CBOIO 04Y€PE/Ib, JICJIAETCA BBIBOI, 94TO Beeennas Oy1eT paciupsaThes 6ecKo-
HEYTHO CO BCE BO3PACTAIONEH CKOPOCThIO. OIHAKO, KAK BU/IHO U3 MOJIYI€HHOTO BBIIIE
3aKOHA IMUKJINIECKOTO M3MEHEHUST CKOPOCTU PACIIUPEHUS W CYyKEeHUs BeesleHnoit

c

Vr(t) = esina = csin(wrt), wT = —,
Rt

HaJM9HUe B JAHHBII MOMEHT BPEMEHHU MOJIOKUTEIFHOTO YCKOPEeHUs paciupenns Bee-
JIEHHO BOBCE HE 03HAYAET, YTO CKOPOCTD €€ PACIIUPEHNs OYIeT PACTH HEOTPAHUICH-
no. CoryiacHO OIMCAHHOM B HAcTOsAIIEH paboTe TEOPUH CTPOeHHs | nnepBceseHHO
narma BeeseHnas paBHOMEPHO JIBUKETCS 110 3aMKHYTOH TPAEKTOPHUU BJIOJIb TIOBEPX-
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HOCTHU TSITUMEpPHOro Topa I'umepscenennoit (cMm. puc. 4, 5), pu 3TOM CKOPOCTb U
YCKOpPEHME ee PACITNPEHNI N3MEHIIOTCS IO TTEPUOINTIECKIM 3aKOHAaM, BCETIA OCTAaBA~
sCh orpaHndeHHbIMU. V HUKaKOi “TeMHOI sHeprun” Jijisi 00bsICHEHUS 9TOTO SBJIEHUST
e myx)Ho. Ilepuointiecknit 3aK0oH JI/IsT YCKOPEHUs paciiupenust Haeit Beemennoit
BBITEKAET U3 COOTBETCTBYIONIEIO 3aKOHA JIJIf CKOPOCTHU ee pacuupenus (yBeandeHus
ee paJuyca) U UMeeT CJIeIYIOMUil BUJL:
2
Ag(t) = (Vr(t)); = (csin(wrt)); = cwr cos(wrt) = Ty cose

Wcxoms m3 9Toro 3aKoHa U Oy IEHHBIX BBIIIE 3HATEHNH TapaMeTpoB | nmepscesten-
HOM, MOYKHO TIOJICUUTATh IPUMEPHOE 3HAYMEHNEe YCKOPEeHUs paciiupenus Bceemennoit
B HACTOSTIINI MOMEHT BPEMEHM:

2
Ap, = — cosa ~5x 10710 x 0.745 = 3.725 x 10~ 1° (ﬂ)
RT C2
DT0 TEOPETUIECKH 10Ty YeHHOE 3HAUEHE COOTBETCTBYET CAMbIM COBPEMEHHBIM JIAH-
HBIM acTpodusndecknx n3Mepenuii [9]-[16] st paccrosiHuMit, paBHBIX pajuycy KpH-
BU3HBI Haieli Beenennoii B Hacrosmuii MmomenT Bpemenu (0kos10 10 Mup/, ¢B. Jer).
TTonoxkurenbHoOe yckopeHue paciupenust BeejeHHo# ObLTO BIiepBbie 00HAPYKEHO U
n3mepeno acrpodusukamu C. Ilepsmyrrepom, B. IIImuarom u A. Puccom. 3a 3ro
orkpoitre B 2011 . um 6bu1a pucyxnena HobeneBckast mpemust. TeopeTnvaecku BbI-
YHCJICHHOE [I0 MaTeMaTuiecKoil Mojean ['unepscesennoit [3]-[7] yckoperue pacruu-
penns Bceenennoit Ap, ¢ BBICOKO} TOYHOCTBIO COBIIQIAET C UX SKCIIEPUMEHTAIHLHBIMI
janaeivu [10]-[12].
VYpaBHeHue Jj1 M3MEHAONIEr0Csd ¢ TeUeHNEeM BPEMEHN pajumyca Harreit Beesen-
HOit R(t) mMeer coremyroruit Buj (cM. puc. 5):

R(t) = Ry + Rr(1 — cosa) = Ry + Ry(1 — cos(wrt)).

Takum 06pa3oMm, MOJIyIeHbl 3aKOHBI M3MEHEHUsI CKOPOCTHU, YCKOPEHUS 1 PaJInyca
Bceemennoit mpu ee ABMMKEHNM IO TMOBEPXHOCTH MATHMEPHOTO Topa | 'umepBcesen-
noit. [Ipm 9TOM B KarKIblit MOMEHT BPEMEHN OCTAETCsT CIPABEIINBLIM YTOTHEHHDIH
1 0000IIeHHBIN 3aKOH Xab0J1a

rae
csin(wrt)

- Ry + Rr(1 — cos(wrt))

— meproanIecKas (PYHKINs, 3aBUCAIIAA OT BpEMEHN 1 TapaMeTpoB | numepBceennoit
¥ paBHasi KOHCTaHTe Xab0Jia Hy /i1 KazK10ro (PUKCHPOBAHHOTO MOMEHTA BPEMEHM.
OTa QYyHKINA BHITEKACT U3 TMOJIYICHHBIX 3aKOHOB PACIIHPEHUs U cxKaTusa Beemenmnoit
JI7IS ee paJnyca M CKOPOCTH €ro M3MEHEHUS B 3aBUCUMOCTH OT BPEMEHT.

Kax m3BecTHO, ¢ TIOMOIIBIO KJIACCUYECKOTO 3aKOHa XabbJjia ompemessior Ipu-
GuimsuTesbHbI BospacT Beeennoii [11]-[16], T. e. Bpems oT Havasa ee pacuiupeHus.

Hy(t)

Ilpu sTOoM uUpeznoIaAraeTcs, 9T0 €Cju Kakoii-imbo KocMuueckuii o0bekT (Harpu-
Mep, TAJAKTHKA) YIAJISETCs OT HAC B HACTOSINEE BPEMsl ¢ HEKOTOPOH CKOPOCTHIO,
TO 3Ta CKOPOCTBb BCerja ObLia IpakTudecku Hem3MeHHOI. Torga Bpemsi oT Hadvaja
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pacimpenus onpezessiercst opmysoit t = D/V, a u3 3akona Xab6ma ciejyer, 4To
D/V =1/Hy. Takum 06pa3oM, u3MepuB CKOPOCTH YIAJEHUs BHEIIHUX MaJaKTUK U
9KCIIEPUMEHTAJIbHO Ompeiesine Hy, MOXKHO OIpeIe/InTh BPeMsi, B T€UYeHUE KOTOPO-
o 9TH raJIaKTUKU pasberajiuch, 4To u Oyjer Bo3pacroMm Bcesennoit. Paccunrannoe
TakuM 00pa3oM BpeMs OT Hadaja pacimpenus Beesennoit T = 1/Hy cocrasisier
okoJ10 14 mapx stet. Ere pa3 oTMeTnM, ITO 9TO TaKKe O3HAYAET, ITO KIACCHICCKAsT
“toctosunast’ Xab0J1a MOCTOSHHA TOJIBKO TI0 TTPOCTPAHCTBY U SIBJSETCS (DyHKITHEH
BpPEMEHN:

1
HK = HK(t) = ;, riae HO = HK(T)
Ha puc. 7 npencrapiensl rpabukn “kaaccuaeckoil” dynknun Xaboaa Hk (t) =

1/t u nepuogmueckoii dyHKIuM Jyisi ypaBHeHHs Xa00Jia, OJIyIeHHONH Ha OCHOBE
[IPEJICTABIEHHON B HACTOsIIEH pabore Mojenn | nepBcesrienHoM:

B csin(wrt)
"~ Ry + Rr(1 — cos(wrt))

Hy(t)

U3 puc. 7 9CHO, 9TO IPU YMEHBIICHUH BHYTPEHHETO pajmyca Topa | wumep-
BCEJICHHOI U COXPAHEHUU IPoUnX ee mapamerpos rpabduku Gyukuuit Hyk (t) u Hy (t)
commzkatorced. [Ipu srom dyukuua Hy(t) Bcerga ocraercs epuOIMIECKoii u e 06-
parmaercss B 6eCKOHEYHOCTh Jyist JiIo6oro Ry # 0. DTO MO3BOJISET PacCMaTpUBATD
[OJIYYeHHYIO B HACTOMIIEl paboTe nepuoaudeckyio dyuknuio Hy (1) Kak yrounenue
n 06o6rmenne kiraccnaeckoit dyukiwn Xaboma Hg ().

Hudbdepenrnupys mo o = wrt GYHKINIO

_ csin «
Ry + Rr(1 —cosa)’

HU(CY)

HAXOJMM, 9TO OHA UMEET JIOKAJIbHbIE 9KCTpeMyMbl 1pu cos @ = Ry /(Rt + Ry). Ilpu
srom yHKIwst Hy (o) mpuHEMaeT cielyole MUHIMAIbHOE U MAaKCUMAIbHOE 3Ha-

YEeHUA:
—C C

VR (Ri + 2R1)’ Hu(@)max = VR (Ri + 2R1)

Ha puc. 8 npecrasien rpaduk n3meHenns pa3zmepa BceeleHHoil, COOTBETCTBYIO-
Uit TpeJIoyKeHHOil B HacTosmell pabore Mojienu I'niiepBcesieHHO, B CpaBHEHNN
¢ rpaduKkaMu Jjisi paHee CYIIECTBOBABIINX MOoJe/ell, U3 KOTOPBIX JIUIIb BEPXHUIt
[IyHKTUPHBINA IPpadUK COOTBETCTBYET HETABHO OOHAPYKEHHOMY YCKOPEHUIO DACIIIH-
penust Beenennoit [10]-[16]. TIonbITKn 0ObACHATH 3TO SIBJIEHHWE C TOMOIIBIO “TeM-
HOIt Heprun’ u “TeMHON MaTepun’ MPUBOJAT K BBIBOMY, UTO Beeennas O6ymaeT pac-
mupsAThest beckorneano. OmHAKO U3 PUC. 8 BUIHO, IYTO IPadUK, COOTBETCTBYIOIIIIT
YCKOPEHHOMY PACIIUPEHUI0 BCeeHHONl, OPraHnyHO BIUCHIBACTCH B IUKJIMIECKUN
rpaduk (caMbH‘/’I BEPXHUH, CIJIOMIHON JH/IHI/IeI‘/'I) n3MeHeHus paszmepa Bceenennoit, mo-
CTPOEHHBII IO ONMUCAHHON 311ech Mojean ['unepBcesieHHOl, HAYNHAS C HACTOSIIErO
MOMEHTA BPEMEHH.

B xauecrse D(t) Ha puc. 8 Gepercsi pacCTOsTHUE MEXKy JHOOBIMU JBYMsT 00b-
ekTaMu Harrelr BeeseHHOM, HAXOmATIMMUCS HA PACCTOSIHAU, PABHOM PAJIYCy KDPU-
Bu3Hbl Harell Beerennoit. OdeBnjno, ato B 910M ciydae D(t) = R(t) s Jto-
Goro 3HaueHusi Bpemenu t. Ilosromy MuHHMaJbHOe 3HaueHue dbyuximu D(t) Oy-
JIeT paBHO BHyTpeHHeMY pajmycy ['unepscesniennoit R, a MaKCUMAaJIbLHOE — BHEIITHE-

HU (a)min ==
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Ry = 4.640
Ry = 20.000

R =9.737 H(t)
Rty = 8.407

H = 20.547, a = 41.83,
t=14.60

Hupax = 20.845, = 35.74,
t=12.48

H = 6.923, o = 124.14,
t=43.33

H = —6.923, o = —124.14,
t = —43.33

H = —20.547, a = —41.83,
t = —14.60

R1 = 0.100 H(t)
Rt = 20.000

R = 0.200

RH 2 = 0.200

Honax = 149.813, a = 5.72,
t =2.00

H = 149.812, a = 5.74,
t=2.00

H = 6.433, a = 133.38,
t = 46.56

H = —6.443, a = —133.38,
t = —46.58

H = —149.812, a = —5.74,
t = —2.00

Puc. 7. T'paduk byuximuu Hi (t) npu Ry = 4.64 x 10° jer u npu Ry = 0.10 x 10° ser

My Ro = R;+2Rt. CormacHo onmrcannoit Moen Hatra Beemennast 1BU»KeTcs BMecTe
C TIOBEPXHOCTHIO TOopa | MIepBCeIeHHOM T0 MHEPITNH, ITO OODICHSIET ee IePHOInTIe-
ckoe paciiupenue u cxkarue. CTaHOBUTCS sICHO, II0YeMy BcejleHHast He paclIupsieTcst
10 OECKOHEIHOCTH 1 He CKUMAETCA B TOUKY. Kpome Toro, CTaHOBUTCS TTOHSITHO, TIe
HaXOATCA TapasieabHble BeeleHHble, IBUTAIONINECS M0 TMSITHMEPHOMY TOPY TOit
ke ['unepBcesiennoit, aTo u Harma Beemennasi, 1 odueMy OHM HE CTAJKUBAIOTCS JIPYT
C JIPYIOM B TPOIECCe CBOETO MUKJIMIECKOrO PACIIUpeHus u cxkatust (cM. puc. 4, 5).
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Hnaa obpazyiorieit OKpYy»KHOCTU TISITUMEPHOTO TOpa [ MIlepBceseHHOit ecTh
Ly = 27Ryr =~ 125.6 (mupg cB. jer). CyliecTBYIOT HEKOTOPbIE OCHOBAHUS ILPE]I-
1oJIaraTh, YTO PACCTOSHIE MEYK/Iy COCEIHUMU BCeIeHHbIMU, N3MEPEHHOE BJIOJIbL 00-
pasyroreit okpykHoCcTH Topa ['unepBceseHHOIt, coCTaBIsIeT OKOJIO O/THOTO CBETOBOT'O
roma. B sTom cirygae obmree uncsio BeeseHubIxX, mapaieibHbIX HAIIEH U IpUHAIIe-
Kamux Harrei ['unepBcesieHHO, COMOCTABUMO € JHCJIOM 3BE3J] B HAIIEH rajJaKkTHKe
Mneunsrtit IIyts — ot 100 10 250 Mutp/I.

D(t)
+ Ro = Ri1+ 2Ry
D(t) = R1 + Rr(1 — cos(wrt))
7 QM =0
Oy = 0.3
TOu =1
Rl .\'\_ QI\{ =6

. 1 \
—-14-10-50 5 10 15 20 30 40 50 60 70 80 90 100 110 ¢

MI/IJIIII/Iap,HbI JIET OT HaCTOAIIEero MOMEHTa BpEeMEHN

Puc. 8. Pazanunbie ClieHapuu pacClIupeHunsd Bcenennoii B CpaBHEHUU C PaCCIUTAHHBIM IIO
OITMCAHHOM MOIeJIN FI/IHepBCEJIeHHOfI

DTa OlEHKa IOMOraeT OCO3HATDH, HACKOJIBLKO OTDOMHA ITOJTHAs Macca ['umepsce-
JIEHHOM, UTO TI03BOJIsIeT i COBEpINATh TPUIIMOHBI TIOJHBIX 060POTOB (M3HYTPH Ha-
PyKy) 10 uHepuuu — 6e3 HeoOXOAUMOCTH BO3IEHCTBHs KAKUX-JIUO0 JOIIOJIHUTE b
HBIX BHYTPEHHUX MM BHemHuX cuji. Kakjpiii u3 Takux 060poToB (Kak yzKe OTMe-
YaJI0Ch BBIIIE) JUIATCSA 0KOsto 125 Mupg et (eM. puc. 8).

W3 nmocrpoennoit mojienu 'uniepBcesieHHON ciemyer, 70 HUKAKOTO BosbInoro
B3pbIBa He ObLIO. Beesennas He BO3HWKJIA M3 CHHTYJISIDHOCTH U HUKOTJA B Hee He
COZKMETCs. DTO O3HATAET, 9TO HUKOTJA He OBbLIO “Topsdeil’” u “CBEpPXILUIOTHOI cTa-
nun passurus Beenennoit. Pasymeercs, B nepnos cxxatust Beesiennolt (pasHblii npu-
MepHO 62.5 MJIPJI JIeT), KOrjia KPacHOe CMeIeHne CMEHUTCs] (DUOJIETOBBIM U PAJIIYC
Bceenennoit 6yner ymeHbImaThCs, €€ CPeIHSS TeMIIepaTypa U IIOTHOCTDH BEIIEeCTBA
CYIIIECTBEHHO ITOBBICATCH, HO HE JI0 TAKMX CBEPXBLICOKUX 3HAYECHUIT, KAK CJIEILyeT
u3 Teopun BoJbIIOro B3pbiBa. [JIaBHBIM MTOITBEPKIEHUEM 3TO TEOPUU CUUTAECTCS
CYIIECTBOBAHME “DEJIMKTOBOTO M3JydeHus’” (KOCMUIECKOTO (hOHOBOIO M3JIyUeHust),
HO OHO MOXKET ObITh OObSICHEHO COBEPIIEHHO JAPYTUMU TPUINHAMA. B cooTBeTCTBUI
¢ reopueii 'nmepBcesieHHOI, OIIMCAHHOMN B 9TOM 1 IIPeIBIY X MOUX paboTax [2]-[7],
“peJIMKTOBOE M3JIyueHNe” sBJISETCs CIIeJCTBIEM COOCTBEHHBIX KOJIeOAHUIT 3aMKHYTO-
0 TPEXMEPHOro MHOTOOOpa3ns Hamreil BeesreHHoit B mporecce ee IBUKEHUS BIIOJIb
TOBEPXHOCTHU MISITUMEPHOTO Topa ['unepseentennoit. Bosee Toro, cymecrsoBanue “pe-
JINKTOBOTO M3JIy9YeHUsT SIBJISIETCSI €IIe OJIHUM ITIOITBEPIKIEHUEM TOTO, IYTO CKOPOCTH
9TOTO JIBUYKEHUsI OJIM3Ka K CKOPOCTHU CBETA B BAKyyMe.
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Takum 06pa3oM, IpeJJIoKEHHAsT TEOPHs CTPOEHUSI U JIMHAMUKY | nitepBcesieHHOI
OO'bsICHSIET IIPUPOJLY “PEJTUKTOBOTO M3JIyUeHUsT , JI€JIAeT HEHY>KHBIMU HUCKYCCTBEHHO
BBEJIEHHBIE U 10 CUX IIOP TOJIKOM JIaKe He OIPeJIeJICHHbIE TIOHATHS “TeMHO SHEPIUun’
u “TeMHOI MaTepun’, CIIOCOOHBIE HA KAKOE-TO BPEMsI YBECTH aCTPOMU3NKY U KOCMO-
JIOTHIO T10 JIOZKHOMY Iy Th. [lonbITKN 00bICHUTD yCKOPEHHOE pacimupenne Beenernoit
¢ TOMOIIBIO ITUX MOHATHIA MPUBOJAT K abCyPIHBIM U ITPOTUBOPEYUBBIM BBIBOIAM.
Hampuwmep, ¢ omguoit cToponsl, “reMuast MaTepust’ TOKHA 00/1aIaTh OTPOMHOI TI0JIO-
JKUATEJIbHOM MaCCOii, B JIECATKHU pa3 IPEBOCXOIAIIE ODIIYI0 MAcCy BUIUMOI MaTepun
Bceenennoit, a ¢ apyroit cToponsl, “TeMHas sHeprust’ JI0JKHa, 00J1a/1aTh ere boJiee
OI'POMHO#l OTPUIATEJIBHONW MacCOil, 9TOObI PACIIUPSATh BCEJIEHHYI0 ¢ YCKOPEHUEM.
Bwmecro sroro B Hacrosieil pabore OnMCaHbl 3aKOHBI [IEPUOINIECKOI0 U3MEHEHUsT
pasMepa, CKOPOCTH U YCKODEHUs! paciimpennst (c:karus) Hameil BeeseHHON B 1po-
1ecce ee MUKJIMIEeCKOrO JIBUXKEHUsI 110 IIATUMEPHOMY TOpY [ uiepBcesieHHOI.

7. O TpexMepHOCTH BPEMEHU

B cooTBercTBHE C 11pe/III0KEHHOIT MATEMATHYECKOI MOIe/IbIO, Halla Beestennast mpo-
IIIJIa 110 TTOBEPXHOCTU TOopa ['mnepBcesieHHON 4yTh MEHBIIE YEeTBEPTU IEPUOJA Pac-
mupennsi. CKOPOCTB PACHIUPEHUsT CeifIac yBEeJNTUBACTCS, & €6 MaKCUMyM OyJIeT J10-
CTUTHYT IPUMEPHO 4epe3 16.5 MuIpt JIeT, 3aTeM 3Ta CKOPOCTh HAYHET YMEHbBIATHCS
u erle npuMepHO depe3 31 MuIpi JeT craner paBHOI Hyso. Pamgmyc kpuBusubl Bee-
JIEHHO#T Tora nocturHer Makcumyma (Ro /2 44.7 MJIpL CB. JIeT), 1 HAYHETCS IEePUOJL
cxarug. O npogymres okosio 62.5 Mp jeT, B pe3yabrare dero paamyc Bcesen-
HOII cTaHeT MHHHUMAILHBIM (Ry &~ 4.7 mupj ¢B. jer). Ilocse 9T0r0 BHOBL HavHETCH
[IEPUOJT PACIITUPEHUS.

Ectp ocHoBanus mpemmosaratb, 9To Bpemsi, B KOTOPOM HAXOJIUTCS HSATHMED-
woiit Top ['umepBceseHHOl, TPEXMEPHO, 3aMKHYTO U MPEICTABIISIET CODON Tpexmep-
HYIO THIIEPIIOBEPXHOCTH YeThIpexXMepHOro mapa Bpemenn. Pagmyc kpuBu3Hbl 9T0TO
mapa B TAKOM CJIydae MOYKeT ObITh PABEH HECKOJIBKIM IIepHogaM COOCTBEHHOTO Bpa~
MEHUS ISITUMEPHOTO Topa [ UIepBCeIEHHON, T. €. UMETh BeJIMINHY HOPSIKA TPUJI-
moHa Jsier [7]. Takum o6pasoM, ecim MPeJoIoKeHne 0 TPEXMEPHOCTH BpemeHn
BEPHO, TO 00IIast Pa3MEepPHOCTD IIPOCTPAHCTBEHHO-BPEMEHHOIO KOHTUHYYMAa, B KOTO-
pOM TIATUMEpHBIH Top Hamel ['unepBcesiennoil gBuKeTCcsa B TpexMepHoM Bpemenn,
paBHa 8.
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The Theory of Five-Dimensional Toroidal Hyperuniverse in Three-
Dimensional Time

RUBEN V. KHACHATUROV

Abstract. The presented in this paper mathematical model explains the observable pro-
cess of the accelerated expansion of our Universe without the aid of such concepts as “dark
energy” and “dark matter”. The term “Hyperuniverse” is defined. The assumption that our
Universe is an expanding (currently with acceleration) three-dimensional hypersurface of
a four-dimensional ball (i.e., it is a hypersphere) with radius of about 10 billion light years
and volume of about 20000 (billion light years)®, and that the Hyperuniverse is a rotat-
ing five-dimensional torus, is substantiated. The periodic laws for acceleration, speed, and
value of the radius of our Universe during its motion over the surface of the five-dimensional
torus of the Hyperuniverse were obtained. The phenomenon of gravitation is explained.
According to the theory of Hyperuniverse, described in this paper, there was no Big Bang,
the Universe did not appear from the singularity and will neither shrink into it nor expand
to the infinity, but will cyclically expand and shrink during its motion along the surface of
the five-dimensional torus of the Hyperuniverse.

Keywords: cosmology, astrophysics, mathematical modeling, structure of the Universe,
Hyperuniverse.
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OmHa omeHKa 3BOJIIONUI BO3MYIIECHIIA
B HECTAIMOHAPHLIX ILJIOCKOIAPaJLIeIbHBIX
reuenngXx Cen-Benana

. B. 'EOPTUEBCKUI

Awnnoranusi. PaccmarpuBaercs pa3suTue O BpeMeHEM BO3MYIIEHUN, HAJArAeMbIX Ha 3a-
JIAHHOE HECTAIMOHAPHOE CJ[BUI'OBOE TeYeHHEe HEAJIbHO YKECTKOIJIACTUIECKOro Teja (Miu
reuenune Cen-Benana) B muiockom cnoe. Ha ocnose ananmsa KBagpaTuIHbIX (DyHKIMOHAIOB
B H2 1 COOTBETCTBYIONIMX BAPUAIMOHHBIX HEPABEHCTB BHIBOIUTCS OIEHKA POCTa—3aTyXaHUS
BO3MYIIIEHU 10 WHTErpajbHON Mepe. B oleHuBaolyo GpyHKIUIO BXOJAUT 3aBUCSINAS OT
BPEMEHU BepXHsisl I'PaHb CKOPOCTH JiechopMaIuu OCHOBHOIO CJIBUra. BBejienue npesesia re-
KyYeCTU B MOJIEJIb HUJIEAJIBHON >KUJKOCTA CTAOUIU3UPYET TeUeHUe, OJHAKO B JIJIMHHOBOJI-
HOBOM TIpeJie/ie JaHHasi CTabUITU3allisl CTAHOBUTCSI CKOJIb YTOTHO MAJIOM.

KuirroueBbie ciioBa: TUAPpOANHAMUIECKaA yCTOIL/'ILII/IBOCTb, JIMHEeapu30BaHHad 3aJavda O cob-
CTBEHHBIX 3HAYCHUAX, BOSMYIIIEeHUEe, TedeHue CeH-BeHaHa, HeCTaHHOHaprIﬁ CABUI, METO/L
NHTEeTrpaJIbHbIX COOTHOIIIEHUI.

1. JIuHeapu3oBaHHOE ypaBHEHNE B BO3MYIIEHUIX

B nHeapu30BaHHO TEOPUH /PO MHAMIIECKON YCTONINBOCTH U3BECTHBI PA3JIHY-
HBIe 0000IeHNs ypaBHeHnst Pasest [1]-[3], B wacTHOCTH ypasHeHue [4]

’ /
—47s? (K;'DW) = (a +isv°)(¢" — s*p) —is(v°)"¢, 0<z<l, (1.1)

OIUCBHIBAIONIEE IBOJIONUIO BO BPEMEHH BO3MYIIEHUH, HAJOXKEHHBIX HA CTAIMOHAD-
HOE CJIBUTOBOE TEUEHNE HECXKUMAEMOH MJIeaIbHOM sKeCTKOITACTHIECKON CPe/Ibl, M
cpeapl Cen-Benana, B miockom cioe {—oo < x1 < 0o, 0 < xg < 1}. D10 Teuenue
XapaKTePU3yeTcst OJJHOMEPHBIM NpoduIeM IPOJI0NbHO ckopoctn vf(x2) = v°(x),
03 = 0; SUPgpe [(v°)'] > 05 7 = 22,

HenssectHast KoMIuteKcHO3HaUHasA GyHKIWA ¢(x) B (1.1) cBA3aHA ¢ BeleCTBEH-
HBIM BO3MYIIEHIEM (DYHKITUN TOKA 1:

Yy, o, t) = p(x)e 1T s> 0, Q= Qy + 1, (1.2)

rie s = 27/l — BOJIHOBOE YHUCJIO0, XapaKTePU3YIOee OTAC/IbHYIO FAPMOHUKY C JIJIU-
HOI BOJIHBI | TI0 OCH X1; (v — KOMILIEKCHAS YaCTOTA, SBJIAIONIALICI CIIEKTPAIbHBIM
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© Moscow University of Finance and Law MFUA, 2015
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napamerpoM. Ecim Bee Beru oy(s), j = 1,2,..., upu mobom s > 0 jexkar B JIeBOIl
HOJIYIUIOCKOCTH KOMIIJIGKCHOI! IIJIOCKOCTH @, T. €. (5 (s) < 0, j =1,2,...), To Teue-
Hue ¢ poduiieM v°(x) UHTEPIPETUPYETCsT KAaK yCToianBoe npu ¢t > () OTHOCUTEIbHO
MAJTBIX BO3MYIEHHUIA.

B kaugecTBe CIIeKTPaJbHOTO MapaMeTpa HHOT/IA BBIOMPAIOT KOMILIEKCHYIO (ha3o-
BYIO CKOPOCTB ¢ = icv/s. Ypasrenue (1.1) B 9TOM ciIydae MOXKHO 3aIACATH CIIEIYTO-
M 00Pa30M:

/

. P I:,UO,C " g20,) — (p°) .
tirs( 557 ) = (07 = A = o) - ), (13)

a yCJIOBHEM YCTONYMBOCTH B TEPMUHAX € OYIeT ¢ (s) <0, j=1,2,... .

Vpasuenue (1.1) BMecre ¢ AByMs KJIACCUIECKUME OJHOPOAHBIMU YCJIOBUIMA

p(0) = »(1) =0, (1.4)

ABJISIIONIUMUCS TI0 CYTH TPEOOBAHUSIMU HEIIPOTEKAHUS CPEIbl CKBO3b MPIMOJINHEH-
wole Tpanunbl £ = 0 u x = 1, obpa3dyer 3a7a1y 0 COOCTBEHHBIX 3HAUEHUSX BTOPOTO
MIOPSAJ/IKA CO CIIEKTPAJIbHBIM mapamerpoM «. Ona 3ammcana B 6e3pa3MepHOM BHJE,
IpUYeM B pa3MepHbBIil 6a31c BKIIIOUEHBI TOJIIINHA CJI0s b, XapaKTepHas CKOPOCTh V'
7 TJI0THOCTH p. [locTosinublit KoaddunumenT 7 — 6e3pa3sMepHbIil Ipeiesl TEeKyIeCTn
PN CJBHUT'€, PABHBII OTHOIIEHUIO COOTBETCTBYIOIIETO PA3MEPHOTO IIpejesia TeKY-
yectn (eIuHCTBEHHON MaTepuasbHON KoHcTanThl cpeinbl Cen-Benana) Kk komMOuna-
muun pV2. lpu 7 = 0 mMeeT MecTo 3amatda Pajes, MomeUpyIOMAs SBOIONIIO BO3-
MYIIEHNH, HAJOXKEHHBIX Ha CJIBUTOBOE IIJIOCKOIApPAJIIe/IbHOE JIBUKEHUE UJIeaIbHOI
HEC2KUMAEMO YKUTKOCTH.

O06006IIIM OTIMCAHHYTO BBIMIE TOCTAHOBKY JINHEAPU3OBAHHON 3a[a91 yCTOWINBO-
CTH, HOJIarasi, YT0 HeBO3MYIIEHHBIA Tpodmib cKopocTu v° (&, t) MOKET sIBHO 3aBU-
CeTh OT BPEMEHWU, T.€e. UCCJIEYIOTCS CTaJ UMM Pa3lOHA—TOPMOXKEHUs CJIOsl UJIU €ro
KoJiebaTeIbHbIE JIBUYKEHUsI. 3aBUCUMOCTH OT ¢ OCHOBHOT'O ITPOIECCA BJIEUET HEBO3-
MOKHOCTD OTJIesienns 1010610 (1.2) muoxurens e B posmymenun ¢ (z1, z,t) u 06-
pa30BaHUs CIIEKTPAJIBLHOTO IIAPAMETPA (v, JIeHCTBUTEIbHAS TACTh KOTOPOTO OTBEYAET
3a YCTONYUBOCTD.

PaSILGJ'IeHI/Ie IIepEMEHHBIX TeIIepb CJIe/IyIOoIee:

(1, w,t) = o(x,t)e"™ s> 0. (1.5)

OrrocuresbHo dbyHKIMEU @(2, ) HETPYHO BBIBECTH yDaBHEHHE, AHAJOTUTHOE yPaB-
Hernio (1.1), HO B YACTHBIX POU3BOJIHBIX:

z g . .
4752<|f0|> = (& + zsv°> (e — 820) —isvlyp, 0<z <1, t>0, (1.6)

rJle HIDKHNE WHIEKCHI O3HAYAIOT JacTHOe MuddepeHnnpoBanre mo COOTBETCTBYIO-
UM [epeMeHHbIM. J[Jisg cTarMoHapHOro OCHOBHOTO JBUzKeHus oneparop 0/0t B cu-
ay (1.2) paBHOCHIIEH YMHOYKEHUIO Ha (V.



OLIEHKA 9BOJIIOLIY BO3MVIIIEHVI B HECTAIIUOHAPHBIX TEUEHUSX CEH-BEHAHA 149

2. NuTterpanipbHas OHEHKA YCTOMYUBOCTHU

IIycrs B m1060it MoMmenT Bpemenu ¢t > (0 DYHKIUA @ 110 MEPEMEHHON T HABJISETCH
9JIEMEHTOM KOMILIEKCHO3HAYHOTO IuiabbepTosa npocrparcTsa Ha(0;1) ¢ HOpMOii

el = ( [ 1 |w<x,t>|2dx)1/2 <o (2.1)

VYmuoxast obe qacru (1.6) Ha @, uaTerpupys 110 & ot 0 10 1 n yauThiBasi rpa-
HuaHbIe yestoBust (1.4), momyanm

1 2 1 !
4752/ [z dr = — / (PatPe + 5°01p) da — is/ Votprp dr
0 0 0

03|

1
s / [0, + 0 (lpal? + 2@)] dz. (22)
0

IIpupaBHsieM JIefiCTBUTEILHBIE YACTH BHIPAYKEHUI, CTOSAIIUX CJIeBa U CIIPABa B ypaB-
Hennn (2.2). C yuerom Toro, uro
1d 2

= 55%% ) (sﬁt@)* =

_ d,
ot P ) x =, 2.3
() dtlwl (2.3)

N =

TIOJIY IUM

d 1 . B 1 (‘01 2
E(H‘PwHQ + S2H(pH2) = 25/ Vo (0rP)sn d — 875213, If :/ [l drx. (2.4)
0 0

|vg|

C 1es1bI0 BBIBO/Ta OIICHKH CBEPXY JIeBoit dactn (2.4) Bocmob3yemcs [5]-[7] u3BecTHBI-
mu mepasencrBamu (Ppunpuxca, Komn—ByHaKoBCKOro) Jyst KBaaparudabix GyHK-
rronasios u3 Hy(0;1):

WQ

2 2 2 2 2 2 2 2 ||<Pac||2
lezll* 2 7=lell® = el > WQ—HQ(H%H +87el®), I > P
1
25/ 0 (@) sx dz < 2sllealllell < alleal? + s210l%),  a= sup |ogl.
0 o<z<1
(2.5)
U3 (2.4) u (2.5) nmeem
d 8m21s?
Gl + 2101) < (0= 5 ) lesll + 210l (26)
CiieioBaTeibHO,
(leall” + s*[lol*) () < a(t, ) (llp=l1 + s*[l¢]1*) (0), (2.7)

alt, 5) = exp /O t (q(&) - %) . (2.8)

Kaxk BumHo u3 (2.8), kiouesast oneHnBatomast B (2.7) GyHKIMS @ 32aBUCAT KaK OT
CBOMCTB OCHOBHOTO CJIBUTA, TaK U OT BUJA BO3MYIIEHUs, XapaKTePU3yeMOTr0 BOJHO-
BBIM 9HCJIOM S. Hajmuaue moJiosKuTeIbHOrO Ipe/iesia TeKydecTH T yMeHbIIaeT yHK-
IOUIO @, T.e. CTAOMIM3UPYyeT TeHdeHHe MICAIbHO HecsKmMaeMoin kmakoctr. OmgHako
B JUIMHHOBOJIHOBOM mpeziene (s — 0) ara crabuimsalys UCIe3aer, YTo CJAELyeT U3
Busa ypasrennit (1.1) u (1.6).
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O pemenusgx cmemraHHOIT KpaeBoii 3a1a4n
JIJIST OMTapMOHINIECKOTO yPaBHEHMUS
BO BHENIHUX 00JIacTIX

O. A. MATEBOCSH

Awnnoranusi. V3ygaorcs BONPOCH €IMHCTBEHHOCTH DEIIEHUI CMEIIaHHON KPaeBOil 3a-
naun Jlupuxsie—-HaBbe J1j1si GUrapMOHUYECKOrO yPABHEHUsS] B HEOIPAHUYHHBIX O0JIACTSAX B
IIPEJITOJIOKEHN M, 9TO ODODINEHHOe peleHre 3TOi 3ajadu 00J1alaeT KOHEIHbIM HHTEeIrpa-
som Jupuxite ¢ Becom |z|*. B 3aBucumocT oT 3HAUEHMsI IAPAMETPA G JIOKA3AHBI TEOPEMbI
€/INHCTBEHHOCTH, a TaKzKe HallJIeHbl TOYHBIE (DOPMYJIBI JIJIsT BBITUCIEHUS] PA3MEPHOCTH IIPO-
CTPAHCTBA PEIIeHN CMEeIaHHON KpaeBoil 3aa9 BO BHEITHUX ODJIACTSIX.

KuroueBrble cioBa: GUrapMOHWYECKHUIT OIEpaTop, BecoBoit mHTerpast lumpuxie, pasmep-
HOCTBH IIPOCTPAHCTBA.

1. BBenenue

[ycrs Q C R™ — meorpanmuennas obmacts, @ = R™ \ G ¢ rpammmeit 00 € C,
rae G — orpaHudeHHas OJHOCBA3HAsA 001acTh (Win 00beIuHeHre KOHETHOIO YUC/Ia
Taknx obmacreit) B R™, n > 2, Q = QU I — sampikanme Q, = (z1,...,2,),
lz| = /23 + - + 2.

B obmactu 2 paccmarpuBaercs cMmenanHHas KpaeBas 3a/1ada [IjIsd OurapMOHIIe-
CKOTO YpaBHEHUsI

A?u(z) =0 (1)
¢ rparmaHBIME ycaosusaMu JInpuxie—Habbe

Ou(x)
u(x)‘plupQ =0, ov Ir, =0, Au(x)‘m =0, (2)

e I UL, =09, TNy = @, mes,_1I'1 #0, v = (Y1, ..y Vn) — €IUHIIHBIN
BEKTOP BHemHeill HopMmaJm K Jf).

Kak u3Bectno, B ciydae, korga () — HeorpaHmdeHHasi 00JIACTH, CIEILYET TOMOJI-
HUTEIHBHO OXapaKTepu30BaTh MOBEJICHIE PElleHns Ha becKoHeTHoCTH. Kak mpaBuio,
JIJI 9TOM 1eIM CJIy2KUT JubO yeJoBUe KOHeIHOCTH uHTepasa lupuxie (sueprum),
b0 yCI0BHe, HAJaraeMoe Ha XapakTep yObIBAHMST MOJLYJIsl PEIeHns Ipu x| — oo.

© Mockosckwuit unancoBo-fopuanaecknii yansepcurer MO®IOA, 2015
© Moscow University of Finance and Law MFUA, 2015
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IToro6HOTO POJTa yCa0BUST Ha OECKOHETHOCTHU SIBJISIOTCS €CTECTBEHHBIMHU U M3Y-
YaJIMCh PSJIOM aBTOPOB (CM., Hanpumep, [1]-[4]).

Bompocsr 0 nosejennn npu || — oo permennii 3agaun dupuxie s Gurap-
MOHHMYECKOTO ypaBHeHus cucreMmbl ypasHennii Hasbe-Crokca n cucremsr Kapmana
paccmarpuBasuch B paborax [5|-[7], rae nupu onpeseseHHbIX YCIOBHIX I€OMETpPH-
YeCKOro XapakTepa, JJIsi TPAHUIlbl 00IaCTH MOJIyIeHbl TaKZKe OIeHKH, XapaKTepu3y-
fonue nosenenne |u(x)| u |[Vu(z)| upu |x| — oo. TloejieHne permeHns: CMeImanHON
KpaeBoil 3aJ1a4u JjIsi OMrapMOHUYECKOTO yPaBHEHUsI B OKPECTHOCTU G@CKOHEIHOCTH
n3ydeHo B pabore [8].

B nacrosmeii paboTe TaKUM yCIOBHEM ABJSETCHA OTPAHHMYCHHOCTD CJICIAYIOMIErO
naTerpaaa Jlupnxie ¢ BecoM:

Da(u(z),9) z/ 2| > [0%u(z)Pdr < 00,  a€R
Q

le=2

B pasHbIX Kj1accax HEOrpaHUYEHHBIX 00JIaCTell ¢ KOHEUHBIM BECOBBIM MHTErPa-
JsioM sueprun (Jupuxie) apropom B paborax [9]-[13] usyuensbr BOIpPOCH €uHCTBEH-
HOCTH U HaIeHbI pA3MEPHOCTU IIPOCTPAHCTB PENICHI KPAEBbIX 38141 JIJIsl CHCTEMbI
TEOPHUU YIPYIOCTH U OUIapMOHUYECKOTO ([IOJUrapMOHUYECKOrO) YPABHEHUS.

B pabore [4] npu yeaosun KoHeuHOCTH MHTerpasa Jlupuxiie st MOBeJIeHNs pe-
IIIeHUsT Ha GECKOHEYHOCTHU U3y YeHbl AaHAJIOTUIHBIE BOIIPOCHI PEIIEHUT KPAEBBIX 33181
JITST SJTHITHIECKUX CHCTEM BBICOKOIO MOPSIIKA B HEOIPAHUIEHHBIX 00JIACTSX.

PasBuBasi moixo/l, OCHOBAHHBI HA HCIOJL30BAHUU HEPABEHCTB THUIA Xap/Iu
(em. [2]-]4]), MBr momyumn B JaHHOM paGoTe KpUTEpHil €IMHCTBEHHOCTH PEIICHIS
CMeIaHHo 3a/1a49n JijIsi GUrapMOHUYECKOTO YPABHEHMUSI.

JIjist moCTpOeHMsI PENIeHnsl UCIIOJb3YETCsl BAPUAIIMOHHBI MeTOJI, T. €. MUHUMU-
3UPYeTCs COOTBETCTBYIONIUIT (DYHKIIMOHAJ B KJIacCe JOMYCTUMBIX (DYHKITHIA.

Beenem corenytoniue obosnadenus: C3°(§)) — mpocTpaHCTBO GeCKOHEUHO -
(bepeHuI/IpyeMLIX dbyuxnumit B obsactu (), UMEONUX KOMIAKTHBIN HOCATEb B (2;
H?(,T), T C Q, — npocTpaHcTBO, TIOIyYeHHOe TIOTOTHeHHeM MHOYKeCTBa (Y HKIIHIT
u3 C°°(§)), paBHbIX HyMIO B OKpecTHOCTH I, IO HOpMe

lu(a >H2<Qr||</ S |0u(e |2dz> "

|| <2
lo]
rje 0% = amaw’ a=(a1,...,0,) — MYJIBTUHHJIEKC, (vj — IIeJIble HEOTPUIIATE b
o n
Hble "ncia, |a = aj + -+ + ap; ecn [ = &, To npocrpancteo H2(Q,T) Gymem

oboznauats H2(Q).

Haiee, Jig (Q) — upocrpancrso dyukuuit B {2, HOIyUEHHOE TIOTIOJTHEHIEM MHO-
xkectBa dynkiuit uz C§° () no nopme npocrpancrsa Cobonesa H?2(L); H? () —
npocTpancTBO (byHKIUi B {2, MOTyIEHHOE MOMOJHEHNEM MHOXKECTBa (DYHKINA n3
C5° () B cucreme mosyropwm |[u(z); H2(Go)||, tie Go C € — MPOM3BOILHBIH KOM-
HAaKT.

Oboznaanm

D(u(a /Q Z 0°u(z)Pdz,  Dau(z), Q) :/Q|x|a S [0%u(x) Pz,

|| =2

Qp = Qﬂ{x: lz| <R}, 00 =0QU{x: |z| = R}.
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ITox konycom K B R™ ¢ BepuinHoil B Havajie KOOPAUHAT OYIeM TOHIMATH TaKytO
ob61acThb, uTo ecu x € K, o Ax € K npu Bcex A > 0. Byznem cunrath, 9T0 HavYaI0
KoopmHAT To = 0 HaxomuTcs BHE ().

2. BcoomoraresbHblie yTBep2XKAeHUA

Ounpegnenienne 1. Pewernuem odrnopodrozo buzapmonuueckozo ypasrenus (1) B €

OyeM Ha3bIBATH (PyHKIUIO U () € bs 2 () raxyro, aro jis Besikoit pynkun () €

C§°(2) BBIIOJIHEHO WHTErPATIBHOE TOXKIECTBO
/ Au(z)Ap(x)dx = 0.
Q

CravaJra JI0KaykKeM CJIEYIONLYIO0 BCIIOMOTATEIHHYIO JIEMMY.

JIemma. ITyemwv u(x) — pewenue ypasnenus (1) e Q, ydosaemsoparwee ycaosuro
D, (u(z),Q) < co. Tozda

u(@) =Pla)+ Y. 0T(@)Ca+u’(x), 2z€Q, (3)

Bo<|al<B
2de P(x) — mmozounen, ord P(z) < mg = max{2,2—n/2—a/2}, 5o =2—n/2+a/2,

I(z) — ¢gyndamernmanvroe pewernue ypasnenus (1), Co = const, S > 0 — uyeaoe
wucao, a dan dynxyuu u®(x) cnpasedaiusa ouenxa

107uP (2)| < CyplaP~nP 1, C,3 = const,
0ns 1100020 MYALMUUHIEKCA 7 .

3ameuanne. g dyngamenranibaoro pemenus ['(x) GUrapMOHUYECKOTO ypaBHe-
Hus u3BecTHO [14], aro

(2) = {C’|z|4", ecim 4 —n < 0 WM N HEYETHO,

Clz|* " In|z|, ecim 4 —n > 0 u n geTHO.

Jokazarenpcrpo jemmbl. Pacemorpum dbyukmmio v(z) = Oy (x)u(x), tae On(z) =
O(lz|/N), 6 € C*(R™), 0 <0 <1,0(s) =0mpu s <1,0s) =1mpus > 2,
npuaem N > 1 u G C {z: |z| < N}. IIpomosmkum v(z) na R™, nonaras v(x) = 0 HA
G=R"\Q.

Torya dyrknust v(x) € C°°(R™) yuoBiaeTBoOpsieT ypaBHEHUIO

A?v(x) = f,

rae f € C(R™) usupp f C {z: |z| < 2N}. Jlerko Buzers, aro D, (v(z), R™) < oo.
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Terepb MbI MOKEM HCIIOJIB30BaTh Teopemy 1 u3 [15], MocKoIbKy OHa OCHOBBIBa-
ercst Ha JleMMe 2 u3 [15], B KOTOpOIl HET HMKAKUX OrpaHWdeHui Ha 3Hak o. Ciemo-
BaTeJIbHO, Pa3JIozKeHne

v(x) = P(x) + Z 0T (x)Cy + v (z)
Bo<|a|<B

CIIpaBeJINBO I JII000ro napamerpa a, rjae P(xz) — muorouren, ord P(z) < mg =
max{2,2—-n/2—a/2}, o =2—-n/2+a/2, Cy = const u

|070° (2)] < CyplzP P~ €5 = const.

Orcrona u u3 oupenesenns Gyukuu v(x) ciemyer pasencrso (3). Jlemma nokasana.

3. OcHoBHbBIE PE3YJIbTATHI

Omnpenenenune 2. Pewenuem o0dnopoonoti 3adayu Jlupuxrse—Hasve oaa ypacre-
nus (1) ¢ yenosuamu (2) 6ynem nazeisath bynkumo u(z) € H?(w,T'1Ndw) mst Jtio-
Goit orpanmueHHOl o6aacTn w C {2, npu 3TOM J7Ist Besikoit byHKmn ¢(x) € C§°(R™),
o(x) = 6%—9) = 0 ma [y, BBINOMHENO HHTErPAJILHOE TOXKIECTBO

/QAu(x)Acp(x)dx = 0. (4)

Teopema 1. Cumewannas sadavwa Jupurae—Hasve 0as Guzapmonuueckozo ypase-
nua (1) ¢ epanuvnvimu yeaosuamu (2) u ¢ yeaosuem D(u(z), Q) < oo umeem n+ 1
AUHETHO HEe3ABUCUMDIT PeULeHUL.

JokazarenscrBo. s moboro HenysreBoro Bekropa A uz R™ moctpoum 06ob1eHHOE
pertierne u 4 () GUrapMOHIYIECKOTO ypaBHeHust (1) ¢ TPAHUYIHBIME YCJIOBUSIMU

Oua(x)

0(Ax)
uA(x)‘FlLJFQ - (Az)’Flqu’ al/

Iy ov

) AUA(Z')’FZ =0, (5)

Iy

U yCJIOBHEM

/Q(“““(””)'2 L [Vua@P | |vw,4(x)|2) dz < o0

Ed |[?
npun =3 un >4,
X(ua(@), Q) = . (6)

a@? | [Vua(o)? )
+ + |[VVua(x dr < 00
/Q(||z|21n|z||2 e el 1V Veal®)l

npu n = 2,4.

Taxoe pemenne 3aga4u (1), (5) MOXKHO TOCTPOUTH BAPUAIMOHHBIM METOJIOM, M-
HUMU3UPYS (DyHKIMOHAJ

B(v) = %/Q|Av(x)|2d:z:
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B Kiacce jonycTumbix gyrkmuit {v(z): v(z) € H(Q), U(ac)|F1UF2 = (Aac)|F1UF2,

ov(x) _ 0(Ax)
ov Fl - ov ‘Fl’ A

CupasenymBocts yenosus (6), Kak cie/IcTBIE HePABEHCTBA Xap/n, BLITEKACT U3
pesynbraTos pabotr [2]-[4].

v(m)‘r2 =0, v(z) UMeeT KOMIAKTHBII HOcuTelb B {1}

Tenepn i MPOU3BOJILHOIO duciaa € 7 0 mocTpouM 0600IIEHHOE pelenue U, ()
ypasuenug (1) ¢ IpAHUYHBIMU YCJIOBUIMU

Oue(x
w@lor,=e T2 =0 M@=
vop,

u C yCJIOBUEM

/Q(|ue(z)|2 V@) |VVue(x)|2) o

[t |[?

mpun =3 un >4,

(ua(@),) = 2 2 (8)
o /(| (@), [Vuelo) +|VVue(x)|2) do < oc
Q

|2 nfa][> [|2] In |22

npu n = 2,4.

Pemmenne 3amaun (1), (7) Tak:ke CTPOMM BapHAIMOHHBIM METOJIOM, MUHUMH3H-
py#l COOTBeTCTBYIOMmuil hyHKIHOHAT B Kilacce fomycTumbrx dynxmuit {v(z): v(z) €

v(z
H2(Q), U(x)_‘rlum — ¢, 22)

B ‘Fl = 0, AU(,T)’FZ = 0, v(z) UMeeT KOMIAKTHBII
HOCUTETb B Q}
Venosue (8), Kak cJeJICTBUE HEPABEHCTBA Xap/IM, BBITEKAET U3 PE3Y/IbTATOB Pa-

Gor [2]-[4].
Paccvorpum dyuximio

v(x) = (ua(z) — Az) = (uc(z) — €).

Ouesnnno, aro v(x) — pemenue 3amaqu (1), (2):

Av(z) =0, z€Q, v(x)‘rlur2 =0, o o = 0, Av(z)|r2 =0.

Jlerko 3amerutn, uro v(z) Z 0 u D(v(x),Q) < co.

TakumM 06pazoM, Kask/I0My HenyaesoMmy Bektopy A = {Ag, Ay, ..., A, } n3 R !
orBevaeT HeHyseBoe perenne va () = {va, (z),va, (x),...,v4, ()} 3amaam (1), (2)
¢ yCJIOBHEM

D(va(z),Q) < oo,
npudeM

va () =ua(x) — ue(z) — Az +e.
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Iycts {Ag, A1,..., Ap} — Gasuc B R"T1. JTokazkem, 9T0 COOTBETCTBYIOMHE Pe-
meHust va, (), va, (z),...,va, (x) mureitHo HesaBucumbl. [lycTh

Z Civa,(x) =0, C; = const.
i=0
Honoxum W(z) =31 C;A;x — Coe. Vmeem

W(z) = i Ciug, (x) — Coue(z),
i=1
/Q |z| 2 |VW (2)|? d < oo, n >4,
/Q||:E|ln|x||72|VVV(x)|2 dr < oo, 2<n<4.
ITokazkem, 9TO

W(ac) = Z CiAi.T — CQ@ =0.

i=1

Mycrs T = Y"1 CA; = (to, ..., tn), nae Ag = —e. Torna

[l VW @P do= [ a2 44 82) do=oo, 0>
Q Q

/MMMWWﬂVW@Wdz:/HMMWWWﬁ+~~Hbdz:m,2<n<&
Q Q

ecn T # 0. CnepoBarensuo, T = Y " C;A; = 0, orkyza B culy JuHeiiHOl Hesa-
BUCHMOCTH BEKTOPOB Ao, A1, ..., A, monyanm C; =0, i =0,1,...,n.

Taxkum obpaszom, 3agaua Jupuxme—Hagbe (1), (2) ¢ yeaosuem D(u(z), ) < oo
UMeeT 10 KpaitHeil mepe n + 1 JTUHEHO He3aBUCUMBIX PEIICHUIl.

JoxaxkeM, 1aTo Jqroboe pererne u(x) 3amaqan (1), (2) ¢ yeaosuem D(u(z), ) < oo
[PEJICTABIISETCH B BUJIE JIMHEHHON KoMOnHarmm QyHKIWE va, (2),v4, (), ..., v4, (2),
T €.

u(z) = Z Civa, (), C; = const.
=0

I[TockosbKy Hab6op BeKTOpoB { Ag, A1, ..., A, } — 6asuc B R" ™! cymectsytor Kon-
crautet Cy, C1, ..., C), Takue, 910
n
A= E C;A;
i=0
[Tomoxxnm
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OuesntHO, uro dyHKIMS U () sBstercs: permenneM 3a1a4u (1), (2), D(ug(x), ) < oo
u x(ug(x),Q) < 0.

Hoxazxkem, uro ug(z) = 0, « € Q. Iua 3roro, moJACTaBIsAd B UHTEIPAJILHOE
roxecTBO (4) st dyrkmum ug(z) dbysxmmio o(x) = ug(x)dy(z), tae On(z) =
9(%), 0eC®R),0<0<1,0(s) =0upu s> 2, 6(s) =1 upu s < 1, noayaum

/Q(Auo(:c))QGN(z) dx = —J1(ug) — J2(uo), 9)
re
Ji(ug) = Q/QAuo(x)Vuo(:c)VﬁN(z) dx, Ja(up) = /QAuo(z)uo(:c)AHN(z) dx.

Ipumensist nepasencrso Komu—Bynskosckoro u yuanrsisas yeaosust D(ug(z), ) < oo,
X(uo(x), Q) < oo, merko mokaszark, aro Ji(ug) — 0 u Jo(ug) — 0 npu N — oo.
CaenoBaresbHO, epexoist K npeseny B (9) upu N — 00, moIyInm

/ (Aug(x))? dz = 0.
Q

Takum obpazom, mmeem

Aug(z) =0, x € Q,

Oug(x
’U’O(‘T) |F1UF2: 0, (9015 ) |F1: 0, AUO(:E) |F2: 0.

Orciona ciemyer (cm. [16]), aro ug(x) = 0 B Q. Teopema moxazana.

Teopema 2. 3adava Jupurae-Hasve (1), (2) ¢ ycaosuem Dg(u(z), Q) < oo
umeem:

(i) n + 1 aunetino nezasucumvir pewenud, ecauw —n < a < n — 4;

(i) n aunetino nezasucumur pewenul, ecaun —4 < a <n—2;

(ill) auwv mpusuasvroe pewerue, ecau n — 2 < a < 00.

JIoKa3aTeIbCTBO TEOPEMBI 2 OCHOBAHO Ha JIEMMe 00 ACHMIITOTHICCKOM TIPE/ICTaB-
JICHHN DeIIeHnii OHrapMOHMYECKOTO YPaBHEHUS N HEPABEHCTBAX THIA Xap/u s
HeorpaHWYIeHHBIX obsacreit [2]-[4].

Teopema 3. 3adauwa Jupurae-Hasve (1), (2) ¢ yeaosuem Dg(u(x),Q) < oo
umeem k(rmn) aunetino nezasucumvir pewenud npu —2r+2—n < a < —2r+4—mn,
r>1, ede

(r+n)!  (r+n—4)

k(r,n) = el nl(r—4)

st foKa3aTeIbCTBA TEOPEMBI 3 HEOOXOIMMO OMPEIETUTD INCI0 JTUHEHHO He3a-
BUCHMBIX pelllenuii GurapMoHuIecKoro ypasaenus (1), crernenu KOTOPBIX HE IPEBOC-
XOJAT 3aJIAaHHOTO YHUCJIA.
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I/ISBeCTHO7 9TO pa3MepHOCTh BCeX MHOI'OYJICHOB B R"™ cremenn He BBIIIE 7 paB-
CEt 117]. T 6 R™
Ha i [ ] Oor/la paSMEpHOCTDHb BCEeX OUTapMOHNUYECKUX MHOI'OYJIECHOB B cTe-

II€eHW HE BBLIIIIE 7" paBHA

(r+n)!  (r—4+n)!
rinl (r—4)n!

TaK KaK OMrapMOHMYECKOE yPaBHEHUE IIPEICTABIISIET COOO0I PABEHCTBO HYJIIO HEKO-
Toporo Muorowiena crerenu 7 — 4 B R™. Eciu uepes k(r,n) 0603Ha4uM 9UCIO JIv-
HefHO He3aBUCHMBIX TOJHHOMUAIBHBIX perieHnii ypasHenust (1), cTeneHn KOTOPhIX
He IPEBOCXOMIAT 7, a uepe3 (1, n) — 9ucsio JuHeiHO He3aBUCUMBIX OJHOPOJHBIX MHO-
FOWIEHOB CTEIEHN T, SIBJISIOIIUXCS pellleHnsiMu ypasrerus (1), To

T

k(r,n) = Zl(s,n),

s=0
rae
(s+n—1)! (s4+n—75)!

(n—1)!s! _(n,1>!(574>!a s> 0.

I(s,n) =

Hauee, nokasbiBaercs, 4o cMemannas 3agada Jupuxiae-Hasbe (1), (2) ¢ ycio-
BueM Dg(u(z),) < oo npu —2r +2 —n < a < —2r +4 —n umeer k(r,n) auneitno
HE3aBUCHMBIX PEIICHUI.
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On Solutions of the Mixed Boundary Value Problem for the Biharmonic
Equation in Exterior Domains

Hovik A. MATEVOSSIAN

Abstract. We study the uniqueness problems for solutions of the mixed Dirichlet-Navier
boundary value problem for the biharmonic equation in unbounded domains under the
assumption that a generalized solution of this problem has a bounded Dirichlet integral
with weight |z|*. Depending on the value of the parameter a, we prove uniqueness theorem
and also present precise formulas to evaluate the dimension of the space of solutions of the
mixed boundary value problem in the exterior of a compact set.

Keywords: biharmonic operator, weighted Dirichlet integral, dimension of the space.
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